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Abstract:

Exploratory scientific visualization is a valuable paradigm for understanding complex physical phe-
nomena. When these phenomena have associated volumetric scalar fields, isosurface extraction is
a critical tool. An isosurface is the set of points in which the scalar field has a particular value,
the isovalue. The position of an isosurface, as well as its relation to other neighboring isosurfaces,
can provide clues to the underlying structure of the scalar field. In medical imaging applications,
isosurfaces help extract particular anatomical structures and tissues. These isosurfaces are static
in nature. Many applications require a more dynamic use of isosurfaces. In these applications
scientists need to interactively change the isovalue in order to gain better insight into simulation
results. This research develops isosurface generation algorithms that enable rapid exploration of
large datasets both for local and remote visualization. The work focuses on fast localization of an
isosurface within very large datasets, as well as giving scientists prompt feedback during exploratory
sessions. This work examines the entire isosurface generation process and the components that make
up that process. The goal of this work is to isolate bottlenecks in the isosurface generation process
and to develop methods with which to address them.

Two theoretical analyses of the isosurface extraction process are presented, as well as three isosur-
face extraction methods which are based on these analysis. The first extraction method, termed
NOISE, provides an extremely fast way of locating the data cells that intersect the isosurface. The
NOISE method is based on a new representation we termed the Span Space, and which is the
result of the first theoretical analysis. The second analysis of the extraction process leads to the
notion of a view-dependent isosurface extraction. In this approach, only the visible portion of an
isosurface is extracted based on both the view parameters and on the actual screen resolution. To
methods, WISE and SAGE, which are based on the view-dependent approach are also presented.
These methods provide rapid responses to a remote (and local) user and enable one to view and
manipulate the visible portions of the isosurface in interactive rates. Results of these isosurface
extraction algorithms are presented.
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ABSTRACT

Exploratoryscientificvisualizationis avaluableparadigmfor understandingcomplex

physicalphenomena.Whenthesephenomenahave associatedvolumetricscalarfields,

isosurfaceextraction is a critical tool. An isosurfaceis the setof points in which the

scalarfield hasa particularvalue, the “isovalue.” The position of an isosurface,as

well asits relationto otherneighboringisosurfaces,canprovide cluesto theunderlying

structureof the scalarfield. In medicalimagingapplications,isosurfaceshelp extract

particularanatomicalstructuresandtissues.Theseisosurfacesarestaticin nature.Many

applicationsrequirea moredynamicuseof isosurfaces.In theseapplicationsscientists

needto interactively changethe isovaluein orderto gain betterinsight into simulation

results.

This researchdevelopsisosurfacegenerationalgorithmsthatenablerapidexploration

of large datasetsboth for local and remotevisualization. The work focuseson fast

localizationof anisosurfacewithin verylargedatasets,aswell asgivingscientistsprompt

feedbackduring exploratorysessions.This work examinestheentireisosurfacegener-

ation processandthe componentsthat make up that process.The goal of this work is

to isolatebottlenecksin the isosurfacegenerationprocessandto developmethodswith

which to addressthem.

Two theoreticalanalysesof the isosurfaceextractionprocessarepresented,aswell

as three isosurfaceextraction methodswhich are basedon theseanalysis. The first

extractionmethod,termedNOISE,providesanextremelyfastway of locatingthedata

cells that intersectthe isosurface.TheNOISEmethodis basedon a new representation

we termedthe SpanSpace,and which is the result of the first theoreticalanalysis.

The secondanalysisof the extractionprocessleadsto the notion of a view-dependent

isosurface extraction. In this approach,only the visible portion of an isosurface is

extractedbasedon both the view parametersand on the actualscreenresolution. To



methods,WISE andSAGE, which arebasedon the view-dependentapproacharealso

presented.Thesemethodsproviderapidresponsesto aremote(andlocal)userandenable

one to view and manipulatethe visible portionsof the isosurfacein interactive rates.

Resultsof theseisosurfaceextractionalgorithmsarepresented.
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CHAPTER 1

INTRODUCTION

Definition 1 (Isosurface)

Givena scalar field, an isosurfaceis thecollectionof all thepointswith a givenvalue

(theisovalue).

Definition 2 (IsosurfaceExtraction)

Given a set of samplesof a scalar field and an isovalue, find a set of surfacesthat

approximatetheboundaryof theisosurface.

Definition 3 (IsosurfaceExtraction over a Grid)

Givena setof sampleof a scalarfieldorganizedin a grid givena rulehowto interpolate

insidea grid cell, find a setof surfacesthatapproximatetheboundaryof theisosurface.

1.1 Overview

Isosurfaceextractionis apowerful tool for investigatingvolumetricscalarfields.The

position of an isosurface,aswell as its relation to other neighboringisosurfaces,can

provide cluesto the underlyingstructureof the scalarfield as seenin Figure 1.1. In

medicalimagingapplications(a), isosurfacespermittheextractionof particularanatom-

ical structuresandtissues.Theseisosurfacesarestaticin nature.A moredynamicuse

of isosurfacesis called for in many scientific computingapplications,suchasmantle

convectionsimulation(b) and interpretationof seismicdata(c). In theseapplications

scientistsneedthe ability to changethe isovalue dynamically in order to gain better

insightinto simulationresults.
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Figure1.1. Medicalandscientificcomputingapplicationsof isosurfaces.(a)A skull from
theVisible Womanproject. (b) Mantleconvection.Hot mantle(orange)flow upwardto
thesurfacewhile thecoldermantle(transparentcyan)descenttowardtheearthcore.(c)
Imagingof seismicdata.Two isosurfacesof a constantmagnitudeareshown embedded
in a volumevisualizationof thedata.A singletraceandanSP-logcurvesat oneof the
wellsarealsoshown.

Thepushfor higherdegreesof accuracy in scientificcomputingapplicationsandhigh

resolutionmedicalscannershascauseddatasetsto grow ever larger. Thesheersizeof

thesedatasetsposesa major obstaclefor interactive investigation.An isosurfacemay

becomposedof many complex but separatedcomponents.Scanningvery largedatasets

andisolatingthesecomponentscantake severalminutesevenon supercomputers.Once

isolated,ageometricrepresentationof theisosurfaceneedsto begeneratedandrendered

onto theuserscreen.Yet thesize(numberof polygons)of theextractedisosurfacecan

overwhelmevenhigh-endgraphicshardwareaccelerators.

Anotherobstacleis posedby thestructureof thedata. While datain medicalimag-

ing are provided at structuredgrid positions,scientific datasetsfrequentlyconsistof

geometryrepresentedby unstructuredfinite elementgrids. Structuredgridsrequireless

memoryperdatapoint asthelocationsof thedatacellsareknown implicitly from their

index. In addition,structureddatasetsenabletheuseof simpletraversalmethodsandare

well suitedfor hierarchicalrepresentations.Unstructuredgridsprovidethescientistwith

morefreedomin representingcomplex environments.Thevisualizationof suchgridsis

neverthelessmuchharder.

The last decadehasseenthe rise of the desktopcomputer. Today’s desktopcom-

putersprovide more raw CPU power, memory and better graphicshardware than a
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supercomputerof 10 yearsago. This in turn enablesscientistsandmedicalpersonnel

to conductmoreof their researchon their own personalcomputers.Small to moderate

datasetscannow beprocessedandvisualizedright at the scientist’s desk. Along with

theimprovementin desktopcomputerpower, thelatestsupercomputersarenow massive

parallelprocessorswith hundredsof processorsandtensof gigabytesof memory. The

enormouspowerof thesesupercomputerscomesat averyhighcost,which resultsin the

centralizationof supercomputersin only a few sites,suchasthenationallaboratories

The availability of relatively cheapyet powerful desktopcomputersand massive

parallelsupercomputersin only afew locationshasledto thedevelopmentof anew visu-

alizationparadigm,namelyremotevisualization.Thefundamentaldrive is to enablethe

scientistto performvery largesimulationson a remotesupercomputerwhile visualizing

andinvestigatingtheresultson thelocal desktop.For theremotevisualizationparadigm

to be successful,several technicalobstaclesneedto be addressed.Theseobstacles

includeremotesteeringof the simulationandvisualization,generationof visualization

cues(e.g.,isosurfaceextraction)andtransmissionandvisualizationover theInternet.

1.2 Aims and Objectives

Thegoalof this researchwasto developisosurfacegenerationalgorithmsthatwould

enablerapidexplorationof largedatasetsbothfor local andespeciallyremotevisualiza-

tion. Thework focusesonfastlocalizationof anisosurfacewithin very largedatasets,as

well asproviding promptfeedbackto thescientistduringanexploratorysession.

Thiswork examinestheentireisosurfacegenerationprocessandthecomponentsthat

makeup thatprocess.Oneof thetasksin this work wasto isolatebottlenecksin theiso-

surfacegenerationprocessandto developmethodswith which to addressthem.Further

goalsweredevelopingfastisosurfacelocalizationalgorithmsandproviding efficientand

rapid,if only partial,resultsto theuser.

1.3 Organization

Thethesisis comprisedof sevenchaptersandtwo appendices.

Chapter2 presentsa brief historyof theevolution of isosurfaceextractionmethods.

This chapteralsodetailsthosemethodswhich are relevant to this work. In chapter3
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we introducea new taxonomyof isosurfaceextractionmethodsanda new view of the

underlyingdomainwhich we call the spanspace. We thenemploy the spanspaceas

a commonbackdropfor comparingthe pros andconsof someof previous extraction

methodswhichwereintroducedin Chapter2 aswell assomeof thenew methodswhich

wheredevelopedbasedonthenew spanspaceperspective.While thespanspaceprovides

anew theoreticalperspectiveof theunderlyingdomain,it doesnotspecifyany particular

way of extractingisosurfaces.With theintroductionof thespanspacewe alsoproposed

a partition schemeof this spaceanda new methodfor fast localizationof isosurfaces

basedon this partitionscheme.Chapter4 examinedetailsthis binarypartitionscheme

which is basedon a kd-tree.Thechapteralsocover our new NearOptimal Iso Surface

Extraction(NOISE)method,which is suitablefor bothstructuredandunstructuredgrids.

ThespanspaceandtheNOISEmethodenablerapidlocalizationof isosurfacesbut donot

addressthevisualizationof theextractedisosurface.In Chapter5 weexamineisosurface

extractionissuesin thecontext of acompletevisualizationprocess.Basedon thisanaly-

sis,wethenproposeanew view-dependentapproachto isosurfaceextractionin largeand

complex datasets.Chapter6 laysdownthefoundationsfor view dependentalgorithms.A

generalthreestepapproachis presentedfirst, followedby two implementations.Thefirst

implementationacceleratestheocclusiontestsby examininga warpedprojectionof the

iso surfaceduring the extractionandis termedWISE (WarpedIsoSurfaceExtraction).

The secondmethodimproveson the WISE method(and as suchwas termedSAGE)

by providing early terminationconditionsas well as extracting trianglesin parallel.

Chapter7 summarizesthis work anddiscussesfutureresearchdirections.

AppendixA presentsa worstcaseanalysisfor two isosurfaceextractionsalgorithm.

AppendixB demonstratesthecostof point projectionin theWarpedIsoSurfaceExtrac-

tion (WISE) method.



CHAPTER 2

BACKGROUND

Thischapterexaminesrecentinnovationsin thefield of modernisosurfaceextraction

methods. Iso-contouringmethodshave beenin usefor a long periodof time, but the

major breakthroughin the field occurredonly recentlywith the works by Wyvill et

al. [30] in 1986andLorensenet al. [18] in 1987. The successof thesemethodsstems

from their divide-and-conquerstrategies. Thesemethodsconvert the complex global

isosurfaceextractiontaskintomany smallandsimplelocaltriangulations.Thevisualized

datais often generatedor acquiredfrom three-dimensionalimagesor as solutionsto

numericalapproximationtechniques,suchas from finite differenceor finite element

methods. Theseacquisitionmethodsrepresentthe data as a set of polyhedralcells

wherethedatapointsdefinethevertices.Divide-and-conquerin this context amountsto

replacingtheglobal isosurfacingproblemwith a local contouringof eachof thedataset

cells.

Sincethe introductionof thesemethods,mucheffort hasbeenfocusedon both the

divide (searchfor thosecells that intersectthe isosurface)andtheconquer(local trian-

gulation)phases.Thediscoveryof anambiguityin theoriginalMarchingCubeslookup

tableled to moreresearchon the local modelingof the isosurfaceof eachof the cells.

With the work by Wilhelms andVan Gelder[29] in 1990the effort hasshiftedmainly

to the searchphase. In recentyears,with the introductionof very large datasetsand

efficient searchalgorithmssuchasNOISE[17] (describedin Chapter4), emphasishas

shifted toward reducingthe sizeof the extractedisosurface. In essence,this effort is

directedat the last phaseof the divide-and-conquerstrategy, namelythe gatherphase.

It is in this last phasethat the all the local resultsarecombinedinto onefinal global

solution.
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2.1 IsosurfaceExtraction Methods
2.1.1 Mar ching Cubes

The bestknown isosurfaceextraction methodto achieve high resolutionresultsis

Marching Cubes[30, 18]. Thenovelty of themethodis thenotionof cell independence

suchthattheisosurfacecanbeextractedlocally on apercell basis.Themarchingcubes

methodconcentrateson theapproximationof the isosurfaceinsidethecells ratherthan

on efficient localizationsof the involved cells, Figure2.1. To this end, the marching

cubemethodscanstheentire cell set,onecell at a time. Eachof thecell eightnodesis

comparedwith thegiven isovalueto form an eight-bit entry into a small pre-computed

lookup table that describeshow to triangulatethat cell. The original marchingcube

algorithmusedacompressedlookuptableof 16 entries.

Later researchfocusedon an ambiguity, seeFigure2.2 that was discoveredin the

originalmarchingcubeslookuptable[19, 21, 28]. Thisambiguitycanleadto a topolog-

ically inconsistentisosurfaceandthe introductionof artificial holes. The inconsistency

wasresolvedby usinga full lookuptablewith entriesfor all the256possiblecases.
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Figure 2.1. Themarchingcubestriangulationof a cube.Thecirclesmarkall thenodes
with valueswhich areeither larger or smallerthan the isovalue. Dark lines represent
edgeswhicharenot intersectedby theisosurface.
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Figure2.2. Ambiguity: Thecubecanbedividedby morethanoneway.

2.1.2 Octrees

Themarchingcubesmethoddid notattemptto optimizethetimeneededto searchfor

thecellsthatactuallyintersecttheisosurface.Thisneedwaslateraddressedby Wilhelms

andVanGelder[29], whoemployedanoctreedatastructure,effectively creatingathree-

dimensionalhierarchicaldecompositionof thecell set.Eachnodein thetreewastagged

with the minimum and maximumvaluesof the cells it represented.Thesetags,and

thehierarchicalnatureof theoctree,enabledoneto trim off sectionsof the treeduring

thesearchandthusrestrictthesearchto only a portionof theoriginal geometricspace.

WilhelmsandVanGelderdid notanalyzethetimecomplexity of thesearchphaseof their

algorithm.However, octreedecompositionsareknown to besensitive to theunderlying

data. If the underlyingdatacontainssomehigh frequency fluctuationsor noise,most

of the octreewill have to be traversed. Figure 2.3 is an exampleof sucha dataset,

which ultimately underminesany geometricdecompositionscheme.In AppendixA.1,

we presentananalysisof theoctreealgorithmandshow that thealgorithmhasa worst

casecomplexity of !#"%$'&($*),+.-0/21.$�3 , where / is thesizeof thedataand $ is thesizeof

theextractedisosurface.Finally, octreeshave primarily beenappliedto structuredgrids

andarenot easilyadaptedto dealwith unstructuredgrids.

2.1.3 Extr emaGraphs

Recently, Itoh andKoyamada[12] presentedanew methodfor generatingisosurfaces

over unstructuredgrids usingextremagraphs. The searchstartsat a seedcell known

to intersectthe isosurface,andpropagatesrecursively to its neighborcells. Knowing

how theisosurfaceintersectsthecurrentcell enablesthealgorithmto moveonly to those

neighborcellsthatareguaranteedto intersecttheisosurface.
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Figure 2.3. Turbulent flow in a fluid dynamicsimulationrepresentingthe magnitude
of fluid velocity andshows theonsetof turbulence.Theelongatedstructuresarevortex
tubes.

In orderto find sucha seedcell, Itoh andKoyamadaemployedextremagraphs.The

nodesof thesegraphsarethosecellsthat includelocal extremavertices.Eacharcin the

graphshasa list of thecellsconnectingits two endnodes.

Givenanisovalue,theextremagraphis first scannedto locatedarcsthatspanacross

theisovalue.Thecellsin eachsucharclist arethenscannedsequentiallyuntil aseedcell

is found. Boundarycellsmustalsobetraversed;hencethecomplexity of thealgorithm

is at bestthesizeof theboundarylist, which Itoh andKoyamadaestimateas !4"5/7698;:<3 .
The following argumentshows that the numberof arcsmight be !#"5/23 in the worst

case.Suchcasesoccurwhenthedataexhibit small perturbationssuchthatmostof the

nodesarelocal extrema.In suchacase,thenumbersof arcsin theextremagraphcanbe

equalto thenumberof cells,thougheacharcwill containonly asinglecell.

Storagerequirementsfor theextremagraphmethodcanbehigh,sincethepropagation

searchrequiresfour links from eachcell to its neighborsin addition to the maximum
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andminimumvaluesof its vertices. In addition,thealgorithmusesa queueduring the

propagatingsearch,yet themaximumrequiredsizeof thequeueis unknown in advance.

2.1.4 VolumeThinning

Oneof thedisadvantagesof theextremagraphswastheneedto scanall theboundary

cells in additionto thearcsof thegraphsduring a search.Itoh et al. [13] improvedon

theextremagraphsmethodby replacingtheextremagraphswith a volumetricskeleton

by applyinga thinningalgorithmcommonlyusedin imageprocessing.Thevolumetric

skelatonpreservedthetopologicalfeaturesof thevolumeandconnectivity of theextrema

points.

Thevolumetricskeletonmethodremovedthedependency of theextremagraphsmethod

ontheboundarycellsandhasbetteroverallperformancecomparedto theextremagraphs.

2.1.5 ValueSpaceDecomposition

Decomposingthevaluespace,ratherthanthegeometricspace,hastwo advantages.

First, the underlyinggeometricstructureis not not usedin the searchphaseand thus

this decompositionworks well with unstructuredgrids. Second,for a scalarfield in

three-dimensions,the dimensionalityof the searchis reducedfrom threeto only two.

Figure2.4 depictsa typical valuebasedapproachto isosurfaceextraction. Eachcell is

representedby a segmentbasedon theminimum andmaximumvaluesof the cell ver-

tices,similar to theoctreeapproachpresentedin Section2.1.2.An isosurfaceextraction

in thisperspectiveamountto locatingall thesegmentsthatareintersectedby thevertical

line at thegivenvalue = .

Value
v

Figure 2.4. Value spacedecomposition.The cells are representedby line segments
basedon theminimumandmaximumvaluesat thecell vertices.Isosurfaceextractionis
achievedby locatingall thesegmentsthatintersecttheverticalline at = .



10

2.1.6 The SpanFilter

A key issuein isosurfaceextractionis thesizeof thedataset.Gallagher[9] addressed

this issueby scanningthe datasetandgeneratinga compressedrepresentationsuitable

for isosurfaceextraction, seeFigure 2.5. The rangeof datavalueswas divided into

subranges,termedbuckets. Eachcell wasthenclassifiedbasedonthebucket in which its

minimumvalueresidesandon how many bucketsthecell rangespans,i.e., thespanof

thecell. Cellswerethengroupedaccordingto theirspan,andwithin eachsuchgroupthe

cellsarefurthergroupedaccordingto their startingbucket. Ratherthanrequiringaspan

list for everypossiblespanlength,themethodusesonespanlist to catchall thecellsthat

spanmorethana predefinednumberof buckets(morethanthreespanin theexamplein

Figure2.5). Whenan iso-value, = , is given the spansaresearchedoneat a time. The

searchinsideeachspanstartsat the bucket which containsthe iso-valueandcontinues

backwardto previousbuckets.Thenumberof bucketssearchedin eachspanis equalto

thespannumber. In thelastspan,which containsall therestof thesegments,thesearch

continuesbackwarduntil thefirst bucket.

2.1.7 The ActiveList

A differentapproachwastakenby GilesandHaimes[10]: to find thecellsthatinter-

sectanisosurfaceincrementally. Onceanisosurfaceis found,a neighboringisosurface,

with anisovaluecloseto thefirst one,canbefoundwith minimaleffort.

Span 1

Span 2

Span 3

Span >3

Bucket 1 Bucket2 Bucket 4 Bucket 5 Bucket 6 Value

v

Bucket 3

Figure 2.5. TheSpanFilter. Thevaluespaceis divided into bucketsandthesegments
areorganizedbasedon how many bucketsthey span. The searchis donein eachspan
startingat thebucket which containsthe isovalue = andproceedingto previousbuckets
asshown in thegrayareas.
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Thealgorithm(Figure2.6)is basedontwo cell listsorderedby thecell minimumand

maximumvaluesandon > , the global maximumrangeof any of the cells. Whenan

isovalueis first given,or if the changefrom the previous valueis greaterthan > , then

an active cell list is formed. The active list is first initialized with all the cells with a

minimumvaluebetweenthegivenisovalue, = , and =@?A> , by consultingtheminimum

list (all the segmentswhich start in the shadedareain top on Figure2.6). The active

list is thenpurgedof thecellswith a maximumvaluelessthen = . In thegivenexample,

eight segmentsare put into the active list, but five of them are subsequentlypurged.

If the isovalue is changedby lessthen > , then the active list is augmentedwith the

cells that lie betweenthe previous isovalue, = andthe new one, /7= . The new cells are

foundby usingoneof thetwo orderedlists,baseduponwhetherthechangewaspositive

or negative. The active list is thenpurgedagainfor the cells that do not intersectthe

isosurface. In thegivenexample,thenew isovalue, /7= is lessthanthecurrentisovalue

= , andthusthelist which is orderedby maximumvalueis consulted(bottomgraph).All

thesegmentswhich have their maximumvalueinsidetheshadedarea,i.e. in therange

"5/7=CBD=E3 areaddedto theactive list (only onesegmentin this case).Theactive list (now

containedfour segments)is thenscannedto remove theactive segments(againoncein

this example)with aminimumvaluelargerthan /F= .
Theexamplein Figure2.6demonstratesoneof thepitfallsof theActiveList approach.

In this example,oneof the segmentsis very large andthus the global > is much too

large. This causedthealgorithm,in thefirst case,to addmany segmentsinto theactive

list whichweresubsequentlyremoved.Sincethealgorithmhasnocontrolovertheglobal

variable> , onebadcell canreducetheeffectivenessof theentiremethod.

2.1.8 SweepingSimplices

Shenand Johnson[25], developedthe SweepingSimplicesmethodfor extracting

isosurfacesfrom unstructuredthree-dimensionalmeshes.Their algorithmutilizes both

coherencebetweenadjacentisosurfacesandexplicit spacedecomposition.

SweepingSimplicesusestwo orderedcell lists, a sweeplist anda min list, seeFig-

ure 2.7. Eachelementin the sweeplist containsa pointerto a cell, the cell maximum

value,anda flag. Thesweeplist is thensortedaccordingthecell maximumvalue. The
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Value
v

Value
v

Sorted based on Maximum

Sorted based on Minimum

v−∆v

nv

Figure2.6. TheActiveList. Thesegmentsaresortedin two listsbasedontheirminimum
andmaximumvalues.During theinitializationor whentheisovalueis changedby more
than > , all thesegmentswith a minimumvaluein therange "5=G?H>IBD=E3 (thetop shaded
area)areaddedto theactive list. Theactive list is thanpurgedfrom all thesegmentsfor
which themaximumvalueis lessthanthe isovalue = . Whenthe isovalueis changedto
a new value, /7=KJL= , theactive list is augmentedby all thesegmentswith a maximum
valuein therange "M/F=CBD=E3 (thebottomshadedarea).Theactive list is againpurgedfrom
all thesegmentswith aminimumvaluegreaterthan /F= . If /7=#N(= thantheminimumlist
is consultedratherthanthemaximumlist.

min list containstheminimumvaluefor eachcell aswell asapointerto thecorrespond-

ing elementin thesweeplist andis orderedby theminimum values.The initialization

steprequiresa timeof !4"M/O),+.-0/23 .
Given an isovalue, the SweepingSimplicesalgorithmmarksall the cells that have

a minimum value lessthan the given isovalueusing the min list by settingthe corre-

spondingflag in thesweeplist. If an isovaluewaspreviously given,thenthemin list is

traversedbetweenthepreviousisovalueandthenew one.Thecorrespondingflagsin the

sweeplist arethensetor resetbasedon whetherthenew isovalueis greateror smaller

thanthepreviousisovalue.

Oncetheflagsarechanged,thesweeplist is traversedstartingat thefirst cell with a

maximumvaluegreaterthanthenew isovalue.Thecellsthatintersecttheisosurfaceare

thosecells for which their correspondingflag is set.Thecomplexity of thealgorithmis
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!4"M/P3 in bothtimeandspace.

The SweepingSimplicesalgorithmusesa hierarchicaldatadecomposition.At the

lowestlevel, therangeof datavaluesis subdividedinto severalsubgroups.Otherlevels

arecreatedrecursively by groupingconsecutivepairsfrom thepreviouslevel. At thetop

level thereexists a singlesubgroupwith the rangeasthe entiredataset.The cells are

thenassociatedwith thesmallestsubgroupthatcontainsthecell. Eachsubgroupis then

associatedwith a min andsweeplist aspreviously described.Isosurfaceextraction is

accomplishedby selectingfor eachlevel the subgroupthat containsthe given isovalue

andperformingthesearchusingits min andsweeplists.

Value
v

Value
v

Sorted based on Maximum

The sweep list

Sorted based on Minimum

nv

nv

Figure 2.7. SweepingSimplicies.Eachentry in themin list point to thecorresponding
entryin thesweeplist. After theinitialization for isovalue = all thecellswith aminimum
valuelessthan = aremarked(acircle in thebottomgraph).Whentheisovalueis changed
to /7= , themin list is scanbetween= and /7= (thetop shadedarea)andfor eachentrythe
correspondingentry in thesweeplist is marked(a squarein bottomgraph).Thesweep
list is thanscanbetween= and /F= (theshadedareain thebottomgraph)andonly those
segmentsthataremarked(threein thisexample)arethosethatintersectthenew isovalue/F= . Note that if /F=QJR= thanthecorrespondingentriesin thesweepwill be unmarked
ratherthanmark.
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2.1.9 Other IsosurfaceExtraction Methods

Chapter3 presentsthe span space, a new approachto the problem of isosurface

extractionover thevaluespace.After the introductionof thespanspace[17], two new

methodsweredevelopedwhich arebasedon the spanspace[24, 7]. The descriptions

of thesemethods,therefore,arepresentedafter the introductionof the spanspace,in

section3.2.2.2andsection3.2.2.3respectively.



CHAPTER 3

THE SPAN SPACE

Originally, isosurfaceextractionmethodswere restrictedto structuredgrid geome-

try and,assuch,early efforts focusedon extractinga single isosurface[18] from the

volumetric dataset. Recently, in an effort to speedup isosurfaceextraction, several

methodsweredevelopedthatcouldbeadaptedto theextractionof multiple isosurfaces

from structured[29,12] aswell asfrom unstructuredgeometry[9, 10]. Nevertheless,for

large datasets,thesemethodsdo not allow for interactive investigationof thedataset,

especiallyfor unstructuredgrids.

Defining / as the numberof datacells and $ asthe numberof cells intersectinga

givenisosurface,mostof theexisting algorithmshave time complexity of !#"5/P3 . While

[29] hasanimprovedtime complexity of !4"S$T),+.-C"VU WE3X3 , thealgorithmis suitableonly for

structuredhexahedralgrids.

Thischapterinvestigatestheunderlyingdomainfor structuredandunstructuredprob-

lemsanda new decompositionof this domain,which we have called the spanspace,

is proposed. The spanspaceis then usedin Section3.2 as a commonbackdropfor

comparingprevious methodsof isosurfaceextraction. Chapter4 presentsa new fast

andefficient methodwhich is basedon this spanspaceperspective. This nearoptimal

isosurfaceextraction(NOISE)methodhasaworstcasecomplexity of !#"ZY /[&\$�3 andis

suitablefor bothstructuredandunstructuredgrids.

3.1 The SpanSpace
3.1.1 Definition

Let ]_^a`Lbdc beagivenfield andlet e beasamplesetover ] , suchthat,

egfihkj.l%m jnlporqsft`guvc
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where,for somewPBDxyo(z , `|{g}�~ is a geometricspaceand c�{g}�� is theassociated

valuespace.Also, let j�f�� e�� bethesizeof thedataset.

Definition 4 (IsosurfaceExtraction) Givena setof samplese over a field ]H^E`Rb�c
andan interpolationrule, find for a givensinglevalue =�ovc ,

� f�h���lSm ��lpo�` such that, ]*"M�klM30f�=�� (3.1)

Notethat
�

, the isosurface,neednotbetopologically simple.

Approximatinganisosurface,
�

, asaglobalsolutionto Equation3.1canbeadifficult

taskdueto thesheersize, j , of a typical scienceor engineeringdataset.

The datasamples,e , areoften generatedfrom three-dimensionalimagesor asso-

lutions to numericalapproximationtechniques,suchasfrom finite differenceor finite

elementmethods.Thesemethodsnaturallydecomposethe geometricspace,̀ , into a

setof polyhedralcells, � , wherethedatapointsdefinethevertices.While /�f�� ��� , the

numberof cells, is typically an orderof magnitudelarger than j , theapproximationof

the isosurfaceover � becomesa manageabletask. Ratherthanfinding a global solu-

tion onecanseeka local approximationwithin eachcell. Hence,isosurfaceextraction

becomesa two-stageprocess:locating the cells that intersectthe isosurfaceand then,

locally, approximatingtheisosurfaceinsideeachsuchcell. Wefocusourattentiononthe

problemof finding thosecellsthatintersectanisosurfaceof aspecifiedisovalue.

On structuredgrids, thepositionof a cell canbe representedin thegeometricspace

` . Becausethis representationdoesnot requireexplicit adjacency informationbetween

cells, isosurfaceextractionmethodson structuredgrids conductsearchesover the geo-

metricspace,̀ . Theproblemasstatedby thesemethodsis definedasfollows:

Approach1 (GeometricSearch) Givena point =�o\c andgivena set � of cells in `
spacewhere each cell is associatedwith a setof values h�=���m@o�c space, find thesubset

of � which an isosurface, of value = , intersects.

Efficient isosurfaceextractionfor unstructuredgrids is moredifficult, asno explicit

order, i.e.,positionandshape,is imposedonthecells,only animplicit onethatis difficult
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to utilize. Methodsdesignedto work in an unstructureddomainhave to useadditional

explicit informationor revert to a searchover thevaluespace,c . Theadvantageof the

latterapproachis thatoneneedsonly to examinetheminimumandmaximumvaluesof

a cell to determineif anisosurfaceintersectsthatcell. Hence,thedimensionalityof the

problemreducesto two for scalarfields.

Currentmethodsfor isosurfaceextractionoverunstructuredgrids,aswell assomefor

structuredgrids,view theisosurfaceextractionproblemin thefollowing way:

Approach2 (Inter val Search) Givena point =#ovc andgivena setof cellsrepresented

asintervals, �
fihE���nl%BV�Dl,�5m such that, �.l;BV�Dl�ovc

find thesubset

�
� such that,�

� {
�

and, �.l� ¡=# ¢�Dl £¤"S�.l%BV�Dl53To
�
� B

where a normshouldbeusedwhenthedimensionalityof c is greaterthanone.

Posingthesearchproblemover intervalsintroducessomedifficulties. If theintervals

areof thesamelengthor aremutuallyexclusivethey canbeorganizedin anefficientway

suitablefor quickqueries.However, it is muchlessobvioushow to organizeanarbitrary

setof intervals. Indeed,whatdistinguishesthesemethodsfrom oneanotheris theway

they organizetheintervalsratherthanhow they performsearches.

Definition 5 (The SpanSpace)Let � bea givensetof cells,definea setof points ¥if
hVw�lSm over c¦6 such that,

£F§Vl�o�� associate, w�lFfg"5�nl%BV�DlM3
where,

�.l2f�¨�©«ª� h�=¬��m�l and �DlFfs¨#�®� h�=���m�l
and h�=¬��m�l are thevaluesof theverticesof cell ¯ .
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A key point is that points in two-dimensionexhibit no explicit relationsbetween

themselves,whereasintervalstendto beviewedasstackedon top of eachother, sothat

overlappingintervalsexhibit merelycoincidentallinks. Pointsdo not exhibit sucharbi-

trary tiesandin this respectlendthemselvesto many differentorganizations.However,

asshown later, previousmethodsgroupedthesepointsin verysimilarways,becausethey

lookedat themfrom aninterval perspective.

Usingour augmenteddefinition,theisosurfaceextractionproblemcanbestatedas,

Approach3 (The SpanSearch) Givena setof cells, � , andits associatedsetof points,

¥ , in thespanspace, andgivena value =#o�c , find thesubset¥ � {¢¥ , such that

£¤"M°�lZBD±klM3To�¥ � °�l�J(= ±klpN(=C�
Notethat £¤"M°�lZBD±klM3To�¥ � B °�l²J³±�l asthemaximumvalueattainedin acell cannotbe

smallerthe theminimumvalue. Therefore,theassociatedpointswill lie above the line

±�l7f¢°�l . A geometricperspectiveof thespansearchis givenin Figure3.1.

max

minv

v

Figure 3.1. Searchover thespanspace.Eachpoint representsoneof the datasetcells
andits locationis basedon theminimumandmaximumvaluesattainedin thatcell. The
semiinfinite shadedareais definedby thegivenisovalue, = . Thepointsthat lie in this
shadedarearepresentthedatacellsthroughwhich theisosurfacepasses
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In general,thespan(differencebetweentheminimumandmaximumvalues)of most

of the cells is relatively small compareto the full rangeof valuesin the dataset.The

smallsinglecell spanleadsto theclusteringof thepointsin thespanspacecloseto the

line ´I¯%/\fµ´��.° . Theclusteringmeansthat thepointsarenot evenly distributedin the

spanspaceandareasfurtherfrom the ´I¯S/yf¢´��.° line containsvery few points.

3.1.2 NeighborhoodSearch

TheSweepingSimplicesandtheActiveList algorithmsweredesignedto takeadvan-

tageof coherencebetweenisosurfaceswith closeisovalues.Theinterpretationover the

spanspaceof this approachis depictedin Figure3.2. Whenan isovalue w�= is changed

to = , thenthesetof cellsthat intersectthenew isosurfacecanbegeneratedby adjusting

thecurrentsetof cells. In essence,if =INQw�= thenwe needto remove thecellsthatlie in

thebottomrectangleandaddthosethat lie in theright rectangle.If =¶JAw�= theaddand

removerolesof theserectanglesarereversed.

3.2 ValueSpaceMethodsover the SpanSpace
The spanspaceinterpretationcan serve as a commonground for comparisonof

previous value-basedsearchmethods. This perspective can help to identify someof

the pitfalls in thosemethodsand lead to new methodswhich aim to avoid them. In

the following sectionwe analyzeprevious valuespaceextractionmethodswhich were

publishedbeforewe introducedthespanspacein 1996[17]. Section3.2.2presentsnew

extractionmethodswhich weredevelopedbasedon the spanspace.The first method

(NOISE)waspublishedin conjunctionwith thespanspaceandis thesubjectof Chap-

ter4.

3.2.1 Evaluation of Previous Extraction Methods
Basedon Their SpanSpaceProjection

3.2.1.1 The SpanFilter

Figure 3.3 depictsthe spanfilter organizationover the spanspace. Note that the

compressionover the cells’ i.d. is not shown. For a given isovalue, = , the cells that

intersectthe isosurfaceare thosethat lie above and to the left of the dashedline. As

describedin Section2.1.6,theuserfirst dividestherangeof valuesattainedin thegiven
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max

minpv· v

Figure3.2. NeighborhoodSearch.Theisovaluewaschangedfrom w�= to = . Pointsin the
centralshadedarearepresentcellsthatintersectbothisosurface.Thebottomsharedarea
markthecells thatarepartof old isosurfacewhile theright sharedareamarkscells that
intersectonly the new isosurface. A neighborhoodsearchmethodneedto isolateonly
thosecells thatarein thestrippedareasto keepanupdatedlist of cellswhich intersect
theisosuface.

datasetinto buckets(shown in thefigureasbuckets1 to 7). Thedivision is arbitraryand

dependsheavily on theparticulardataset.Theshadedareasmarkedasspan 1 contain

pointswhichfalls into asinglebucket, i.e.,boththeminimumandmaximumvaluesfalls

into thesamebucket. Pointsin shadedareamarkedspan 2 spantwo adjacentbuckets,

i.e., themaximumis onebucket away for thebucket which containtheminimumvalue.

Span 3 areascontainpoints that spanthreebuckets whereasthe single span n area

containsall thepointsthatspanmorethanthreebuckets.

Theuseof this perspective stressesthe importanceof thefirst division into buckets.

The entireorganizationof the domainis controlledby only onesetof parameters,the

positionof the original buckets. This may help to ensureeven distribution in the first

spanbut it doesnot provide controlover thedistribution of thecells in theotherspans.

Furthermore,this division is not automatedandhasto be craftedby trial anderror for

eachnew dataset.Finally, thesearchalgorithmhasacomplexity of !#"5/P3 in time.



21

max

min

1 2 3 4 5 6 7

1

2

3

4

5

6

7

bucket

v

bucket

span 2

span 3

span n

span 1

Figure3.3. SpanFilter. Basedon theinitial divisionof thevaluespaceinto buckets,the
cellsaredividedinto severalspans.Thereis only onespanfor all thecellswhich span
morethanthreebuckets(in this example.Eachspanis alsodividedinto subareasbased
on theoriginal division into buckets.)

3.2.1.2 The ActiveList

Figure 3.4 depictsGiles and Haimes’ algorithm (seeSection2.1.7) over the span

space.Thoughthealgorithmdoesnot explicitly partition thespacein advance,theuse

of theglobalmaximumcell span,> , doesthesamething implicitly, asthewidth of the

areathatneedsto bescannedis constant.Whenthechangein theisovalueis greaterthan

> , thealgorithmmustlinearly scanall thecells in therange "5=¸?H>IBD=E3 . All thecellsin

this range(thedotedareain Figure3.4 ) areput in theactivelist. Theactive list is then

purgedof all thecellsin which themaximumvalueis below thegivenisovalue = . In our

exampleall the cells in thedotedareawhich arebelow the horizontalline at = will be

purged. Since > dependson thedataset,thealgorithmhasno control over thesizeof

the scannedlist. In two of our testcases,Heart andBrain, therearefew cells on the

boundarythat have a very large span. This causes> to be so large that the algorithm

mustlinearly scanapproximatelyhalf of thedataset.On theotherhand > might betoo
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max

minvv−∆ nv

v

nv

v−∆

Figure3.4. ActiveList. Duringinitializationor whenthechangein theisovalueis larger
than > , all thecellsin thedottedareaareput in theactive list (for anisovalueof = ). The
cellswhicharebelow thehorizontalline = will subsequentlyberemoved.Whenthenew
isovalue /F= is lessthan > from thecurrentisovalue,only thecellsin thestripedareawill
beaddedto theactive list. Theactive list will thenbepurgedof all thecells thatarein
thedottedandstripedareasandbetweenthe = and /F= horizontallines.

smallsuchthattheneighborhoodsearchmaynot beusedat all.

Usingthespanperspective,Figure3.4,onecanseethatwhentheisovalueis changed

from = to /F= ( /F=@?A=¹Jº> ) thealgorithmwill scanall thecells in thestripedbandon

the right andaddthemto the active list. The active list will thenbe purgedof all the

cellswith a maximumvaluethatis lower thethenew isovalue /7= . Thecellsthatwill be

removedarethosecellsthatlie betweenthe = and /7= horizontallines.Notethatmostof

thecellsthatwill bediscardedarethosecellsthatarein thelower trianglein thestriped

area. This triangle is usually the most densepart of the stripedbandand thereforea

largenumberof cellsmustbescannedandthendiscarded.If onescansacrosstheentire
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rangeof thedataset,a typical changein theisovaluewill belargerthan0.5%,wherwas,

for a largedataset, > will bemuchsmaller, againnot takingadvantageof neighboring

isosurfaces.Finally, thealgorithm’scomplexity is still !4"M/P3 in time.

3.2.1.3 SweepingSimplices

Thespacedecompositionfor thesweepingsimplicesalgorithm,aswell asthemarked

cells for an isovalue w�= , areshown in Figure3.5. The solid dotsarethe marked cells.

Whena new isovalueis selected,all thecells that lie betweenthevertical lines w�= and

= arefirst marked. Thecells that intersectthe isosurfacearethosemarkedcells that lie

above the horizontalline at = . Thoughsweepingsimplicesis fasterthanthe active list

algorithmanddoesnot dependon a global > , its spacedecompositionis not optimal.

Eachof thegroupswhoserangeintersecttheisovalueline mustbelinearly scannedand

eachsuchgroupcontainsanareaoutsidethetargetisosurfaceregion.

max

minvpv»

level 1

level 2

level 3

level 4

marked

unmarked

Figure 3.5. SweepingSimplices.
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3.2.2 NewExtraction Methods BasedOn The SpanSpace

Wenow presentnew extractionmethodsthatweredevelopedbasedonthespanspace

perspective. Chapter4 presentsanin depthdescriptionof thefirst suchmethodthatwe

publishedin conjunctionwith thespanspace.Hence,this methodthatachieveda near

optimalworstcasecomplexity is only briefly describedherefor completeness.

3.2.2.1 Near Optimal IsoSurfaceExtraction (NOISE)

The NOISE approach,Chapter4, is basedon the kd-tree [4] subdivision and is

depictedin Figure 3.6. The points in the spanspaceare recursively subdivided into

two groupsbasedon themedianvalue. Thedivision alternatesbetweenthespanspace

two dimensions,i.e., the min andmax values. Eachdivision is doneby selectingthe

point with the medianvalueanddesignatingit asthe root of the currenttree. The rest

of thepointsarethengroupedinto two subtreesbasedon whethertheir valueis smaller

or greaterthanthe currentroot value. Note that the sizeof the two subtreescandiffer

by at mostonepoint asthedivision is basedon themedianvalue.Theresultingkd-tree

is thusa balancedtree,a featurethat in Chapter4 is usedto eliminatethe overheadof

maintainingthekd-tree. Figure3.6 depicta typical partitioningof thespanspacewith

a kd-tree. The first partitioning, along the min axis, is marked by root. Eachof the

resultingtwo sub-areasis split again,this timebasedonthemaxaxisandis markedwith

1.

Theworstcasecomplexity of theNOISEalgorithmis only !#" Y /�&¢$�3 . This result

is basedon Lee andWong [16]. The kd-treeitself doesnot incur any overhead.Each

nodeof the treeneedsto containonly a pointerthe appropriatedatacell. To speedup

thesearchover thekd-tree,eachnodecanalsocontainthecell minimumandmaximum

values.The prosandconsof this additionalinformationareexaminedin Chapter4 as

well.

3.2.2.2 Isosurfacing in SpanSpacewith Utmost
Efficiency (ISSUE)

The ISSUEalgorithm [24] wasdesignedmainly for massively parallel processors,

thoughit canalsobeusedasa serialalgorithm.Theunderlyingdecompositionis based



25

max

min

root

1

1

2

2 2

2

v

Figure 3.6. NOISE. The points in the spanspaceare spilt recursively into two sub-
regions,alternatingbetweenthe min andmax axis. Root marksthe first partitioning
followsby partitions1, 2, andsoon. Eachpartitiondesignateonepoint(with themedian
value)andtwo equalsubregions.Also depictedis aquerybasedonagivenisovalue = .
onalatticesubdivisionof thespanspaceinto atwo dimensional¼4uO¼ lattice,Figure3.7.

Thesamesubdivision is usedfor boththe ´I¯%/ andthe ´��n° directions.

Thesearchalgorithmis basedon theclassificationof the latticecells into five cases

basedon their relative locationto the isovalue. Without lost of generality, assumethat

for agivenisovalue = , thepoint "5=CBD=E3 is locatedin latticecell "%$7BV$�3 . Wenotetheindices

of this latticecell mustbetheequalto eachotherasthesubdivision is thesamein both

direction.Eachof thelatticecells "5¯XBZ½¾3 cannow beclassifiedasfollows(seeFigure3.7):

1. ¯¿N($ or ½�J¢$ : Theisosurfacedoesnotpassthroughany of thecellsin this region.

Ignoreall thecellsin this region.

2. ¯¿J($ and ½�N¡$ : Theisosurfacemustpassthoughall of thecellsin this region.

3. ¯'JÀ$ and ½�fÁ$ : All the cells in the region have a minimum valuethat is below

theisovalue.However, themaximumcriterionis still ambiguous.Only thosecells

with amaximumvaluehigherthentheisovalueintersecttheisosurface.
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Figure 3.7. ISSUE:Latticeclassification.Thespanspaceis dividedusinga lattice. For
agivenisovalue = , thelatticecellsareclassifiedinto fivecases.Seetext for moredetails
on themeaningof eachcase.

4. ¯¤f�$ and ½INt$ : All thecellsin theregion havea maximumvaluewhich is above

theisovalue.However, theminimumcriterionis still ambiguous.Only thosecells

with aminimumvaluelower thantheisovalueintersecttheisosurface.

5. ¯Ëfs$ and ½�fÌ$ : This is theonly region thatrequiresaregularsearchasnoapriori

informationis availablefor thecellsin this region.

Outof thesefiveclassifications,cellsin Case1 regionshouldbeignored.Ontheother

hand,all of thecells in Case2 regionsintersectthe isosurfaceandthusthey requireno

search.For thecellsin theparticularregion(k,k), Case5, oneneedsto eithercheckeach

of thecellsindividually or employ othersearchmethods.

In the remainingCase3 and 4, regions can be searchedefficiently using a binary

searchover specialdatastructures.First, notethatall of theCase3 regionsarelocated

in asinglerow while Case4 regionsarelocatedon asinglecolumn.Second,thecellsin

eachrow (column)aresortedaccordingto thecells maximum(minimum) value,since
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theminimum(maximum)valueshavealreadybeenchecked.Thissortingcanbedonein

anoff-line pre-processstageafterthelatticeis defined.A singlerow or columncanthen

bescannedusinga binarysearchin anoptimal time !4"M),+.-¿Í53 , where Í is thenumberof

cellsin thatrow or column.

Analysis of the ISSUE algorithm leads,assuminga constantnumberof cells per

region,to acomplexity of !4"M),+.-'Î ÏO&\Ð ÎÏ�&#Ñ�3 , where¼ 6 is thenumberof latticeregions.

In general,theworstcasecomplexity is !4" Y Ò &³Ñ�3 .
3.2.2.2.1 Parallel isosurfaceextraction. A parallelversionof this algorithmfor

a Massively ParallelProcessors(MPP),suchasa CrayT3D, is basedon usingtheserial

ISSUEalgorithmon eachprocessorwith only a subsetof thedata. A key requirement

for effectiveparallelprocessingis optimizingtheloadbalance,suchthatonaverageeach

processorperformsthesameamountof work.

Loadbalancingis achievedby carefuldistributionof thelatticeregionsto thedifferent

processors.Assumingthereare ¼µu³¼ lattice regionsand N processors,the
Ï�Ó¾ÔÕÏ×Ö7ØSÙ
6

regionson or above the ´I¯S/ºfÚ´��.° line are distributed in a round-robinfashionto

the processors.Figure3.8 shows an examplewith four processorsandan 8x8 lattice

regions. In termsof the lattice regionsindices,region "M¯ÛBZ½¾3 is forwardedto processor

"«½¦?HÜ0& Ô 6 Ï¾Ý�ØSÙSÓ¾Ô l Ý�ØSÙ6 3s¨@+EÞ Ò . Thisdistribution leadsto a fairly balancedwork loadas

theregionsin Cases2 to 5 areevenlydistributed.

The finer the resolutionof the lattice region the better the load balancewill be.

However, this resolutionis inverselyproportionalto thememoryoverhead.TheISSUE

algorithmaddressthis problemby employing two lattices,a fine latticefor thedistribu-

tion of thecellsandacoarselatticefor eachprocessor. Thismethodachievedagoodcell

distributionwhile maintaininglow memoryoverheadoverall.

3.2.2.3 Optimal IsosurfaceExtraction.

An optimalisosurfaceextractionmethodwasdevelopedin 1996by Cignonietal. [7]

and is depictedin Figure 3.9. The novelty of this approachis the recursive division

of the spanspaceinto threesectionsratherthan the traditionalbinary division. Each

suchdivision is basedon a singlevalueandcreatesonesemi-infiniterectangleandtwo

triangularshapedareas.All thepointsin themiddlerectangleareahave their maximum
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Figure3.8. ISSUE:Latticedistribution. Numbersmarktheprocessorthatis assignedto
eachlatticecell.

valuelessthanthesplittingvalueandtheirminimumvaluelargerthanthisvalue.To take

advantageof this property, thepointsin the rectangleareaareorganizedinto two lists.

Onelist is thensortedbasedon thepointsminimumvalueandtheotherlist basedonthe

pointsmaximumvalue.Theothertwo triangularshapedareasarerecursively dividedin

thesamefashion.Thevalueat which eachsuchdivision occursshouldbeselectedsuch

thatthenumberof pointsin eachsectionis roughlythesame.

The searchis performedby recursively descendingthis nestedhierarchy. At each

level, oneof thetriangularsharedareais discarded,someof thepointsin therectangular

areaarecollectedandthealgorithmrecursively checkthetriangulararea.

Thefirst triangularareacanbediscardedastheisovalueis eithergreaterthanall the

pointsmaximumvalueor bellow all the pointsminimum values. With respectto the

rectanglearea,the isovalueis eitherlarger thantheminimumvaluesof all thepointsin

therectangleor smallerthantheir maximumvalues.For thepointsin therectanglearea,

it is sufficient, therefore,to examineoneof thesortedlists associatedwith this rectangle

basedon whetherthe isovalueis larger or smaller. Consultingthe list requiresoneto

only locatethe first point (in !#"5)«+.-0/P3 ) that satisfiesthe isovaluerequirement.All the
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Figure 3.9. Optimal isosurfaceextraction. The spanspaceis partitionedinto three
subareas,seenas a squareand two triangles. Each triangular areais subsequently
recursively partition into threesubareas.The partition lines aremarked with numbers.
The points in the squareregions are sortedin two lists, basedon the min and max
coordinates.

pointsin the list from thatpoint until theendof the list must,by definition,satisfythis

conditionaswell.

Thememoryrequirementof thismethodis basedon theneedto have two sortedlists

for eachrectanglearea. For eachpoint in the spanspacethereis an entry in one list

sortedby theminimumvalueanda secondentryin a list sortedby themaximumvalue.

Eachsuchentryis madeof thepoint value(eitherminimumor maximum)anda pointer

(or anid) to theactualcell. Thetotal memoryrequirementis thereforeon theorderfour

timesthesizeof thedata.Thetimecomplexity of theoptimalalgorithmis !#"5),+×-0/@&A$�3 .



CHAPTER 4

MAKING NOISE

A commonobstaclefor of all the interval methodsis that the intervals areordered

accordingto either their maximumor their minimumvalue. Both thesweepalgorithm

andtheactive list methodattemptedto tacklethis issueby maintainingtwo lists of the

intervals,orderedby themaximumandminimumvalues.Whathassofar beenmissing,

however, is away to combinethesetwo lists into asinglelist.

In the following, we presenta solutionto this obstacle.Using thespanspaceasour

underlyingdomain,wehaveemployedakd-treeasameansfor simultaneouslyordering

thecellsaccordingto their maximumandminimumvalues.

4.1 Kd-Trees

Kd-treesweredesignedby Bentley in 1975[4] asa datastructurefor efficient asso-

ciative searching.In essence,kd-treesarea multidimensionalversionof binary search

trees.Binary treespartitiondataaccordingto only onedimension.Kd-trees,ontheother

hand,utilize multidimensionaldataandpartitionthedataby alternatingbetweeneachof

thedimensionsof thedataat eachlevel of thetree.

4.2 Kd-TreeDecompositionof the SpanSpace

Given a datasetwe constructa kd-treethat containspointersto the datacells and

thenusethis kd-treeto rapidly searchthedatasetin orderto answerisosurfacequeries.

Figure4.1 depictsa typical decompositionof a spanspaceby a kd-tree. Eachnodein

thetreeholdsoneof thedatavaluesandhastwo subtreesaschildren. Thesubtreesare

constructedsuchthatall thenodesin onesubtree,the left onefor example,hold values

thatarelessthantheparentnode’svalue,while thevaluesin theright subtreearegreater

thantheparentnode’svalue.Startingat therootof thekd-tree,nodesatevendepthlevel



31

max

min

root

1

1

2

2 2

2

v

Figure 4.1. Kd tree. The points in the spanspaceare spilt recursively into two
subregions,alternatingbetweenthemin andmaxaxis. Rootmarksthefirst partitioning
followsby partitions1, 2 andsoon. Eachpartitiondesignateonepoint (with themedian
value)andtwo equalsubregions.Also depictedis aquerybasedonagivenisovalue = .
arebasedontheminimumvalueof thedatasetcell they referto,while nodesatodddepth

level referto thecell maximumvalue.

4.2.1 Construction

Theconstructionof thekd-treescanbedonerecursively in optimal time !4"M/O),+.-0/23 .
Theapproachis to find themedianof thedatavaluesalongthecurrentdimension(either

theminimumor maximumvalueof thecorrespondingcell) andstoreit at thecurrenttree

root node.Thedataarethenpartitionedaccordingto themedianandrecursively stored

in thetwo subtrees.

An efficientwayto achieve !#"5/O),+×-0/P3 time is to recursively find themedianin !#"5/P3 ,
using the methoddescribedby Blum et al. [5], andpartition the datawithin the same

timebound.

A simplerapproachis to sort thedatainto two lists accordingto the maximumand

minimumcoordinates,respectively, in order !4"5/O)«+.-0/P3 . Thefirst partitionaccessesthe

medianof the first list, the min coordinate,in constanttime, and marksall the data
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pointswith valueslessthanthemedian.Thesemarksarethenusedto constructthetwo

subgroups,in !4"5/23 , andcontinuerecursively.

Thoughtheabovemethodshavecomplexity of !#"5/O),+×-0/P3 , they dohaveweaknesses.

Finding the medianin optimal time of !4"5/23 is theoreticallypossibleyet difficult to

program[5]. Thesecondalgorithmrequiressortingtwo lists andmaintaininga total of

four lists of pointers.Although it is still linearwith respectto its memoryrequirement,

it neverthelessposesaproblemfor very largedatasets.

A simple (and elegant)solution is to usea Quicksort-basedselection[22]. While

this methodhasa worstcaseof !4"M/F6D3 , theaveragecaseis only !#"5/23 . Furthermore,this

selectionalgorithmrequiresnoadditionalmemoryandoperatesdirectlyonthetree.This

algorithmperformedat leastfour time fasteron all of ourapplicationdatasetsin section

4.9.5thanthetwo sortedlists algorithm.

It is clearthat thekd-treehasonenodepercell, or spanpoint, andthusthememory

requirementof thekd-treeis !#"5/P3 .
4.2.2 Query

Givenaniso-value, = , weseekto locateall thepointsin Figure3.1 thatareto the left

of thevertical line at = andareabove thehorizontalline at = . We do not needto locate

pointsthatareon thesehorizontalor verticallinesif weassumenondegeneratecells,for

which minimum or maximumvaluesarenot unique. This restrictionwill be removed

later.

Thekd-treeis traversedrecursively whentheisovalueis comparedto thevaluestored

at thecurrentnodealternatingbetweentheminimumandmaximumvaluesateachlevel.

If thevalueat thenodeis to thesmallerthantheisovaluethanonly theleft subtreeshould

be traversed.Otherwise,both subtreesshouldbe traversedrecursively. For efficiency,

two searchroutinesaredefined,search-min-max andsearch-max-min. The first name

refersto thecurrentdimensionandthesecondnamereferto thedimensionthestill needs

to besearched.The importanceof namingtheseconddimensionwill beevident in the

next section,whenweconsideroptimizingthealgorithm.

Following is a shortpseudo-codefor themin-maxroutine.



33

SearchMinMax ( isovalue,node)

h
if ( node.minJ isovalue) h

if ( node.maxN isovalue)

constructapolygon(s)from node

SearchMaxMin(isovalue,node.right);

m
SearchMaxMin(isovalue,node.left);

m

Estimatingthe complexity of the query is not straightforward. Indeed,the analysis

of theworstcasewasnotdevelopeduntil severalyearsafterBentley introducedkd-trees

(Lee andWong [16]). Clearly, the query time is proportionalto the numberof nodes

visited. LeeandWonganalyzedtheworstcaseby constructinga situationwhereall the

visitednodesarenot part of the final result. Their analysisshowed that theworst case

time complexity is !4" Y /�&t$�3 . Theaveragecaseanalysisof a region queryis still an

openproblem,thoughobservationssuggestit is muchfasterthan !4"ZY /¶&Ì$�3 [22, 3].

In almostall typical applications$vßR/F698;:[NiY / , which suggestsa complexity of only

!4"S$�3 . On theotherhand,thecomplexity of the isosurfaceextractionproblemis à'"%$�3 ,
becauseit is boundfrom below by thesizeof theoutput.Hence,theproposedalgorithm,

NOISE,is optimal, á�"%$�3 , for almostall casesandis nearoptimalin thegeneralcase.

4.2.3 DegenerateCells

A degeneratecell is definedasa cell having morethenonevertex with a minimum

or maximumvalue. Whena given isovalueis equalto the extremavalueof a cell, the

isosurfacewill not intersectthecell. Rather, theisosurfacewill touchthecell atavertex,

an edge,or a face,basedon how many verticessharethat extremavalue. In the first

two cases,vertex or edge,the cell canbe ignored. The last caseis moreproblematic,

asignoringthis casewill leadto a hole in theisosurface.Furthermore,if thefaceis not

ignored,it will bedrawn twice.
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Onesolutionis to perturbtheisovalueby a smallamount,sothat theisosurfacewill

intersecttheinsideof only oneof thosecells. Anothersolutionis to checkbothsidesof

thekd-treewhensuchacaseoccurs.While thedirectcostof suchanapproachis not too

high asthis canhappenat mosttwice, thereis a highercost in performingan equality

testat eachlevel.

4.3 Optimization

Thealgorithmpresentedin theprevioussectionis not optimalwith regardsto either

thememoryrequirementor searchtime. Severalstrategiesto optimizethealgorithmare

presentednext.

4.3.1 PointerlessKd-Tree

A kd-treenode, as presentedpreviously, must maintain links to its two subtrees.

This introducesa high cost in termsof memoryrequirements.However, onecantake

advantageof thefactthatin theNOISEcasethekd-treeis completelybalanced.At each

level,onedatapoint is storedatthenodeandtherestareequallydividedbetweenthetwo

subtrees,which leadsto therepresentationof a pointerlesskd-treeasa one-dimensional

arrayof thenodes.Therootnodeis placedat themiddleof thearray, while thefirst /21.â
nodesrepresenttheleft subtreeandthelast "M/�?�Ü�3Û1.â nodestheright subtree,asshown

in Figure4.2.

The memoryrequirementsof a pointerlesskd-tree,reduceto two real numbersper

node, for minimum and maximumvalues,and one pointer back to the original cell

for later usage. Consideringthat eachcell for a three-dimensionalapplicationwith

tetrahedralcellshaspointersto four vertices,thekd-treememoryoverheadis evenless

thanthesizeof thesetof cells.

The useof a pointerlesskd-treeenablesoneto computethe treeasan off-line pre-

processand load the tree usinga single readin time complexity of only !4"M/P3 . Data

acquisitionvia CT/MRI scansor scientificsimulationsis generallyverytimeconsuming.

Theability to build thekd-treeasa separatepre-processallows oneto shift thecostof

computingthe tree to the dataacquisitionstage. Hence,reducingthe impact of the

initialization stageon theextractionof isosurfacesfor largedatasets.
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Figure 4.2. PointerlessKd-tree. Top: A kd-treewith pointers.eachlevel of the treeis
markedwith adifferentshade.Bottom:A pointerlesstreeis representedasanarray.

4.3.2 Optimized Search

Thesearchalgorithmcanbe furtherenhanced.Let usconsider, again,themin-max

(max-min)routine. In the original algorithm,if the isovalueis lessthanthe minimum

valueof thenode,thenwe know we cantrim theright subtree.Considerthecasewhere

the isovalue is greaterthan the node’s minimum coordinate. In this case,we needto

traverseboth subtrees.We have no new informationwith respectto the searchin the

right subtree,but, for thesearchin theleft subtreeweknow thattheminimumcondition

is satisfied. We can take advantageof this fact by skipping over the odd levels from

thatpoint. To achieve this,wedefinetwo new routines,search-minandsearch-max, see

Figure4.3. Adheringto our previous notation,the namesearch-minstatesthat we are

only looking for a minimumvalue.

Examiningthesearch-minroutine,wenotethatthemaximumrequirementis already

satisfied.We do not gainnew informationif the isovalueis lessthanthecurrentnode’s

minimum andagainonly trim off the right subtree. If the isovalueis greaterthanthe
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node’s minimum, we recursively traversethe right subtree,but with regard to the left

subtree,wenow know thatall of its pointsarein thequery’s domain.We thereforeneed

only to collect them. Using the notion of pointerlesskd-treeasproposedin Section

4.3.1,any subtreeis representedasacontiguousblockof thetree’snodes.Collectingall

thenodesof asubtreerequiresonly sequentiallytraversingthis contiguousblock.

A pseudocodeof the optimizedsearchfor theodd levelsof the tree,i.e., searching

for minima is presentedin Figure4.3. Thecodefor evenlevels,searchingfor maxima,

is essentiallythesameandusesthesamecollectroutine.

4.4 Count Mode

Extractingisosurfacesis an importantgoal, yet in a particularapplication,onemay

wishonly to know how many cellsintersectaparticularisosurface.Knowing thenumber

of cellsthatintersecttheisosurfacecanhelponegivearoughestimateof thesurfacearea

of the isosurfaceon a structuredgrid andon a “well-behaved” unstructuredgrid. The

volumeencompassedby the isosurfacecanalsobeestimatedif oneknows thenumber

of cellsthatlie insidetheisosurfaceaswell asthenumberof cellsthatintersectit.

Theabove algorithmcanaccommodatethe needfor suchparticularknowledgein a

simpleway. Thenumberof cellsintersectingtheisosurfacecanbefoundby incrementing

acounterratherthanconstructingpolygonsfrom anodeandby replacingcollectionwith

a singleincrementof the counterwith the sizeof the subtree,which is known without

theneedto traversethetree. To countthenumberof cells that lie insidethe isosurface,

oneneedonly look for thecellsthathaveamaximumvaluebelow theisovalue.

The worst casecomplexity of the countmodeis only !4";Y /23 . A completeanalysis

is presentedin Appendix A.2. It is important to note that the count modedoesnot

dependon thesizeof the isosurface. We shall show in Section4.7 thatsucha countis

extremelyfastandintroducesno meaningfulcostin time. Thecountmodethusenables

an applicationto quickly count the cells that intersectthe isosurfaceandallocateand

preparetheappropriateresourcesbeforea full searchbegins.
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SearchMinMax ( isovalue,node)h
if ( node.minJ isovalue) h

if ( node.maxN isovalue)
constructpolygon(s)from node;

SearchMaxMin(isovalue,node.right);
SearchMax(isovalue,node.left);m else
SearchMaxMin(isovalue,node.left);m

SearchMin ( isovalue,node)h
if ( node.minJ isovalue) h

constructpolygon(s)from node;
SearchSkipMin(isovalue,node.right);
Collect(node.left);m else
SearchSkipMin(isovalue,node.left);m

SearchSkipMin( isovalue,skip node)h
if ( skip node.minJ isovalue)

constructpolygon(s)from skip node;
SearchMin(isovalue,skip node.right);
SearchMin(isovalue,skip node.left);m

Collect( sub tree)h
sequentiallyconstructpolygonsfor all nodesin this sub treem

Figure 4.3. Optimizedsearch.
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4.5 NeighborhoodSearch
TheSweepingSimplicesandtheActiveList algorithmsweredesignedto takeadvan-

tageof coherencebetweenisosurfaceswith closeisovalues.We presenta variantof the

proposedalgorithmthatalsotakesadvantageof suchcoherence.

As opposedto thepreviousmethodsthatdecomposethespacespecificallyfor small

changesin theisovalue,thekd-treedecompositioncanbeusedasis. This,in turn,means

thatatany time,eithertheregularor theneighborhoodsearchcanbeperformedover the

samedatastructureandthuswecanchoosewhichonewill likely bethebestbasedonthe

currentestimate.To find thenew setof cellsrequiresperformingtwo searches.First the

kd-treeis searchedfor cellsthatneedto beremoved.A secondsearchis thenperformed

to find new cells to addto the list. Figure4.4 depictsa pseudo-codefor a part of the

secondsearch.

The neighborhoodsearchcanbenefitwhenthe changein the isovalueis small and

only a small numberof cells needsto be addedor removed, especiallyin the count

mode.However, thereareseveraldisadvantagesin usingthis typeof search,aswasthe

casein previous methods.First, an active cell list mustbe maintainedthat addsmore

overheadbothin time andmemory. Second,eachnodein thekd-treemustmaintainyet

anotherpointerto thecell entryin theactivelist sothatit canberemovedquickly without

traversingtheactive list. Finally, if thenumberof cells thatbelongto both the current

andthenew cell list is small,theeffort to find thenew isosurfaceis doubled.

4.6 Triangulation of Tetrahedral cells
Oncea cell is identifiedas intersectingthe isosurface,we needto approximatethe

isosurfaceinsidethatcell. Towardthis goal,themarchingcubesalgorithmcheckseach

of thecell verticesandmarksthemaseitheraboveor belowthe isosurface. Using this

informationanda lookuptable,thealgorithmidentifiestheparticularway theisosurface

intersectsthecell. Themarchingcubesandits many variantsaredesignedfor structured

grids,thoughthey canbeappliedto unstructuredgridsaswell.

We proposea new algorithmfor unstructuredgridsof tetrahedralcells. If an isosur-

faceintersectsinsidea cell, thenthevertex with themaximumvaluemustbeabove the

isosurfaceandthevertex with theminimumvaluemust bebelow it.
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NearSearchMinMax ( pv, v, node)h
if ( node.minJ pv )

NearSearchMaxMin(pv, v, node.right);
else
if ( node.minN v )

NearSearchMaxMin(pv, v, node.left);
elseh

if ( node.maxN v )
addnode;

NearSearchMaxMin(pv, v, node.right);
NearSearchMaxMin(pv, v, node.left);mm

Figure4.4. Neighborhoodsearch- pseudo-code.

To take advantageof this fact, we reorderthe verticesof a cell accordingto their

ascendingvalues,for examplev1 to v4, apriori, in theinitializationstage.Whenthecell

is determinedto intersecttheisosurface,weneedto compareonly theisovalueagainstthe

two middleverticesat most. Sincethereareonly threepossiblecases,only v1 is below

the isosurface,only v4 is above the isosurface,or h v1,v2m arebelow and h v3, v4 m are

above seeFig. 4.5. Moreover, theorderof theverticesof theapproximatingtriangle(s),

suchthatthetriangle(s)will beorientedcorrectlywith respectto theisosurface,is known

in advanceat no cost.We canfurthertake advantageof thefact that thereareonly four

v1

v2
v3

v4

v1

v2
v3

v4

v1

v2
v3

v4

Figure 4.5. Triangulationfor tetrahedra. The verticesare numberedaccordingto
ascendingvalues.
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possibletrianglesfor eachcell and computetheir normalsa priori. This option can

improvethetriangulationtimedramaticallyyet it comeswith ahighmemorycost.

4.7 Results

To evaluatethe proposedalgorithms,extensive testsweredoneon variousdatasets.

Thetestswerecarriedon SGI (R4400,150MHz)workstationswith 256Mband640Mb

of memory.

4.7.1 The Datasets

Severaldatasetsfrom avarietyof sourceswereused.Table4.1showsthecharacteris-

tics of thesemodels.Thefirst threedatasetsconsistof bioelectricfield problemssolved

usingthe finite elementmethodon unstructuredtetrahedralgrids, Figures4.6, 4.7 and

4.8. Head is a Ü�â×ã×: MRI scanof a humanhead,Figure4.9. TheFD, Fluid Dynamics,

datasetis computedfrom a â.ä�å×: spectralCFD simulation,Figure4.10.Subsampledsets

of this largedatasetof sizesænâ�: , å×ç×: and Ü�â×ã�: , werealsoused.

4.7.2 Benchmarks

Thealgorithmwastestedbothwith respectto CPUtimeandits complexity relativeto

a givendataset.Eachtestincluded1000randomvalueisosurfaceextractions.Table4.2

shows thedistribution of thenumberof cells in theisosurfacesfor thedifferentmodels.

The Brain model is an exampleof a nonuniformcell size and position distribution.

Table4.1. Datasets

Source Type Vertices Cells

Heart FEM U-grid 11504 69892
Torso FEM U-grid 201142 1290072
Brain FEM U-grid 74217 471770
Head MRI S-grid 2M 2048383
FD-32 FEM S-grid 32K 29791
FD-64 FEM S-grid 256K 250047
FD-128 FEM S-grid 2M 2048383
FD-256 FEM S-grid 16M 16581375
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Figure 4.6. Heart: Iso-surfacesof constantvoltagefrom a finite elementsimulationof
cardiacdefibrillationwithin theventriclesof thehumanheart.

Figure 4.7. Brain: An iso-surfaceof constantvoltagefrom a finite elementsimulation
of temporallobeepilepsyin amodelof thehumanskull andbrain.
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Figure4.8. Torso:An iso-surfaceof constantvoltagefrom afinite elementsimulationof
thevoltagedistributiondueto theelectricalactivity of theheartwithin amultichambered
modelof thehumanthorax.

Figure4.9. Head:Iso-surfacefrom a Ü�â×ã : MRI scan.
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Figure 4.10. Turbulent flow in a fluid dynamicsimulationrepresentingthe magnitude
of fluid velocity andshows theonsetof turbulence.Theelongatedstructuresarevortex
tubes.

Someof thecellshadvery largespanthatwouldhavecausedworstcaseperformancein

previousisosurfaceextractionalgorithms.Two testswereperformedon this model,first

usingisovaluesfrom theentiremodeldomain(datasetfull) anda secondcheckingonly

asmalldensearea(datasetpartial).

Thiswork concentratesonfindingthecellsthatintersectanisosurfaceandperforming

fasttriangulationon tetrahedralcells.Thereforethetriangulationtimesof thestructured

grid modelwerenot measured.For thesedatasets,a call to anemptystubfunctionwas

issuedfor eachcell that intersectsthe iso-surface,thereforeintroducingsomecostper

intersectedcell.

4.8 Analysis

Table4.3shows theaverage total numberof treenodesthatwereactuallyexamined

comparedto thenumberof nodesthat intersectedtheisosurface.Also presentedarethe

averagenumberof treenodesthatwereexaminedbut did not intersecttheisosurface,i.e.

theoverheadof searchingthetree,andthemaximumnumberof cellsthatwerecollected
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Table 4.2. StatisticsI

Cellsin Isosurfaces
min max avg

Heart 0 23087 1617
Torso 32 31011 8001
Brain:
partial 5287 26710 10713
full 12 14756 25

Head 8 610291 61091
FD-32 0 28541 3074
FD-64 0 230562 24720
FD-128 0 1680341 172247
FD-256 8 11172708 1088128

Table4.3. StatisticsII

Found Examined Extra Collected

Heart 1617 687 473 17472
Torso 8001 3487 2679 20156
Brain :
partial 10713 2295 1570 14742
full 25 2043 2020 7370

Head 61091 4568 3735 512095
FD-32 3074 550 410 7447
FD-64 24720 1547 834 62511
FD-128 172247 4489 3405 512095
FD-256 1088128 12787 6940 4145343

atonetimeduringthesearch.For tetrahedralcellsthenumberof trianglesperisosurface

is about æ×ænè higherthanthenumberof cellsthatintersecttheisosurface.

Thealgorithmconsistentlyexaminedmany fewernodesthanthesizeof theextracted

isosurface. Theonly exceptionwasthe full Brain datasetwheretheaverageisosurface

wasmoreor lessempty. Even in this pathologicalcase,the numberof cells that were

examinedwassmall, lessthanhalf a percent.This is a casewherethealgorithmis not

optimalas $¹JRY / , yet theoverheadis negligible. Overall, theoverheadof examining
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extranodeswaskeptataminimumandthecollectionschemeachievedexcellentresults.

Thecomplexity of thesearch phasewaskeptat æ¾Y / , which doesnot dependon the

sizeof theresultingisosurfaceaspredictedby thecountmodeanalysis.CPUrun times

areshown in Table4.4.Theinitializationstepis measuredin secondswhile thecountand

search arein milliseconds.All numbersrepresenttheaveragerun time perquery. The

searchincludestriangulationfor theunstructuredgrid datasetsonly, usingtheproposed

fasttriangulationalgorithm,seeSection4.6. Thetime requirementsfor thecountmode

waskept to a few milliseconds,evenfor very largedatasetswith correspondinglylarge

numbersof isosurfaces.Thesearchoptimizationhasclearly benefitedfrom thecollect

routine,asis evidentby thelargecollectedblocks.

4.9 Application - Mantle Convection
4.9.1 Intr oduction to Mantle ConvectionSimulation

Solid stateconvectionwithin the Earth’s mantledeterminesoneof the longesttime

scalesof our planet. The Earth’s mantle,the 2900km thick silicateshell that extends

from the iron coreto theEarth’s surface,thoughsolid, is deformingslowly by viscous

creepover longtimeperiods.While gradualin humanterms,thevigor of thissubsolidus

Table4.4. CPUTime

Build Count(msec) Searché (msec)
(sec) percell percell

Heart 7.6 0.4 ä¾êÕë¸uQÜ�ì Ý¾í 7.0 ç�êîæïuQÜ�ì Ý¾ð
Torso 27.1 2.2 Ü×êÕë¸uQÜ�ì Ý¾í 43.8 ä¾êÕäGuQÜ�ì Ý¾ð
Brain : 7.6
partial 1.5 æEêÕâ¸uQÜ�ì Ý¾í 53.9 ä¾êîìïuQÜ�ì Ý¾ð
full 1.0 â¾ê«Ü'uQÜ�ì Ý¾í 1.1 ç.ç�êîìïuQÜ�ì Ý¾ð

Head 35.2 3.0 Ü×êñçïuQÜ�ì Ý¾í 31.4 Ü×êÕäGuQÜ�ì Ý¾ð
FD-32 0.2 0.3 Ü�ìEêñçïuQÜ�ì Ý¾í 1.0 æEêñç@uQÜ�ì Ý¾ð
FD-64 2.3 0.9 æEêÕä¸uQÜ�ì Ý¾í 7.7 æEê«ÜòuQÜ�ì Ý¾ð
FD-128 22.6 2.9 Ü×êñçïuQÜ�ì Ý¾í 69.2 æEêñç@uQÜ�ì Ý¾ð
FD-256 203.8 8.9 ìEêÕä¸uQÜ�ì Ý¾í 420.4 â¾êÕäGuQÜ�ì Ý¾ðó

Searchtimesincludetriangulationfor unstructuredgridsonly.
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convectionis impressive,producingflow velocitiesof 1-10cm/year. Platetectonics,the

piecewise continuousmovementof the Earth’s surface, is the prime manifestationof

this internaldeformation,but ultimatelyall largescalegeologicalactivity of our planet,

suchasmountainbuilding andcontinentaldrift, mustbeexplaineddynamicallyby mass

displacementswithin themantle.

A majorproblemfor researchersin computationalmantledynamicsis to resolve the

Earth’s outer100 km deepskin, or lithosphere.This lithosphereis an integral part of

themantleandthusa 100km wide spatialresolutionhasto beachievedthroughoutthe

volume. The resultingcomputationalproblemis formidableandnumericaldiscretiza-

tionswith 1-10million grid pointshaveto beformulatedto resolvethemantlevolumeon

scalesof 50km or less.Theresultingcomputationalproblemhasbeenlargelyintractable

on conventionalsequentialcomputers,as it is necessaryto follow the time evolution

of pressure,temperatureand velocity over the entire volume, requiring gigabytesof

memoryandcomputationalspeedsof many gigaflops.However, suchproblemsarewell

in reachof modernparallelcomputers,suchasthemassivelyparallelCrayResearch,Inc.

T3D system.

Toaddressthisproblem,athree-dimensionalsphericalmantledynamicscodeTERRA

wasused,which solvestheNavier-Stokesequationsin theinfinite Prandtlnumberlimit

usinga multigrid approach[1]. Discretizationof thesphericalshell is basedon subdivi-

sionof theregular icosahedronproducinga datastructurethat is well suitedfor modern

parallel hardware using domaindecompositionand messagepassing[2]. A message

passingversionof TERRA runs on the 256 processorCRAY T3D at the Advanced

ComputingLaboratory(ACL) at Los AlamosNationalLaboratory. On this machinethe

numericalmodelingcodeshows excellentparallelperformance,displayinga communi-

cationoverheadof lessthan10%. Thecomputationalmemoryaffordedby theT3D has

allowedinvestigationof convectionemploying anumericalgrid of morethan20million

finite elements.Thus,it waspossibleto resolvea largerangeof dynamicallengthscales

within themantle.
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4.9.2 Parallel Visualization Tools

Visualizationof the vastsimulationdatais a seriouschallenge,asit is necessaryto

display the large-scaleflow without compromisingresolutionof small scalestructure.

Small scalestructureis generatedprimarily in thermalboundarylayers, suchas the

lithosphereat thetopof themantle,but sweptaroundby thelargescaleflow throughout

themantle.Moreoverthetemporalevolutionmustbevisualizedby displayinglong-time

seriesof data,requiringcapacitymany thousandtimesthatof theindividual timestep.

To addressthisproblem,visualizationtoolsweredevelopedthatrunonthemassively

parallel computerwhere the datawere generated. This allows for both a rapid and

high resolutiondisplayof simulationresultstoo largefor visualizationonevenhigh-end

graphicsworkstations.In addition,runningthevisualizationtoolson parallelcomputers

that generatethe massive dataavoids time consumingandcumbersomedatatransfers

of thesimulationresults.Theability to displayfine simulationdetails,suchasthevery

localizedgenerationandevolution of thermalstructuresalongmajor boundarylayers,

greatlyenhancesthephysicalinterpretationandpresentationof thesenew highresolution

convectionexperiments.

Theparallelvisualizationtoolsconsistof an isosurfaceextractor, a parallelpolygon

renderer, anda parallel slicer that can interpolatearbitraryplanarslicesthroughfield

data. Thesetoolsusea messagepassingandactive messageprogrammingmodel[11].

The toolsoperatedirectly on theTERRA grid structure.While theTERRA grid is not

a structuredgrid, therecursive subdivision basisof thegrid allows thegrid geometryto

be implicitly representedratherthanexplicitly stored,saving memoryandallowing for

efficientgeometricqueriesof thegrid.

4.9.3 Parallel Rendering

Many researchershavestudiedparallelalgorithmsfor polygonandvolumerendering

in recentyears. Molnar et al. [20] provided a useful taxonomyfor parallel rendering

which classifiesparallelrenderingmethodsassort-first,sort-middle,or sort-lastaccord-

ing to whereinterprocessorcommunicationsoccursin therenderingpipeline.

The T3D parallel rendererusesa sort-middlebasedrenderingalgorithm. Both the

datadomainandtheimagearepartitionedevenlyamongtheprocessors.Eachprocessor
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first handlesthe geometricprocessingfor the portion of the datait holds: isosurface

extraction,arbitraryslicingandgeometrictransformation.Theresultinggeometricprim-

itivesarepartitionedinto scanlinesegmentsaccordingto theportionof screenspacethey

cover andsentto theprocessorresponsiblefor thatportionof theimageusinganactive

messagecommunicationsmodel. Scanlinesegmentsarebufferedandsentin groupsto

amortizethecostof a messageoverseveralscanlinesegments.

When the active messagearrivesat its destinationprocessor, a handlerfunction is

invoked that completesthe rasterizationof the primitivesit contains.Opaquescanline

segmentsaredirectly z-buffered. Transparentscanlinesegmentsarebufferedandhan-

dledafterall processorscompletegeometricprocessing.Thetransparency segmentsare

first depthsortedvia a Newell-Newell-Sanchadepthsort thencompositedfront to back

[10].

4.9.4 Parallel IsosurfaceExtraction

TheTERRA datasetscanbecharacterizedasbothstructuredandunstructured.The

geometryof a cell canbe inferredquickly from its index andthusit doesnot have to

besavedexplicitly for eachcell. On theotherhand,theoverall structureof thedataset

makesit difficult to utilize structuredmethodssuchasWilhelmsandVanGelder’soctree

techniqueandalgorithm.

Theparallelversionof NOISEtakesadvantageof theflexibility of thealgorithmwith

respectto the structureof the datasetand the sort-middleparallel rendererdiscussed

earlier. Thedatadistribution is left to therendererandNOISE is appliedlocally to the

dataon eachprocessor. Isosurfaceextraction is then initiated by distributing only the

new isovalue. Theextractedlocal isosurfaceon eachprocessoris temporarilyaddedto

thedatasetto berendered.It is thenleft to theparallelrendererto distributetherendering

of theisosurfaceto theotherprocessors,a taskwhich therendererperformsfor therest

of its local geometricdata.

The integration of the isosurfaceextraction and the parallel rendererallows us to

take advantageof the renderertransparency capability. The useof transparency and

the rapid isosurfaceextractionachieved by the algorithmalsoenablethe renderingof

several isosurfacesat the sametime. Eachsuchisosurfaceis extractedindependently
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from theothers.TheNOISEalgorithmcandetermine,virtually atnocost,theamountof

storageneededfor theisosurfacebeforeit is computed.Theadvantageof this capability

is refrainedfrom allocatingmemoryby reusingthe memoryallocatedto the previous

isosurfaceif it is largeenough.

4.9.5 Results

Figures4.11 and4.12 illustrate two examplesfrom the TERRA simulation. These

figuresrendera staticdatasetat a resolutionof 1.25million grid cells.

Figure4.11showsthetemperaturefield over thesphericalmodelof theEarth.In this

simulationtheviscosity(or stiffness)of themantlefluid increaseswith depthby a factor

of 30, assuggestedby geophysicalobservation. This oneparameterchangeresultsin a

dramaticdifferencein convectionstructuredisplayingelongateddownwellingsfrom the

uppersurfaceinsteadof pointlikepatternstypical for isoviscousflow [6]. Suchelongated

downwellingsareanalogousto Earth’s linearsubductionzoneswhereplatesdive under

oneanother.

The outer surfaceof the sphereis a sphericalradial shell cutting throughthe grid

structure. Note that the sphereis hollow and an inner shell is shown as well. The

Figure 4.11. Slicingandisosurfacingof thetemperaturefield.
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Figure 4.12. Two iso-temperaturesurfaces,with transparency.

simulationmodelcoversonly the outer50% of the Earth’s diameterwherethe mantle

exists. A “wedge” hasbeenremovedby threeslicing planes.Within thewedgeopening

anisosurfacehasbeenextractedwith a “hot” temperaturevalue.Theisosurfaceandgrid

slicesgive insightonhow hot materialconvectsupwardsthroughtheEarthmantle.

Figure 4.12 againshows the temperaturefield with two isosurfacesover an inner

sphericalradial shell. The outerblue transparentisosurfaceusesa relatively cold tem-

perature,indicatingwherecold materialmovesbacktoward the interior of the mantle.

The inner orangeopaquesurfaceis a relatively high iso-temperaturesurfaceandagain

illustrateshot materialmoving outwards.



CHAPTER 5

ISOSURFACE EXTRACTION AND THE

VISUALIZA TION PIPELINE

Within the last ten years,isosurfaceextractionmethodshave advancedfrom anoff-

line, single-surfaceextractionprocessinto aninteractive,multisurfacevisualizationtool.

Interactivity is especiallyimportantin exploratoryvisualizationwherethe userhasno

a prioriknowledgeof any underlyingstructuresin the data. A typical dataexploration

sessionthereforeexhibits many isovaluechangesin searchof interestingfeatures. In

addition,globalviews areusedto placeanisosurfacein thecontext of theentiredataset

as well as detailedcloseupsof small sectionsof interest. Achieving interactivity in

sucha highly demandingenvironmentis especiallyhardwhenvery large datasetsand

isosurfaceswith highdepthcomplexity areinvolved.

RecentlydevelopedmethodssuchasNOISE, Chapter4, provide rapid localization

of isosurfacesin very large datasets.The driving force behindthesemethodswasthe

realizationthat moretime wasbeingspentlocatingan isosurfacethanthe time needed

for constructingit. Thesemethodswereso successfulthat they practicallyeliminated

thelocalizationproblemaltogether. Yet, they do not differentiatebetweensmall,simple

isosurfacesandlarge,complex ones.In essence,thesemethodsconcentrateontheir input

andnotontheiroutput.Isosurfaceextractionis viewedasaseparateandisolatedproblem

from thecompletevisualizationprocess.Evenwhenit becameapparentthatisosurfaces

could becometoo large to interactively handledby the graphicshardware, the typical

solution[23] wasto reducethesizeof the isosurfacebasedon a staticcriterionandnot

on adynamic,performance-based,one.

This chapterexaminesisosurfaceextractiontopicsin thecontext of a completevisu-

alizationprocessandthe major milestonesin the last decadewith respectto a pipeline
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modelof this process.Thediscussionleadsto a new approachto isosurfaceextraction

in large andcomplex datasets,namelyview-dependentisosurfaceextraction. A view-

dependentapproachprovidesa meansof culling sectionsof the isosurfacethat areoc-

cludedfrom theuser’sview point. Furthermore,sectionsof thedatasetthatarenotvisible

to theusercanbeignoredduringthesearchphase,eliminatingtheneedto constructthese

geometriesin the first place. We proposetwo implementationsof the view-dependent

paradigmin Chapter6. Thesemethodsillustratetwo differentaccelerationmethodsand

theprosandconsof each.

5.1 Intr oduction

Thecomplexity of isosurfaceextractionalgorithmsdependsonthesizeof thedataset,

/ , and the size of the isosurface, $ . Initially, isosurfaceextraction algorithmshad a

complexity of !#"5/23 andresearcheffort wasmainly directedat extractingmoreaccurate

isosurfaces. As interactivity becamean important goal and the size of the datasets

grew, attentionshifted toward reducingthe extraction’s dependenceon the sizeof the

datasets.While fasteralgorithmswere introduced,many still poseda complexity of

!4"M/P3 . In recentyearsalgorithmshave improvedto achieve a worstcasecomplexity of

!4";Y /G&H$�3 and !#"5)«+.-¤/ï&_$�3 . As thedependency on thesizeof theoriginaldatasetwas

minimized,thesize, $ , of theextractedisosurfacebecamethemajorfactor. Renderinga

very largeisosurfacepresentsagreatchallengeevenonhigh-endgraphicsworkstations.

An even larger toll hasto be payedwhenremotevisualizationis involved. To answer

this challenge,currentresearchefforts aim to simplify the geometryof the isosurface

after the isosurfaceis extractedandbefore it is renderedor transmittedover a network.

In effect, thequestis to reducethecomplexity of renderinganisosurfaceto a sublinear

complexity with respectto sizeof theisosurface.However, thesemethodsdonotaddress

the effort spentto extract andconstructthe isosurfacein the first place. Furthermore,

thesemethodsareslow andhaveacomplexity at leastlinearwith $ .
5.2 The Visualization Pipeline

Figure5.1depictsthevisualizationprocessin whatwetermTheVisualizationPipeline

or theV-Pipe. TheV-Pipeis morethanasemanticnuance.It is intendedto emphasizethe
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RenderInput or Generate Geometry

Figure 5.1. Thevisualizationpipeline.

factthatmany of theoperationsthatconstitutethevisualizationprocesscanbeperformed

in apipelinefashionmuchlikethewell knownandsuccessfulgraphicshardwarepipeline

architecture.

In thecontext of isosurfaceextraction,thevisualizationpipelineis composedof two

stages;namelyextractionof theisosurfaceandrendering,Figure5.2. Notethatwith the

right architectureeachof thesestagescanbedonein a parallel,pipelinedfashion.The

bestresultswill beachievedwhentheloadsoneachof thesecomponentsaresimilarand

no stallsoccurin thepipeline.

5.2.1 Bottlenecksand PipelineStalls

Wenow examinethebottlenecksin theisosurfaceextractionprocessfromthepipeline

perspective. Thefirst bottleneckidentifiedin thepastwastheneedto examinetheentire

datasetin theextractionprocess.Theoriginal marchingcubesalgorithmexamineseach

andeverycell in thedatasetto determineif theisosurfaceintersectsit. If anintersection

is founda triangulationof isosurfaceinsidethecell is generated.Thedependency of the

marchingcubesalgorithmonthesizeof thedatacanbereducedby theintroductionof a

filter betweenthedataandtheconstructionstage.Theextractionstageis split into two

separatestages:a searchstageanda constructionstage. Furthermore,the interaction

betweenthedataandthesearchphasethatmight have a highercomplexity ô4õMöO÷,ø.ù0ö2ú ,
(asin NOISE),canbedoneasanoff-line, preprocessingstep.

RenderExtract Isosurface

Figure5.2. Thevisualizationpipeline:Isosurfaceextraction.
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Thenew pipelineconfigurationis depictedin Figure5.3. Note that theconstruction

stageis linear, ô#õ%û�ú , with respectto the size of the isosurface. The bottleneckhas

thereforeshifted from the extraction stageto the searchphasethat dependslinearly

on the sizeof the dataset,ö . Recentresearcheffort, which optimizesthe searchstage

haveeliminatedthisbottleneckby reducingthecomplexity to ô#õZü öïý_û�ú [17] andeven

ô4õM÷,ø.ù0ö@ý³û�ú [7].

Effectively, thedependency of the isosurfaceextractionon thesizeof thedatasetis

all but gone,asthesizeof a typical isosurface, ô4õMöFþ9ÿ��<ú is muchlarger thantheneither

ü ö or ÷«ø.ù¿ö . Furthermore,the triangulationof a cell is a long processcomparedto the

time it takesto identify that thecell intersectsthe isosurface.Fromtheperspective of a

pipelineparadigm,thesearchstageoutpacestheconstructionstageeventhoughits worst

casecomplexity is higher. Sincethe V-Pipe is an asynchronousprocess,a buffer can

be introducedbetweenthe searchstageandthe constructionstageandthusthe hazard

of stalling the searchstageis removed. Next, we assumethat the triangulationof a

cell is independentof other cells as is the casefor the marchingcubealgorithm. In

orderto improve theperformanceundersuchanassumption,oneneedsto usemultiple

componentsof thesecondstage.In otherwords,this stageis performedin parallel,as

shown in Figure5.4. Note thatonly theconstructionstageneedsto beparallelizedand

not the searchstage(basedon the performanceof the NOISE algorithmpresentedin

Chapter4). This observation leadsto the conclusionthateffort shouldnot bespenton

parallelizingthesearchstage.

With the introductionof theparallelconstructionphasethebottleneckshifts toward

theendof thepipelineandinto thedisplayphaseastheshearsizeof thegeometryof an

Pre−search RenderConstructionSearch

Offline online iso value

Figure5.3. Thevisualizationpipeline:Theextractionstageis split into threestages.The
presearchstagethatanalyzesthedatain orderto acceleratethesearch,canbeperformed
onceasanoffline stage.
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Pre−search RenderConstructionSearch

Offline online

Construction

Construction

iso value

Figure5.4. Thevisualizationpipelinewith a paralleltriangulationphase.

isosurfacecanoverwhelmevenhigh-endgraphicsengines.Theproblemworsenswhen

remotevisualizationis consideredasthebandwidthover a local areanetword (LAN) or

theInternetaremuchsmaller.

Thecurrentapproachto this lastbottleneckis to reducethesizeof thegeometrythat

needsto flow throughthesestagesof the pipeline. Both losslessandlossy, aswell as

progressivecompressionmethods,havebeenusedto this end.To date,thebestsolution

is still an openproblem. Compressioncanbe appliedaseithera post-processon the

extractedsurfacegeometryor asa preprocesson the original volumedata,asseenin

Figure5.5.

Surfacereductionhasthe advantageof beingmainly a two anda half dimensional

problem(a two-dimensionproblemembeddedin a three-dimensionworld) aswell as

having the most refinedsurfaceas a baselinefor estimatingthe approximationerror.

On the otherhand,isosurfacesmight be non-manifoldand the extractionof the most

refined isosurfacemaybetoo costly and may not dependlinearly on the size of the

isosurface. The benefitsof volume reductionare the reducedsize of the datasetthat

needsto beprocessedaswell astheability to performthis stageoff-line. Nevertheless,

 Pre
search

 Surface
Reduction

Offline online

Search Construction

Construction

Construction Network

Render

iso value

 Volume
Reduction

reduction parameters

Figure 5.5. Thevisualizationpipelinewith reductionfor remotevisualization.
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volumereductionis a muchmoredifficult problemandit is performeda priori to the

extractionphase.It is thereforemuchharderto estimatetheintroducederrorsaswell as

theimplicationon theresultedtopologyanddetailpreservation.

5.3 A View DependentApproach

Basedon theV-Pipeperspective presentedin theprevioussection,it is clearthat the

primarytaskis to reducetheamountof datathatflow throughthepipeline.Furthermore,

this reductionwill contribute the most when it is appliedat an early stage. As such,

the reductioncanhelp accelerateall the otherstageswith little impact if any on their

algorithmor implementation.

An approachthatfits nicely into this paradigmis view dependentvisualizationandis

depictedin Figure5.6. The currentview parameterscanbe introducedasearly asthe

searchstageandcandrasticlyreducethedataflow in scenesof high depthcomplexity,

asseenin Figure5.7. Thepotentialsaving of suchanapproachis shown in Figure5.8.

Notethelargesectionof theisosurface,whichrepresentstheinternalorgansof thehead,

yet is notpartof theview-dependentisosurface.

Therearemany benefitsfor suchanapproachthroughouttheV-Pipestages:

Search - The searchstagewill not be requiredto accessthe entiredatasetor even to

accessevery cell that intersectthe given isosurface. Whena hierarchicalsearch

is used,the searchtreecanbe prunedwhenever the footprint of the currentnode

(meta-cell)on thescreenbecomessmallerthanapixel.

 Pre
search

 Volume
Reduction

Offline

  View 
Dependent
 Search

 Surface
Reduction

RenderConstruction

Construction

Construction Network

online iso value

reduction 
parameters

view

Figure 5.6. The visulaizationpipeline: View dependentextraction. The currentview
parametersare sentback to the searchstage,which in turn examinesonly the visible
portionof thedataset.
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User Point 
of view

Figure 5.7. Left: Theuserview. Right: Thesameisosurfacefrom a 90 degreeangleto
theuserview, illustratingtheincompletereconstruction.

Figure 5.8. Extractedisosurface. A cut plane throughthe full and view-dependent
isosurfacesextractedfrom thesameview point asin Figure5.7. Note thelarge internal
structuresthat are part of the full isosurfacebut are not part of the view-dependent
isosurface

Construction - Fewer trianglesareconstructed,leadingto higherthroughput.

SurfaceReduction - Reductionalgorithmsarefairly slow anddependheavily on the

sizeandcomplexity of the input. New algorithmscanbedevelopedthat take into

considerationthecurrentorientationandfootprintof thetriangleswith respectto the

screen.Examplesincludesuchcasesasa pair or triangles,which arefar from the

screenandthusappearvery similar even thoughtheir orientationwould prohibit

a merge in the generalcase. Otherbenefitscan be along a silhouettewherethe
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direction perpendicularto the screenis much more importantthen the direction

parallelto thescreen.

Transmission- Betterutilizationof theavailablenetwork bandwidth.

Rendering - A naturalcompanionto imagebasedrenderingtechniques.

Thesebenefitsareespeciallyvaluablein sceneswith high depthcomplexity or small

screenfootprint. In practice,thepricefor thesebenefitsis payedduring themorecom-

plicatedsearchphase.The majorobstacleis to distinguishbetweenvisible andhidden

sectionsin ashorttime. Anotherkey issueis thecharacteristicsof thedataset,mostlyits

depthcomplexity andits foot print on thescreen.View dependentextractionwill benefit

from high-depthcomplexity andlargetriangles.Whenmostof theseconditionsarenot

met, this approachmight leadto poor performance.On the otherhand,this approach

doesnot prohibit theuseof reductionlateron in thepipeline,i.e., it is a complementary

approach.

Figure5.9 depictsa relative (not to scale)comparisonbetweenisosurfaceextraction

methodswith respectto thesearch,constructionanddisplayphases.Thechartrepresent

the theoreticaltime complexity and is split betweenmethodsthat extract the entire

isosurface(on the left) and view dependentmethodsthat extract only portion of the

isosurface(on theright).

Theconstructanddisplaytimerequirementsof thefull extractionmethodsareall the

samerespectively asthey all extracttheentireisosurface.Thedifferencesareapparentin

thetime requirementof thesearch phase.Theview dependentapproaches,depictedon

the right, show differentcharacteristics.Sincethesemethodsextract only the visible

portion of the isosurface their construct phaseis much faster. Furthermore, a ray

tracingmethodgeneratesonly imagesandnot a geometryandthusits constructphase

is negligible. In addition,ray tracingrenderingis donein software,thatremovesthere-

quirementfor apowerfulgraphicshardware.Ontheotherhand,raytracinghashighCPU

requirementand thus is moresuitablemassively parallelprocessors(MPP) machines.

In contracta view dependentmethodthat generategeometrycan take advantageof

existing graphicshardwareandhasa lower CPUrequirement.In addition,theextracted



59

Ray tracingView dependent

� �� �� �� �
� �� �
� �� �� �
� �� �� �� �

� �� �

MC NoiseOctree

� �� �� �

	 		 		 	
	 		 		 	


 

 

 


� �� �� �
� �� �� �
� �� �

� �� �� �
� �
 

Optimal

� �� �� �� �Search

Construct

H.W.
Display

S.W.
Display

Time Complexity

View dependentComplete isosurface

Figure5.9. Complexity comparison.

geometryprovidesotherinformation(suchasnormals)which canbeusefulfor remote

visualization.

5.4 IsovalueChangeversusView Change

Isosurfaceextractiondiffers from othercomputergraphicsproblemsin that the ge-

ometryis not known a priori. To make thematterworse,thegeometryis dynamicasit

is basedon a changingisovalue. Someof the previous works on isosurfaceextraction

triedto takeadvantageof spatialcoherency undertheassumptionthatisosurfacessimilar

isovaluesshouldbespatiallysimilaror at leastintersectmoreor lessthesamedatacells.

While thisassumptioncanhelpto acceleratethesearchphaseit doesnotperformwell in

constructingtheisosurface.

The introductionof view dependentisosurfaceextractionpresentsa new challenge.

A visible isosurfacewill changeeitherby changingtheisovalueor by changingtheview

point. Thelatterisaknowntopicin thecomputergraphicscommunityandmuchresearch

hasbeendoneon it. Thecrucialdifferencebetweenview changeandisovaluechangeis

that the formerhasmoreinformation,namelythegeometryusedfor thepreviousview
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point. Here,spatialcoherenceis muchmoreapparentandis valid in thesensethateven

thoughonly partof thegeometryfrom thepreviousview maybevisible,it is still correct.



CHAPTER 6

VIEW DEPENDENT ISOSURFACE

EXTRACTION

Chapter5 presentedanovel, view dependentisosurfaceextractionapproach,asillus-

tratedin Figure5.7. A view-dependentapproachreducesthe search,constructionand

displayby visiting only thecellsthatcontainthevisibleportionof theisosurfacefrom a

givenview point.

This chapterproposesa paradigmfor the view dependentapproachandtwo imple-

mentationsof it. Theproposedparadigmis basedonahierarchicalfront-to-backtraversal

of thedatasetwith dynamicpruningof sectionsthatarehiddenfrom theview point by

previously extractedsectionsof the isosurface. This work exploresthe middle ground

betweenamostlyhardwarebased(e.g.,marchingcubes+ Z-buffer)andapurelysoftware

(e.g., ray-tracing)algorithm for isosurfaceextraction. Our goal is to reducethe load

on the network and/orgraphicshardwareby performingsomeof the visibility testsin

software. The approachleadsto an output sensitive methodthat can reducethe load

of othercomponentsin thevisualizationpipelinesuchastransmissionof theisosurface

geometryoveranetwork.

Section6.1 presentsthe algorithms,drawing on recentinnovationsin the areaof

visibility algorithms.Sections6.2.2–6.2detailthesealgorithmsaswell assomeproposed

modifications.Resultsarepresentedin Section6.2.4.

6.1 The Algorithm

Theproposedmethodis basedontheobservationthatisosurfacesextractedfrom very

large datasetstend to exhibit high depthcomplexity for two reasons.First, sincethe

datasetsarevery large,theprojectionof individual cells tendto besubpixel. This leads

to a largenumberof polygons,possiblynonoverlapping,beingprojectedontoindividual
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pixels.Secondly, for somedatasets,largesectionsof anisosurfaceareinternalandthus,

areoccludedby othersectionof theisosurface,asillustratedin Figure5.8.Theseinternal

sections,commonin medicaldatasets,can not be seenfrom any direction unlessthe

externalisosurfaceis peeledawayor cutoff. Therefore,if onecanextractjust thevisible

portionsof theisosurface,thenumberof renderedpolygonswill bereducedresultingin

a fasteralgorithm.Figure6.1depictsa two-dimensionalscenario.

Theproposedalgorithm,which is basedon a hierarchicaltraversalof thedataanda

marchingcubestriangulation,exploitscoherency in theobject,value,andimagespaces,

aswell asbalancingthework betweenthehardwareandthesoftware.Weemploy athree

stepapproachdepictedin Figure6.2. First, we augmentWilhelms and Van Gelder’s

algorithmby traversingdown theoctreein a front-to-backorderin additionto pruning

empty subtreesbasedon the min-max valuesstoredat the octreenodes. The second

stepemploys coarsesoftwarevisibility testsfor each[meta-] cell which intersectsthe

isosurface.Theaimof thesetestsis to determinewhetherthe[meta-]cell is hiddenfrom

the userby previously extractedsectionsof the isosurface(thus the requirementfor a

front-to-backtraversal).Finally, thetriangulationof thevisiblecellsareforwardedto the

graphicsacceleratorfor renderingby thehardware. It is at this stagethat the final and

exact [partial-] visibility of thetrianglesis resolved. A data-flow diagramis depictedin

Visible Isoline

Nonv isible Isoline

Screen

Figure 6.1. A two-dimensionalscenarioof isosurfaceextraction.
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to graphics
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Figure6.2. Thethree-stepalgorithm.

Figure6.3. Thealgorithmusesbothobjectspaceandvaluespaceaccelerationmethods

as previous algorithms. The visibility test, however, is doneboth in software and in

hardwareasopposedto the traditionalmethodsof extractingall thegeometryandonly

on thespecialgraphicshardwareto resolve thevisibility. Thekey idea,asshown in the

data-flow diagram,is to performpreliminaryvisibility testsin softwareandthusavoid

thegenerationof largesectionsof theisosurfacewhich will notbevisible by theuser.

6.1.1 Visibility

Quickly determiningwhethera meta-cellis hiddenandthuscanbeprunedis funda-

mentalto this algorithm. This is implementedby creatinga virtual screenwith onebit

perpixel. We thenprojectthe triangles,asthey areextracted,on to this screenandset

thosebits whicharecovered,providing anocclusionmask(seeFigure6.4).

Additional pruningof the octreenodesis accomplishedby projectingthe meta-cell

on to thevirtual screenandcheckingif any partof it is visible, i.e., if any of thepixels

it coversarenot set. If the entireprojectionof the meta-cellis not visible, noneof its

childrencanbevisible.

Notethat it is importantto quickly andefficiently classifya cell asvisible. A hidden

cell and all of its children will not be traversedfurther and thus can justify the time
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Figure 6.3. The algorithm dataflow. In addition to object and value spacepruning
methods,the algorithmalsoperformssomeof the visibility testsin softwareandthus
reducethesizeof thethegeometrythatneedto beextractedaswell asrendered.

andeffort investedin theclassification.A visible cell, on theotherhand,doesnot gain

any benefitfrom this testandthe costof the visibility test is addedto the total costof

extractingtheisosurface.As such,thecell visibility testshouldnotdependheavily onthe

projectedscreenareaotherwisethecostwould prohibit theuseof thetestfor meta-cells

at high levelsof theoctree- exactly thosemeta-cellsthatcanpotentiallysave themost.
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Figure 6.4. An imageandits occlisionmask.
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6.2 A WISE Method
6.2.1 Overview

Basedonananalysisof thevisualizationpipelineweproposedaview dependentiso-

surfaceextractionapproachin Chapter5. Section6.1hasdepicteda three-stepparadigm

for this approach,which requiresrapid visibility tests,part of which areperformedin

software.

Two componentsinfluencethe visibility cost,namelythe costof projectinga point,

triangle,or a meta-cellon to thescreenandthecostof eitherscan-converting triangles

or determiningif ameta-cellprojectedareacontainsany unsetpixels.

Thesecostsareaddressedin sections6.2.2and6.2.3,andtwo approachesareused.

First,hierarchicaltiling is employedfor thevirtual screen.Second,theprojectioncostis

reducedusingavariationof shear-warpfactorization.

6.2.2 Image SpaceCulling

Hierarchicaltiles[11] areemployedasameansfor fastclassificationof meta-cellsand

determiningthecoverageof extractedtriangles.Thehierarchicalnatureof thealgorithm

ensuresthat the costof eitherof thesetwo operationswill not dependhighly on their

projectedarea.

6.2.2.1 Hierar chical Tiles

Hierarchicaltiles provide a mechanismfor acceleratingsoftware basedrendering.

Thenotionof tiles is basedon theprojectionof onepolygonat a time in a front-to-back

orderand renderingonly thosepixels that contribute to the final image. The front to

backorderensuresthat eachpixel is renderedonly once. The representationof these

basictiles in a hierarchicalstructureprovidesa mechanismreducingthenumberof tiles

againstwhichapolygonneedsto becompared,leadingto anevenfasterexecutiontime.

A coveragemap(a tile) is a rectanglebitmap(suchas8x8) in which eachbit repre-

sentsapixel in thefinal image.Thealgorithmis basedonthepremisethatall thepossible

coverageof a singleedgecrossinga tile canbeprecomputedandtabulatedbasedon the

pointswherethe edgeintersectsthe tile boarderasseenin Figure6.5. The coverage

patternof a convex polygonfor a particulartile of theimageis computedby combining



67

InOut

Covered

Partially covered

Not covered

Edge

Figure6.5. An edgetile.

the coveragemapsof the polygonedges.The coveragemapof a trianglecanthusbe

computedfrom threeprecomputedtileswith nodependency on thenumberof pixelsthe

triangleactuallycovers,� seeFigure6.6.

Renderingapolygonamountsto computingthecoveragemapof thepolygonfor each

tile in theimageandisolatingthetile pixelsthatcurrentlyarenot coveredbut arein the

polygoncoveragemap,asindicatedin Figure6.7. In orderto acceleratetherendering,

the tiles areorganizedin a hierarchicalstructurein which eachmeta-tilerepresentsa

block of [meta-]tiles. Underthis structure,a polygonis projectedontothetop meta-tile

andonly thosesubtilesin which the polygonmight be visible arechecked recursively,

leadingto a logarithmicsearch.

6.2.2.2 Hierar chical Visibility Mask

The following implementationdiffers from the one proposedby Greenein that it

doesnot actuallyrenderthevisible portionof a projectedtriangle.Rather, we markthe

triangleasvisible andforward it to thegraphicshardware. It is thenleft to thegraphics

acceleratorto determinewhich piecesof the triangleareactuallyvisible andcorrectly

�
We refer the readerto the work by Greene[11] for a detailedexplanationon how the threestates

(Covered,Partially-coveredand Not-covered)can be representedby two tile masksand the rules for
combiningcoveragemaps.



68

=+ +

Figure6.6. A triangletile coveragemap.

renderthem. Figure6.8 shows two examplesof isosurfacesandtheir hierarchicalvisi-

bility masks.Theseexamplesillustratethe benefitof visibility maskswhenthe object

fills mostof theuserview. Note,however, thatevenin thecaseof theisosurfacefor the

bone,someof thetop level pixel areused.

Oneshouldnotethatit is notpossibleto determineapriorithefront-to-backrelations

betweenthetrianglesinsideasinglecell. It is thereforemandatoryto acceptall ornoneof

thetriangles,eventhoughthey needto beprojectedon thehierarchicaltiles onetriangle

at a time. Figure6.9 shows theclassificationof thecells aswell astheportionsof the

isolineswhich areextracted.Notethattheentireisolinesectionin a visible cell (shown

in light gray)is extracted.Thenonvisible portionswill belaterremovedby thegraphics

accelerator.

An additionalfeaturewe employ limits recursiondown theoctreeoncethesizeof a

meta-cellis approximatelythesizeof a singlepixel. Instead,we forwarda singlepoint

anda normal to the graphicshardware,similar to the dividing cubesmethod[8]. The

normalis estimatedby thegradientof thefield. Theadvantageof this methodis thatthe

singlepoint potentiallyrepresentsa large numberof polygonssincethe meta-cellthat

projectsto apixel maystill behigh in theoctree.

6.2.3 Warped IsoSurfaceExtraction (WISE)

A key componentin the visibility test is the projectionof a point, a triangle or a

meta-cellonto the screen. In general,the perspective projectionof a point is a 4x4

transformationfollowed by two divide operations,for a total of 16 multiplications,12

additionsand2 divisionspervertex. Clearly, thecostof performingsuchtransformation

for eachandeveryvertex of theprojectedmeta-cellsandtrianglesis toohigh. In addition,
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Figure6.7. Applicationof a trianglecoveragemapandanimagetile coveragemap.
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Top Level 
1 mask

Middle Level
 8x8 masks

Bottom Level
64x64 masks

Figure 6.8. Two isosurfacesfrom the samepoint of view and their corresponding
hierarchicalvisibility masks. Insteadof showing a pyramid of the hierarchicalmask
levels,thelevelsaredepictedby thepixelsthey cover. Eachpixel is coloredbasedonthe
highestlevel in thehierarchyin which it is covered.In addition,differentcolorsareused
whenanentirerow (eightpixels)in amaskis covered.
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Empty
cell(skipped)
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Extracted Visible I soline

Extracted Nonv isible  Isoline

Nonvisible Isoline (skipped)

Figure 6.9. Cellsandisolinesvisibility.

the nonlinearityof the perspective transformationprohibits the useof a precomputed

transformationtable.To acceleratethiscritical step,wetakeadvantageof theshear-warp

factorizationof theviewing transformation.

6.2.3.1 Shear-Warp Factorization

In 1994,Lacroute[14, 15] presenteda volumerenderingmethodthatwasbasedon

the shear-warp factorizationof the viewing transformation.The underlyingidea is to

factortheviewing transformationinto a shearfollowedby a warp transformation.The

dataarefirst projectedontoashearedobjectspacethatis usedto createanintermediate,

albeitwarped,image.Oncethis imageis completea two-dimensionalwarpingtransfor-

mationis appliedto createthecorrectfinal image.Figure6.10illustratestheshear-warp

transformationfor an orthographicprojection. For a perspective projectionthe slices

needalsoto bescaledasseenin Figure6.11.

Theadvantageof thismethodis thattheintermediateimageis alignedwith oneof the
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Figure6.10. Shear-warpin orthographicprojection.

Object

Screen

Object

Shear and Scale

Project

Warp

Figure 6.11. Shear-warpin perspectiveprojection.

datasetfaces.This alignmentenablestheuseof a parallelprojectionof the3D dataset.

Thewarpstageis thenappliedto atwo-dimensionalimageratherthanto eachdatapoint.

6.2.3.2 ShearBut No Warp

Wenow notethatthevisibility ontheimageplaneandonthewarpedprojectionplane

are the same,seeFigure6.12. In otherwords,any point in the datasetthat is visible

on the imageplaneis alsovisible on the warpedprojectionplaneandsimilarly, points

which would be occludedon the imageplanearealsooccludedon the warpedplane.
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Figure6.12. Warpedspace.

It is thereforesufficient to performthe visibility testson the warpedprojectionplane.

Theadvantageof this approachis twofold. First, theperspective projectionis removed.

Second,sincethe shearand scalefactorsare, with respectto the currentview point,

constantfor eachslice,wecanprecomputethemoncefor eachnew view point.

Let � ��������� � be the coordinatesystemof the datasetandlet !�"#�$!&%'��!&()��!+*,� be the

scalingvectorof thedatawith respectto this coordinatesystem.Let usassume,without

lossof generality, thatthecurrentwarpedprojectionplaneis �-"/. . We first transform

the currenteye locationonto the �0�1���2��� � coordinatesystemandthenprecomputethe

shearandscalecoefficients,

PrecomputeWarpParameters(eye,s )

foreach34 "53768!+*:9;3<6=!+*?>A@+BC@+*!ED:FHGI@&%C�$� �J"LKNM8> 4PO 6=!+%
!ED:FHGI@&(Q�R�8�J"SKTM=> 4PO 6=!&(!VUW@EF'X&%C�R�8�Y" 4 6=@+BC@&%!VUW@EF'X&('�$� �J" 4 6Z@+BC@&(



74

Theprojectionof any grid point [\K^]_�`BY��3 O cannow becomputedas,

ProjectGridPoint(p)

]a"b[c%=68!ED:FdGe@&%C� [W*`�Hfg!VUh@EF'X&%d� [W*`�
Bi"A[c(?6=!EDjFdGI@&('� [W*`�Cfg!)UW@EF'X&(;� [W*`�

for a total of two multiplicationsandtwo additionspervertex.

While the Z coordinateof every grid point is known in advanceandthusthe shear

andscalefactorcanbe precomputedfor eachnew view point, the samedoesnot hold

true for the verticesof the isosurfacetriangles.However, sincethe projectiononto the

warpedprojectionplaneis orthographicit canbeshown (seeAppendixB) thata vertex

projectionis,

ProjectVertex(p)4 "A[W*:9kKl3m>b@+Bk@+* O]n"b[c%of 4 6pKl@+BC@&%8>�[c% OBq"A[c(�f 4 6pKl@+BC@&(Z>�[k( O
for a total of two multiplications,fiveadditionsandonedivision.

An exampleof animageandits warpedvisibility maskis shown in Figure6.13.

Figure6.13. An imageandits warpedvisibility mask.
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6.2.4 Results

We testedour methodwith two datasets.The first is a small dataset( r;sQt ) of a CT

scannedheadwheremostof theinternalstructure,e.g.,thebrain,wasremovedby hand

segmentation. This resultsin lower depthcomplexity. The larger dataset( uQv;rwt ) has

a large numberof internal structuresthat normally would be extractedas isosurfaces

whenoneextractstheskin. We ranexperimentsin two scenarios.In onescenario,the

isosurfaceswereextractedandrenderedon thesamehigh-endmachine,anSGI xzy{Bd]Ju
(usingasingleCPU).In thesecondscenario,weusedalower-endmachine(SGIIndigo2

Extremeconnectedwith a100-BaseTswitchedEthernet)for therenderingphaseandthex|yJBH]Ju for theisosurfaceextraction.

The resultsfor the first scenario,Table6.1, show that for larger andmorecomplex

isosurfacesthenew methodstill outperformsextractionof thefull isosurface,thoughthe

performancefalls shortwhenonly achangeof theview point is considered.

The resultsfor the secondscenario,Table 6.2, demonstratethe advantageof this

method. Even when the time for the extraction is addedto eachnew view position,

the new methodout performsa regular full octreetraversalandextractiondue to the

LAN bandwidthlimitations.It is importantto notethelargereductionin thesize,up to a

factorof 15,of theextractedisosurface.

Table6.1. ScenarioI: LocalVisualization

method view extraction polygons points rendring
time(sec) time(sec)

Smalldataset
Octree any 0.48 46,222 0.16
VD normal 0.79 9036 0.06
VD closeup 0.59 7995 0.02
VD zoomout 0.60 5938 1,112 0.02
Large dataset
Octree any 3.86 353,868 1.28
VD normal 2.56 22,405 0.04
VD closeup 0.85 5,588 0.03
VD zoomout 0.99 1,080 7,888 0.02
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Table6.2. ScenarioII: RemoteVisualization

method view extraction. polygons points rendring
time(sec) time(sec)

Smalldataset
Octree any 0.42 46,222 1.35
VD normal 0.79 9184 0.27
VD closeup 0.31 2735 0.05
VD zoomout 0.40 2154 2319 0.11
Large dataset
Octree any 3.57 342,640 10.58
VD normal 2.31 20,330 0.60
VD closeup 1.14 6,078 5,374 0.30
VD zoomout 0.38 7,364 0.12
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6.3 The SAGE

A view dependentapproachto isosurfaceextractionprovidesa fastandeconomical

imagingof complex isosurfaces.Thisapproachis especiallysuitedfor applicationssuch

as remotevisualizationwheremany isosurfacesare generatedand transmittedover a

network.

TheWISE algorithm,presentedin Section6.2,providesa particularimplementation

of theview dependentapproach.Theperformanceof theWISE algorithmdemonstrates

thepotentialbenefitsof suchanapproach.The two mostprominentweaknessesof the

WISEmethodaretheratio of triangleintersectionsperscreencell andthefill rateof the

screentileshierarchy.

In thefollowing we presenta new approachto view dependentisosurfaceextraction

thataimsat addressingtheseweaknesses.This approachis basedon theWISE method

andlessonslearnedfrom it andassumesthat mostof the extractedtrianglesarefairly

small andthat the contribution of eachtriangleto the final imageis alsosmall. Based

on theseassumptions,the trianglesareappliedto the screenhierarchyin a bottom-up

approach(most refinedto lessrefined). The bottom-upapproachhelpsto restrict the

renderingof a triangleto a very small part of the screenhierarchydatastructure.The

visibility testsof thedatameta-cellsarestill performedin a top-down fashionin orderto

takeadvantageof therelative largesizeof their footprint on thescreen.

Anotherpotentialinefficiency in theWISEmethodwasinherentfrom thehierarchical

coveragemasks.Theoriginal method,proposedby Greene[11], is restrictedto convex

polygons. In contrast,polygonal isosurface extraction basedon the marchingcube

approach,generatesa group of trianglesper cell that as a group are not necessarily

convex. Dueto therestrictionof Greene’s methodto convex polygon,theWISEmethod

hadto projecteachtriangleseparately. To addressthis problem,theSAGE methodscan

convertsthe trianglesratherthenusingcoveragemasks.Thescanconversionapproach

canhandlemany polygonsat thesametime,noneof which needto beconvex.

Finally, the useof the exact screenresolutionprovidesan easierway of identifying

[meta-] cells that are smaller than a single screenpixel. These[meta-] cells can be

renderedaspointsthatreduceboththeextractiontimeandmemory.
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6.3.1 A WISE lesson

The WISE algorithm performedwell for isosurfaceswhen the projectedtriangles

covereda large areaof the screen.Using the hierarchicaltiles enabledmaskinglarge

areasat higherlevelsof thehierarchy. Table6.3 shows a comparisonbetweenthearea

of a projectedtriangle and the averagenumberof times the triangle was intersected

againstthehierarchytiles. Thetablealsoshowstheaveragenumberof checksthatwhere

performedafter the projectionin orderto keepthehierarchyconsistent.As the sizeof

thetrianglesshrinksodo thethenumberof intersectionsandupdatespertriangles.Yet,

evenwith theuseof thelook-aheadthenumberof operationspercell is large. In addition,

largedatasetstendto producemany smallpolygons.

Another limitation of the WISE algorithm is the restrictionto the useof triangles.

This restrictionis dueto therequirementof thetiles methodthattheprojectedpolygons

mustbeconvex. Themarchingcubealgorithmgeneratesbetweenoneandfour triangles

percell with anaverageof about2.05trianglespercell for thedatasetsusedin thiswork.

Sinceacell canbeviewedfrom any directionit is notpossibleto determineaprioriif the

projectionof morethanonetrianglewill bea convex or a concave polygon.TheWISE

algorithm,thus,projectseachandevery triangleseparately.

Furthermore,aseachtriangleedgeis sharedby two triangles,the edgeis projected

and intersectedagainstthe hierarchytwice. The only exceptionsaresilhouetteedges,

whicharerenderedonly once.Theuseof trianglesthereforedoesnotpermitelimination

of thoseedgesthataresharedbetweentrianglesin thesamecell andthatform a convex

polygonwhenprojectedontothescreen.

Table 6.3. OperationperTriangleArea

triangle intersections checks
area

30 38 6.75
7 22 4.56
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6.3.2 A Bottom Up Approach

To alleviatetheproblemof projectingmany smalltrianglesdown thehierarchicaltile

structure,SAGE employs a bottom-upapproach,Figure6.14. This approachis based

on the observation that the contribution of a small triangle is limited to only a small

neighborhoodin the hierarchy, i.e., few tiles at the lowestlevel. This contribution will

alsobelimited in thenumberof levelsin thehierarchy.

The bottom-upapproachis realizedby projecting the trianglesdirectly on to the

bottomlevel, which is at thescreenresolution.Only the tiles thatareactuallychanged

by theprojectionof the trianglewill be furthercheckedto seeif they causechangesup

thehierarchy. Sincethecontribution of thetriangleis assumedto besmall, its effect up

thehierarchywill alsobeminimal.

Visibility checksof the datasetmeta-cellsinvolve, on the otherhand,large convex

polygonsandthusaresuitablefor a top-down culling approach.Furthermore,thesetests

needdetermineonly if any part of a projectedcell is visible, i.e., whetherthereis at

leastoneunsetpixel that is coveredby the cell projectedpolygon. As with the WISE

algorithm, it is importantto reducethe time spenton the visibility culling, especially

for cells thatarepartially visible. Theideais thata [partially-] visible meta-cellwill be

furthercheckedby applyingthevisibility teston its children.A nonvisiblemeta-cell,on

theotherhand,providesa benefitby eliminatingtheneedto examineits children. It is

thereforeappropriateto investmoretestresourceson nonvisible meta-cells.Onedoes

Polygons:
Scan and update

Meta Cells
visibility check

Figure 6.14. Bottom-upandtop-down usagein SAGE.
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not know if the meta-cellis visible or not in advance,which is why the visibility tests

weredevised.Thepoint is thata visibility checkshouldbeableto determinethata cell

is visible quicker thanif thecell is not visible.

To addressthis concern,the visibility testsin SAGE are performedin a top-down

approachusingthe boundingbox of the projectedcell. Figure6.15shows an example

of a boundingbox of a projectedcell insidea particularscreentile. In additionto the

boundingbox, Figure6.15shows the innerandoutercoveragemasksof this bounding

box. Thesecoveragemasksarealignedwith thesubtiles.If any of thesubtilesunderthe

innercoveragemaskis notcompletelycovered,thanthecell is consideredvisible. If any

of thesubtilesundertheoutermask(but notundertheinnermask)arenotcoveredthan

thecell mightbevisibleandthesesubtilesmayneedto becheckedfurther. Notethatthis

visibility testis anover estimatorandmayclassifya cell asvisible whenit is not, yet it

will notmisclassifya visiblecell ashidden.

6.4 FastEstimatesof a Bounding Box
of a ProjectedCell

Theuseof thevisibility testsaddsanoverheadto theextractionprocessthatshouldbe

minimized.Themeta-cellvisibility testscanbeacceleratedby approximatingthescreen

areacoveredby ameta-cellratherthancomputingit exactly. In generaltheprojectionof

Inner coverage

BBox
coverage map} } }} } }} } }

Outer coverage

~ ~ ~ ~~ ~ ~ ~~ ~ ~ ~~ ~ ~ ~~ ~ ~ ~~ ~ ~ ~~ ~ ~ ~

Figure6.15. Tile coverageof aboundingbox of aprojectedcell.
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a meta-cellon the screenhasa hexagonshapewith nonaxisalignededges.We reduce

the complexity of the visibility testby usingthe axis alignedboundingbox of the cell

projectionon thescreenasseenin Figure6.16.Thisboundingbox is anoverestimateof

theactualcoverageandthuswill notmis-classifyavisiblemeta-cell,thoughtheopposite

is possible.

Theproblemis, thus,how to find this boundingbox quickly. Thesimplestapproach

is to projecteachof the eight verticesof eachcell on to the screenandcomparethem.

This processinvolveseightperspective projectionsandeithertwo sorts(x andy) or 16

to 32 comparisons.

Thesolutionin SAGE is to approximatetheboundingbox asfollows. Let � bethe

Screen

Eye

Meta Cell

Bounding box
of the meta cell
projection

Figure 6.16. Perspective projectionof a meta-cell,the coveredareaand its bounding
box.
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centerof themeta-cellin objectspace.Assumingthesizeof themeta-cellis Ke�Q]_���'BJ���d3 O ,
wedefinetheeightvectors

� "LKl� �Q]u ��� �dBu ��� �d3u �+M O
Theeightcornerverticesof thecell canberepresentedas

� "5��f � "5��f�Kl� � %d��� � ()��� � * O �
Applying theviewing matrix � to avertex

�
amountsto:

� � "�Kl��f � O � "5�|� f � �
After theperspectiveprojectionthe ] screencoordinateof thevertex is:

� � ����%� � ����� " ��������%of�� � ����%�$�|������f�� � �����
To find the boundingbox of the projectedmeta-cellwe needto find the maximum

andminimumof theseprojectionsover theeightverticesin both ] and B . Alternatively,

we canoverestimatetheseextremavaluessuchthat we may classifya nonvisible cell

asvisible but not theopposite.Overestimatingcanthusleadto morework but will not

introduceadditionalerrors.

Themaximum] screencoordinatecanbeestimatedasfollows,

���)� K � � ����%� � ����� O�� ���V� K,��������%Zf�� � ����% O����� K,���|�����qf�� � ����� O� �$�|����%of ���)� K,� � ����% O����� K,���|�����qf�� � ����� O� ��������%Zf�� ��� � � ��%����� K,���|�����qf�� � ����� O
wherewedefinethe

�
operatorto meanto usetheabsolutevalueof thevectoror matrix

elements.
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Assumingthatthemeta-cellsarealwaysin front of thescreenwehave

� *<��.�� � *2> � �* ��.|� ���|����*2>�� � � � � ��*¡��.
thus,

���)� � � ����%� � ����� "
¢££¤ ££¥
¦ §h¨¡©$ª � ¦ «¬'¨p¬;©$ª¦ §h¨¡©$®H¯h¦ « ¬ ¨ ¬ ©$® if numerator°�.
¦ §h¨¡© ª � ¦ «¬'¨p¬;© ª¦ §h¨¡© ® � ¦ « ¬ ¨ ¬ © ® otherwise

Similarly, theminimum ] screencoordinatecanbeoverestimatedas,

����� � � ����%� � ����� �
¢££¤ ££¥
¦ §h¨¡©$ª�¯h¦ « ¬ ¨ ¬ ©$ª¦ §h¨¡©$® � ¦ « ¬ ¨ ¬ ©$® if numerator°�.
¦ §h¨¡© ª ¯h¦ « ¬ ¨ ¬ © ª¦ §h¨¡© ® ¯h¦ « ¬ ¨ ¬ © ® otherwise

Thetop andbottomof theboundingbox arecomputedsimilarly.

Thecompleteprocedurefor estimatingthe boundingbox (seeFigure6.17)requires

only twovectormatrixmultiplication,two division,four multiplicationsfour comparison

andsix additions.

6.4.1 ScanConversionof ConcavePolygons

Oneof thedisadvantagesof thetop-down approach,asdiscussedin Section6.3.1,is

that it is restrictedto only convex polygons.In theWISE algorithm,this restrictionhas

forcedtheprojectionof trianglesonly onetriangleat a time.

To alleviatethis restriction,theSAGE algorithmemploys thescanconvertalgorithm,

whichsimultaneouslyprojectacollectionof trianglesandconcavepolygons.Theuseof

thescanconversionalgorithmis madeparticularlysimplein SAGEdueto thebottom-up

updateapproach. The projectedtrianglesand polygonsare scan-convertedat screen

resolutionat the bottomlevel of the tiles hierarchybeforethe changesarepropagated

up the hierarchy. Applying the scanline in a top-down fashionwould have madethe

algorithmunnecessarilycomplex.

Additional accelerationcanbe achievedby eliminatingredundantedges,projecting

eachvertex only oncepercell andusingtrianglesstripsor fans.To achieve thesegoals,

themarchingcubeslookuptableis first convertedinto a trianglesfansformat.Theusual

marchingcubeslookup table containsa list of the triangles(threevertices)per case.
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Precompute� � :� " �z± @+²p��FQ³NX ± ]� �´�µ ¶ "¸·j� ´�µ ¶ ·
Compute( ³�� 4'¹ � 4)º )

return ³Z��.p»o³_6 4Q¹½¼ ³_6 4)º
FindBouningBox( cell )�¾" centerof cell� "SK:¿ %º � ¿ (º �;¿ *º �+M O�|� "b[q6=�� � "5�p68� �4wÀ�ÁNÂ " ¹§h¨ ® � «¨ ®
4VÃ&ÄÅÁNÂ " ¹§h¨?®H¯C«¨?®
X ±lÆ Uk³ " Compute(���Ç%?f � �Ç%'� 4VÃ+ÄlÁTÂ � 4wÀ�ÁNÂ )GI@ 4 ³ " Compute(���Ç%8> � �Ç%'� 4)À�ÁTÂ � 4VÃ+ÄlÁTÂ )³TÈ�[ " Compute(���Ç(Éf � �Ê(w� 4VÃ+ÄlÁTÂ � 4wÀ�ÁNÂ )Ë ÈV³Ì³TÈVÍ " Compute(���Ç(o> � �Ç(w� 4)À�ÁNÂ � 4VÃ+ÄlÁTÂ )

Figure 6.17. Procedurefor (over)estimatingtheboundingboxof aprojectedcell.

AppendixC lists thenew lookuptablebasedontrianglefansandwhich listseachvertex

only oncepercase.

Figure6.18depictsfour configurationsof a pair of triangles.Thesharededgein the

left two casesis redundantandshouldberemovedfrom thelist of edgesto bescanlined.

However, thesharededgein thetwo caseson theright shouldbeincludedtwice. Rather

thanincludingtwo recordsof thesameedge,thesharededgecanbemarkedassuchand

will becountedtwice whenever it is accountedfor in thescanline algorithm.

A comparisonof theWISE andtheSAGE algorithmswith respectto thenumberof

polygonsandedgesthatareprojectedontothehierarchicaltiles is shown in Figure6.19.
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Figure 6.18. Redundantsharededges.Thetwo exampleson theleft show a sharedthat
shouldbeeliminated.Thetwo exampleson theright show a sharededgethatshouldbe
treatedasasingledoubleedge.

Wise Sage

3 Triangles
9 Edges

3 Triangles
9 Edges

1 Polygon
5 Edges
1 Double Edge

1 Polygon
5 Edges

3 Triangles
9 Edges

1 Polygon (convex)
5 Edges

View direction Image

Figure 6.19. ComparisonbetweenWISEandSAGE.

6.4.2 RenderingPoints

Anotherpotentialsaving is achievedby usingpointswith normalsto representtrian-

glesor [meta-]cellswhich aresmallerthana singlepixel. This is animprovementover

theWISEalgorithmastheexactlocationof theeachscreenpixel centeris known during

the scanline andthe visibility tests. Whenever a nonempty[meta-] cell is determined

to have a sizelessthena singlepixel andits projectioncoversthecenterof a pixel, it is

representedby a singlepoint. Figure6.20shows anexamplein which someof thecells
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Figure 6.20. Renderingpoints.Theleft imagewasextractedbasedon thecurrentview
point. Theright imageshow acloseupof thesameextractedgeometry.

arefar enoughsuchthat they canberenderedaspoint. On the left is the imageasseen

by theuserwhile on theright is a closeup view of thesameextractedgeometry(i.e.the

userzoomedin but did notextractthegeometrybasedon thenew view point).

6.4.3 Results

To evaluatetheperformanceof theSAGEmethodwecomparedit to theperformance

of theOctree,NOISE andWISE methods.We usedthreedatasetsfrom threedifferent

viewsusingtwo isovaluesandbothlocal andremovevisualization.For thethird dataset

weusedonly oneisovalue(for theskin). All in all, 80differenttestcaseswereperformed

for eachon thefour extractionmethods.

The characteristicsof the threedatasetsare shown in Table6.4. The first two are

sectionsfrom the visible womandataset[26]. The third datasethasa large numberof
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Table6.4. Datasets

name dimensions size type comments
v-head 512x512x208 104MB CT Visible woman
v-legs 512x512x617 308MB CT Visible women
head 256x256x256 64MB CT High depthcomplexity

internalstructureswith similardatavaluesastheskin. This,in turn,resultsin averylarge

andcomplex isosurfacesfor an isovalueof theskin. Most of this complex isosurfaceis

hiddenfrom theuserbehindtherelatively smallsurfacethatrepresentstheskin.

Thetestscasesincludeda normalview of eachdataset,a closeupof a smallsection,

anda distantview. Eachteston thevisible womansectionswasperformedtwice using

the isovaluescorrespondingto the skin (600.5)andbone(1224.5). Figures6.21,6.22

and 6.23 show the extractedisosurfacesfor eachtest for eachof the three datasets

respectively. Thetestswereselectedsuchthateachwill reflectdifferentcharacteristics.

In thevisible womancase,theskin caseshadlargecontiguousareasof coveragewhere

astheisosurfacesfor theboneexhibitscomplex structureswith many holesandcavities.

Thecloseuptestdemonstratesoneof thebenefitsof view dependentisosurfaceextraction

whenonly asmallsectionof theisosurfacein needed.In contrast,thedistanttestsshows

exampleswherenoteventhevisibleisosurfaceshouldbeextracted,ratheronly thevisible

portionwith regardto theresolutionof thescreen.Thesizeof theobjectson thescreen,

in the caseof the distanceview, alsocorrespondsto their sizewhenthe full datasetis

display, seeFigure6.24.

The experimentswere doneusing two scenarios. In one scenario,the isosurfaces

were extractedand renderedon the samehigh-endmachine,an SGI xzy{Bd]Ju (using a

singleCPU).In thesecondscenario,weuseda lower-endmachine(SGIO2 with R5000

180Mhz,192MB of memory)connectedwith a 100-BaseTswitchedEthernet)for the

renderingphaseand the sameSGI xzy{Bd]Ju for the isosurfaceextraction. Table 6.5,

Table6.6andTable6.7 illustratetheresultsfor thesetestson thethreedatasets.

Theresultscanbecomparedbasedon thesizeof theextractedisosurface,theextrac-

tion timeandrenderingbothlocal andona remotemachine.
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Figure 6.21. Threeisosurfacesfrom theCT headdataset.

Table 6.5. HeadDataset

view method extraction numberof local view remoteview image
time (sec) polygons time (sec) time (sec)

any Octree 1.9 333,616 0.6 10.7
NOISE 2.0

distant
WISE 2.2 34,008 Î 0.1 1.1
SAGE 0.7 11,153 Î 0.1 0.4

normal
WISE 2.6 34,7024 0.9 1.0
SAGE 0.7 31,9109 Î 0.1 1.0

closeup
WISE 16.6 7,480 Î 0.1 0.3
SAGE 5.7 5,847 Î 0.1 0.2
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Figure 6.22. Six isosurfacefrom thevisiblewoman’shead.
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Figure6.23. Six isosurfacefrom thevisible woman’s legs.
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Table6.6. Visible WomanHeadDataset

iso view method extraction numberof local remote image
value time (sec) polygons view view
value time (sec) polygons time (sec) time (sec)

skin any Octree 10.9 1,430,824 2.6 41.6
NOISE 10.2

distant
WISE 35.1 292,242 0.6 9.0
SAGE 3.4 18,645 Î 0.1 0.6

normal
WISE 35.8 344,628 0.6 9.2
SAGE 4.4 195,408 0.3 5.4

closeup
WISE 4.6 43,222 0.1 2.8
SAGE 0.6 36,939 Î 0.1 2.1

bone any Octree 17.0 2,207,592 4.6 65.4
NOISE 14.6

distant
WISE 13.9 271,075 0.5 8.5
SAGE 4.1 12,747 Î 0.1 0.4

normal
WISE 32.7 278,735 0.7 8.5
SAGE 4.5 153,617 0.2 5.0

closeup
WISE 10.6 84,599 0.2 1.3
SAGE 1.5 67,808 0.2 1.1
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Table6.7. Visible WomanLegsDataset

iso view method extraction numberof local remote image
value time (sec) polygons view view
value time (sec) polygons time (sec) time (sec)

skin any Octree 33.4 3,264,755 6.2 117.6
NOISE 27.1

distant
WISE 37.5 968,073 2.0 28.4
SAGE 0.7 14,917 Î 0.1 0.2

normal
WISE 70.4 935,784 1.8 27.8
SAGE 12.1 122,229 0.2 3.4

closeup
WISE 16.6 364,394 0.80 10.3
SAGE 5.7 234,607 0.51 6.7

bone any Octree 18.9 2,328,940 4.7 69.5
NOISE 16.3

distant
WISE 18.0 412,530 0.9 12.3
SAGE 0.5 6,099 Î 0.1 0.1

normal
WISE 33.3 406,262 0.9 12.1
SAGE 6.8 503,545 0.1 1.5

closeup
WISE 9.6 180,270 0.5 5.8
SAGE 3.8 122,262 0.3 3.5
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Figure6.24. A view of thefull visible womandatasetusingtheSAGE algorithm.

In all theteststheview dependentapproaches,WISEandSAGE,consistentlyreduced

the numberof extractedpolygonsdown to lessthanonepercentin closeup views and

no worst than28%in theworstcase.Theseresultsdependon thedepthcomplexity of

thefull isosurfaceaswell asthevisible portionof theisosurfaceandits footprint on the

screen.

The SAGE methodalso shows improvementover the WISE methodin extraction

time. TheWISEmethodextractiontimeexhibits largechangesbetweendifferentviews,

many time longerthantheextractionof a full isosurface.In contrasttheSAGE method

consistentlyoutperformedthefull isosurfaceextractionmethods.

The aim of the view-dependentapproachare to reducethe extraction time andthe
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renderingtime, especiallyfor remotevisulaization. In this context, both WISE and

SAGEoutperformed,onaverage,thedisplayof afull isosurfacebyanorderof magnitude

in the caseof local rendering. The SAGE method,again,consistentlyachieved better

resultsthatWISE, andoutperformeda full isosurfacerenderingby up to two ordersof

magnitude.

With respectto remoterenderingtheview-dependentapproachperformancewasthe

mostnoticeable.For all practicalpurposes,full isosurfacerenderingover the network

is impossibleasseenin thesetests(40,60secondsin Table6.6andeven117secondsin

Table6.7). On theotherhand,theSAGE consistentlyprovidedfastextractionandrapid

respondto changesin theview parameters.

Theseresultssuggestthat a view-dependentmethodsuchasSAGE canprovide an

investigatorwith a practicalexplorationtool. Furthermore,it is well suitablefor remote

investigatingdatathatcannot fit on a low-endmachineandmustbekept(or computed)

on aseparatesupercomputer.



CHAPTER 7

CONCLUSIONS

Isosurface extraction is a powerful tool for investigatingvolumetric scalarfields.

The positionof an isosurface,aswell as its relation to other neighboringisosurfaces,

can provide cluesto the underlyingstructureof the scalarfield. In medical imaging

applications,isosurfacespermit the extraction of particularanatomicalstructuresand

tissues. Theseisosurfacesare static in nature. A more dynamic use of isosurfaces

is calledfor in many scientificcomputingapplications,suchassimulationof physical

phenomena.In theseapplicationsscientistsneedto be ableto changedynamicallythe

isovaluein orderto gainbetterinsightinto simulationresults.

We presentedisosurfacegenerationalgorithmsthatenablerapidexplorationof large

datasetsboth for local andfor remotevisualization.We analyzedthe isosurfacegener-

ation processasa whole andthe componentsthat make up that processandidentified

potentialbottlenecks.In particular. we addresstheissuesof isolatinganisosurfaceand

its geometricrepresentation.

We suggestedviewing isosurfaceextractionasa searchproblembasedon mapping

datasetcellsontoa two-dimensionalspanspace.It wasshown thatpreviousextraction

methods,whichwerenotbasedonthedatasetsgeometry, couldalsobemappedontothis

new space.Analysisof thesemappingsdemonstratedtheshortcomingsof theprevious

extractionmethods.We alsoproposeda new decompositionof the spanspaceusinga

kd-treeandproved its nearoptimalworst-casetime complexity. An additionalmethod

was proposedand implementedthat enablesan estimateof the size of an isosurface

within afew milliseconds.Thiscountmodewasshown to dependonly onthesquareroot

of thesizeof thedataanddoesnotdependof theactualsizeof theextractedisosurface.

Thegenerationof a geometricrepresentationof isosurfaceswasalsosingledout asa

potentiallysignificantbottleneck.Weaddressedthisissuebyproposingtheuseof aview-
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dependentisosurfaceextractionapproach.Two methodsweredevelopedbasedonathree

stepparadigm:a) traversingthe datain a hierarchicalfront-to-backorder, b) perform

visibility culling baseon theprojectionof thedataonto thescreenandc) forwardinga

geometryrepresentationof theisosurfaceto agraphicshardwareaccelerator.

The first view dependentmethodis basedon a combinationof threecomponents.

First,amodifiedversionof thehierarchicaltiles,proposedby Greene[11], wasusedto to

providevisibility culling. Thismethodtakesadvantageof imagespaceandobjectspace

coherency. Second,thecoherency in thevaluespacewasexploitedusingWilhems’sand

Van Gelder’s augmentedoctree[27]. Finally, we employed a shear-warp factorization

to performthevisibility testin thewarpedspace.Theuseof thewarpedspaceprovides

large reductionin the numberof operationsthat wererequiredfor verticesprojection.

This method,WarpedIsoSurfaceExtraction(WISE), wasshown to drasticallyreduce

theextractiontime aswell astherenderingtime, makingit attractive for remotevisual-

ization.

Thesecondview-dependentmethod,SAGE,providesfurther improvementsover the

WISEmethod.TheSAGEis basedontheobservationthatisosurfacesfromlargedatasets

containmany smalltriangles,many of whicharesmallertheasinglepixel. Two improve-

mentsover WISE were investigated.First, the top-down approachusedin WISE was

augmentedwith a bottom-uptraversalof thehierarchicaltiles. By projectingthesmall

trianglesat thebottomlevel wewereableto reducetheamountof computationrequired

per triangle. The secondimprovementreplacedthe useof coveragemasks,during the

projectionsof triangles,with a scanline algorithm.This changeremovedtherestriction

on projectingonly convex polygonsandenabledtheprojectionof multiple trianglesand

concave polygonssimultaneously. The SAGE methodwasshown to performwell for

bothlocalandremotevisualizationproviding fastisosurfaceextractionandrapidrespond

to changesin theview parameters.

7.1 Futur eWork

Noneof themethodspresentedin thiswork wereimplementedasaparallelprogram.

We intend to investigatethe useof parallel computersas a meanfor acceleratingthe
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extraction and especiallythe constructionof the isosurfaces. Both WISE and SAGE

demonstratedthepotentialof view dependentisosurfaceextraction,yetbothweredesign

for structuredgrids,for which front-to-backtraversalis simple. Thoughmany datasets,

suchasmedicalimagesandfinite differencesimulations,arebasedon structuredgrid,

there is a greatneedfor rapid exploration of unstructuredgrid baseddatasets. The

NOISE methodprovidespart of the solutionof thesedatasetsas it reducesthe search

time to practicallya few milliseconds.Theoctreemethodwasshown to becomparable

to NOISEonstructuredgridsyet it is notappropriatefor unstructuredgrids.

Remotevisualizationis becomingan importantareain its own right, yet thecombi-

nationof remotevisualizationof isosurfaceshasnot beenexplored. This combination

is especiallyhardas the geometrydependson an isovalueprovided by the user. The

isovalueis not known in advanceandit changesduring the explorationof the dataset.

The dynamicnatureof this type of exploration rendersmost of the work on remote

visualizationinappropriate. The WISE methodprovides a first solution to this issue,

while the SAGE methodprovidesthe first practicalsolution. Oneshouldnotethat the

remotevisualizationusedin our testsconsistedof openingawindow onaremotedisplay

(theusermachine)andrenderingto thatwindow overthenetwork. A betterapproachthat

shouldbe investigatedis the useof a separateviewer that resideson the remote(user)

machineand that cancommunicatewith the extractionprocesson the large machine.

The remoteviewer canthenenabletheuserto locally (andthusmuchfaster)view and

manipulatethe view-dependentisosurface. Furtherresearchshouldtarget the integra-

tion, by the remoteviewer, of several views of an isosurfaceinto onemorecomplete

and coherentsurface. Additional work can investigatethe latency introducedby the

intermediatenetwork. A network awareisosurfaceextractionsystemcanswitchamong

different modesof extraction, transmissionand local rendering,providing a dynamic

systemthatcouldhandlethesizeandcomplexity of thenext generationdatasets.



APPENDIX A

WORST-CASE ANALYSIS

A.1 OctreeIsosurfaceExtraction

Wilhelms andVan Gelder[27] did not analyzethe time complexity of their octree-

basedisosurfaceextractionalgorithm,seeSection2.1.2. We now presenta worst-case

analysisof theirmethod.

The octreeusedby Wilhelms andVan Gelderis derived from the geometryof the

datasetandis augmentedonly by theminimumandmaximumvaluesof thecells in the

tree.As such,theoctreereliessolelyon geometryto groupcellswith closefield values.

On theotherhand,theoctreeis guaranteedto bebalanced.Also notethatthedatacells

occuronly on theleavesof thetree.

For simplicity, considerfirst the1D caseof a binary treewith y leaves. For a givenÏ
, we seekoneof thegroupsof

Ï
leaveswith thehighestcostto locate.For

Ï "ÐM , the

costis Ñ�ÒQÓÉy ; this suggestsanestimateof x�K Ï Ñ�ÒQÓÉy O for theworst-case.This is clearly

anoverestimateasmany segmentsof thepathsto these
Ï

cellsareshared.When
Ï "¾u ,

the two pathsfrom theroot mustshareseveral intermediatenodes.Themaximumcost

will occurwhenonly theroot nodeis shared.Therefore,

Ô KIyÖÕ+M O " Ñ�ÒQÓ¡KIy OÔ KeyÖÕ Ï O " M?f�u Ô KeyP9QuCÕ Ï 9Qu O Õ
which, for

Ï "×u)Ø , leadsto

Ô KIyÖÕ Ï O " Ï >�M2f Ï Ñ�ÒQÓ¡K y Ï O:Ù
As an example,

Ô KIyÖÕ`y O "ÚuwyÛ>¾M , sincethe a binary treewith y leaveshas yÊ>×M
internalnodes.
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Thegeneralcasefor a � -dimensionaltreefollows immediatelyfrom thebinarycase.

Let [�"×u ¿ ,
Ô ¿ KIyÖÕ+M O " Ñ�ÒQÓ+Ü_yÔ ¿ KIyÖÕ Ï O " M?fÛ[ Ô Key9�[Õ Ï 9:[ O

Let Ýz"�Ñ�Ò;Ó Ü Ï . Thesolutionto therecursive formulais

Ô ¿ KIyÖÕ Ï O " [WÞÉ>�M[�>�M fÊ[ Þ Ñ�ÒQÓ Ü K y Ï O
" Ï >�M[�>�M f

Ï
� Ñ�ÒQÓ¡K y Ï O:Ù

For thespecialcaseof octree,�ß"�à , we have

Ô t Key Õ Ï O " Ï >�Má f Ï
à Ñ�Ò;Ó K y Ï O

andacomplexity of x�K Ï f Ï Ñ�ÒQÓ¡K Ã â O,O .
A.2 The Count Mode

A nodein akd-treeholdsinformationregardingonly thevalueusedto split thecurrent

tree.Thisalwaysforcesasearchalgorithmto traverseat leastonesubtree.Thebest-case

performancefor thecountmodeis thus x�KIÑ�ÒQÓÉy O .
We now examinethe worst-casecomplexity of the count mode. Referringto the

optimizedversion,section4.3.1,we find two cases.Whenthe isovalueis lessthanthe

valueattherootof thetreeweneedto traverseonly onesubtree.Otherwise,bothsubtrees

aretraversed,yet for oneof themwenow know thatthemin or maxconditionis satisfied.

Clearlytheworst-caseinvolvesthesecondcase,

Ô KTM O " M (A.1)Ô Key O " M?f Ô KeyP9Qu O f Ô Ø Key9;u O:Ù (A.2)

For the casewherethe min or max conditionis satisfiedthereareagaintwo cases.

Thesecases,however, aredifferent from eachotheronly with respectto whetherone

of the subtreesis completelyempty or full. In both thesecases,only one subtreeis

descended.Moreover, the next level of this subtreecanbe skippedandthe algorithm



100

descendsdirectly to bothsubsubtrees.Note that theroot of thesubtreestill needsto be

checked.Therefore,

Ô Ø KTM O " MÔ Ø Key O " M?f�u Ô Ø KeyP9ws O
" ã0äÌåTæ

Ãç´éècê u ´
" u ã0äÌå æQë

ÃEì � ¹ >�M� udí y Ù (A.3)

SubstitutingEquationA.3 in EquationA.2 andusingEquationA.1 weget,

ÔßîIïð � ñ?ò�ó í ï ò Ô�îeïPô ó ð
" Ñ�Ò;Ó ï ògó í ï ã0äÌå ë

Ã+ì ¯ ¹ç´éècê ó ¯ ´éõ º

" Ñ�Ò;Ó ï ògó í ï ñ8ö�÷ ó ôwïñ8ö�ñ ô í ó� Ñ�Ò;Ó ï òùø í ï Ù

Henceacomplexity of ú î í ïð .



APPENDIX B

PROJECTION COSTSIN THE WISE

ALGORITHM

B.1 PerspectiveProjection

Fig. B.1 depictsa 2D exampleof a point � which is warpedinto point û basedon

perspective projection.Assumingthat theeye coordinates
îIü Ä Õ`ý Ä ð is givenin theobject

coordinatesystemandusingthetrianglessimilarity, wecanderive,ü Äþö ü �ü � ö ü Ü "
ö ý Äý Ü

.

Notethatsincetheeye is locatedontheothersideof thewarpingplane,ý Ä is negative

andthusthedistanceof theeye from theplaneis
ö ý Ä .

Object Warping
plane

X

Z

E

S

WP

Figure B.1. Warpedpoint locationin aperspectiveprojection.

Therefore, üWÿ " ü Ü ý Äþö ý Ü ü Äý Äþö ý Ü
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Similarly, for the � coordinatesweget,

� ÿ " � Ü ý Äþö ý Ü � Äý ÄÉö ý Ü
The above expressionsinvolve four multiplications,four additionsand two divisions.

However, furtherfactorizationleadsto,

üWÿ " ü Ü ý Ä_ò î ö ü Ü ý Ü ò ü Ü ý Ü ð ö ý Ü ü Ä
��� ö ý Ü

" ü Ü î ý Äþö ý Ü ð ò ý Ü îIü Ü ö ü Ä ð
��� ö ý Ü" ü Ü ò ý Ü

��� ö ý Ü î^ü Ü ö ü Ä ð" ü Ü ò�� î^ü Ü ö ü Ä ð

where,
� " ý Ü

��� ö ý Ü
is usedfor both

üWÿ
and � ÿ .

Thecostfor a singlepoint warp is thusoneadditionandonedivision for
�

andone

multiplication andtwo additionsfor eachof the
ü

and � coordinatesfor a total of two

multiplications,fiveadditionsandonedivision.

A full computationof theprojectionpoint S involvesa multiplicationof a 4D point

with a ���	� transformationmatrixplustwo divisionsfor theperspectiveprojection.Since

the z coordinatein screenspaceis not importantoneendsup with threesetsof three

multiplicationsandthreeadditionsplustwo divisionsfor a total of ninemultiplications,

nineadditionsandtwo divisions.



APPENDIX C

TRIANGLE FAN LOOKUP TABLE FOR THE

MARCHING CUBES

TheSAGE method,Section6.3,usesa trianglefan lookuptableinsteadof thetradi-

tional marchingcubeslookup table. The following is themodifiedlookup tablewhich

contains256 entriessimilarly to the marchingcubes. The first numberin eachrow

statethe numberof trianglefans,followedby a list of vertices.The verticesarelisted

in groups,onegroupper trianglefan,with a negative one
î ö|ñ ð

separatingthedifferent

groups.The first vertex in eachsuchtrianglefan is the basevertex of the fan with the

restof theverticeslisted in a clockwiseorderaroundthis basevertex. Theverticesare

mappedto thecell edgesvia theedge tablewhich list thetwo cell verticesthatmakeup

thatedge.

static int edge_table[12][2] = {{0,1}, {1,2}, {3,2}, {0,3},
{4,5}, {5,6}, {7,6}, {4,7},
{0,4}, {1,5}, {3,7}, {2,6}};

struct TriangleCase {
int n; // number of triangle fans
int vertex[16];

};

static TriangleCase tri_case[] = {
/* 00000000 */
{ 0, { -1 -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00000001 */
{ 1, { 0, 3, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00000010 */
{ 1, { 0, 9, 1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00000011 */
{ 1, { 1, 3, 8, 9, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00000100 */
{ 1, { 1, 11, 2, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00000101 */
{ 2, { 0, 3, 8, -1, 1, 11, 2, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
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/* 00000110 */
{ 1, { 9, 11, 2, 0, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00000111 */
{ 1, { 2, 3, 8, 9, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00001000 */
{ 1, { 3, 2, 10, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00001001 */
{ 1, { 0, 2, 10, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00001010 */
{ 2, { 1, 0, 9, -1, 2, 10, 3, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00001011*/
{ 1, { 8, 9, 1, 2, 10, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00001100 */
{ 1, { 3, 1, 11, 10, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00001101 */
{ 1, { 0, 1, 11, 10, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00001110 */
{ 1, { 3, 0, 9, 11, 10, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00001111 */
{ 1, { 9, 11, 10, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00010000 */
{ 1, { 4, 8, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00010001 */
{ 1, { 4, 0, 3, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00010010 */
{ 2, { 0, 9, 1, -1, 8, 7, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00010011 */
{ 1, { 4, 9, 1, 3, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00010100 */
{ 2, { 1, 11, 2, -1, 8, 7, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00010101 */
{ 2, { 3, 7, 4, 0, -1, 1, 11, 2, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00010110 */
{ 2, { 9, 11, 2, 0, -1, 8, 7, 4, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00010111 */
{ 1, { 2, 3, 7, 4, 9, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00011000 */
{ 2, { 8, 7, 4, -1, 3, 2, 10, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00011001 */
{ 1, { 10, 7, 4, 0, 2, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00011010 */
{ 3, { 9, 1, 0, -1, 8, 7, 4, -1, 2, 10, 3, -1, -1, -1, -1, -1}},
/* 00011011 */
{ 1, { 4, 9, 1, 2, 10, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00011100 */
{ 2, { 3, 1, 11, 10, -1, 7, 4, 8, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00011101 */
{ 1, { 1, 11, 10, 7, 4, 0, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00011110 */
{ 2, { 4, 8, 7, -1, 9, 11, 10, 3, 0, -1, -1, -1, -1, -1, -1, -1}},
/* 00011111 */
{ 1, { 4, 9, 11, 10, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
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/* 00100000 */
{ 1, { 9, 4, 5, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00100001 */
{ 2, { 9, 4, 5, -1, 0, 3, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00100010 */
{ 1, { 0, 4, 5, 1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00100011 */
{ 1, { 8, 4, 5, 1, 3, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00100100 */
{ 2, { 1, 11, 2, -1, 9, 4, 5, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00100101 */
{ 3, { 3, 8, 0, -1, 1, 11, 2, -1, 4, 5, 9, -1, -1, -1, -1, -1}},
/* 00100110 */
{ 1, { 5, 11, 2, 0, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00100111 */
{ 1, { 2, 3, 8, 4, 5, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00101000 */
{ 2, { 9, 4, 5, -1, 2, 10, 3, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00101001 */
{ 2, { 0, 2, 10, 8, -1, 4, 5, 9, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00101010 */
{ 2, { 0, 4, 5, 1, -1, 2, 10, 3, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00101011 */
{ 1, { 2, 10, 8, 4, 5, 1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00101100 */
{ 2, { 11, 10, 3, 1, -1, 9, 4, 5, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00101101 */
{ 2, { 4, 5, 9, -1, 0, 1, 11, 10, 8, -1, -1, -1, -1, -1, -1, -1}},
/* 00101110 */
{ 1, { 5, 11, 10, 3, 0, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00101111 */
{ 1, { 5, 11, 10, 8, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00110000 */
{ 1, { 9, 8, 7, 5, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00110001 */
{ 1, { 9, 0, 3, 7, 5, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00110010 */
{ 1, { 0, 8, 7, 5, 1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00110011 */
{ 1, { 1, 3, 7, 5, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00110100 */
{ 2, { 9, 8, 7, 5, -1, 11, 2, 1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00110101 */
{ 2, { 11, 2, 1, -1, 9, 0, 3, 7, 5, 3, -1, -1, -1, -1, -1, -1}},
/* 00110110 */
{ 1, { 8, 7, 5, 11, 2, 0, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00110111 */
{ 1, { 2, 3, 7, 5, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00111000 */
{ 2, { 7, 5, 9, 8, -1, 3, 2, 10, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00111001 */
{ 1, { 9, 0, 2, 10, 7, 5, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
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/* 00111010 */
{ 2, { 2, 10, 3, -1, 0, 8, 7, 5, 1, -1, -1, -1, -1, -1, -1, -1}},
/* 00111011 */
{ 1, { 10, 7, 5, 1, 2, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00111100 */
{ 2, { 9, 8, 7, 5, -1, 11, 10, 3, 1, -1, -1, -1, -1, -1, -1, -1}},
/* 00111101 */
{ 1, { 0, 1, 11, 10, 7, 5, 9, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00111110 */
{ 1, { 0, 8, 7, 5, 11, 10, 3, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 00111111 */
{ 1, { 10, 7, 5, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01000000 */
{ 1, { 11, 5, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01000001 */
{ 2, { 0, 3, 8, -1, 5, 6, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01000010 */
{ 2, { 9, 1, 0, -1, 5, 6, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01000011 */
{ 2, { 1, 3, 8, 9, -1, 5, 6, 11, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01000100 */
{ 1, { 1, 5, 6, 2, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01000101 */
{ 2, { 1, 5, 6, 2, -1, 3, 8, 0, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01000110 */
{ 1, { 9, 5, 6, 2, 0, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01000111 */
{ 1, { 5, 6, 2, 3, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01001000 */
{ 2, { 2, 10, 3, -1, 11, 5, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01001001 */
{ 2, { 10, 8, 0, 2, -1, 11, 5, 6, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01001010 */
{ 3, { 0, 9, 1, -1, 2, 10, 3, -1, 5, 6, 11, -1, -1, -1, -1, -1}},
/* 01001011 */
{ 2, { 5, 6, 11, -1, 9, 1, 2, 10, 8, -1, -1, -1, -1, -1, -1, -1}},
/* 01001100 */
{ 1, { 3, 1, 5, 6, 10, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01001101 */
{ 1, { 0, 1, 5, 6, 10, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01001110 */
{ 1, { 3, 0, 9, 5 , 6, 10, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01001111 */
{ 1, { 9, 5, 6, 10, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01010000 */
{ 2, { 5, 6, 11, -1, 4, 8, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01010001 */
{ 2, { 4, 0, 3, 7, -1, 6, 11, 5, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01010010 */
{ 3, { 1, 0, 9, -1, 5, 6, 11, -1, 8, 7, 4, -1, -1, -1, -1, -1}},
/* 01010011 */
{ 2, { 11, 5, 6, -1, 9, 1, 3, 7, 4, -1, -1, -1, -1, -1, -1, -1}},
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/* 01010100 */
{ 2, { 6, 2, 1, 5, -1, 4, 8, 7, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01010101 */
{ 2, { 1, 5, 6, 2, -1, 3, 7, 4, 0, -1, -1, -1, -1, -1, -1, -1}},
/* 01010110 */
{ 2, { 8, 7, 4, -1, 0, 9, 5, 6, 2, -1, -1, -1, -1, -1, -1, -1}},
/* 01010111 */
{ 1, { 9, 5, 6, 2, 3, 7, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01011000 */
{ 3, { 3, 2, 10, -1, 7, 4, 8, -1, 11, 5, 6, -1, -1, -1, -1, -1}},
/* 01011001 */
{ 2, { 5, 6, 11, -1, 4, 0, 2, 10, 7, -1, -1, -1, -1, -1, -1, -1}},
/* 01011010 */
{ 4, { 0, 9, 1, -1, 4, 8, 7, -1, 2, 10, 3, -1, 5, 6, 11, -1}},
/* 01011011 */
{ 2, { 9, 1, 2, 10, 7, 4, -1, 5, 6, 11, -1, -1, -1, -1, -1, -1}},
/* 01011100 */
{ 2, { 8, 7, 4, -1, 5 , 6, 10, 3, 1, -1, -1, -1, -1, -1, -1, -1}},
/* 01011101 */
{ 1, { 10, 7, 4, 0, 1, 5, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01011110 */
{ 2, { 0, 9, 5, 6, 10, 3, -1, 8, 7, 4, -1, -1, -1, -1, -1, -1}},
/* 01011111 */
{ 1, { 9, 5, 6, 10, 7, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01100000 */
{ 1, { 11, 9, 4, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01100001 */
{ 2, { 4, 6, 11, 9, -1, 0, 3, 8, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01100010 */
{ 1, { 0, 4, 6, 11, 1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01100011 */
{ 1, { 8, 4, 6, 11, 1, 3, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01100100 */
{ 1, { 4, 6, 2, 1, 9, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01100101 */
{ 2, { 3, 8, 0, -1, 4, 6, 2, 1, 9, -1, -1, -1, -1, -1, -1, -1}},
/* 01100110 */
{ 1, { 0, 4, 6, 2, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01100111 */
{ 1, { 2, 3, 8, 4, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01101000 */
{ 2, { 11, 9, 4, 6, -1, 10, 3, 2, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01101001 */
{ 2, { 0, 2, 10, 8, -1, 4, 6, 11, 9, -1, -1, -1, -1, -1, -1, -1}},
/* 01101010 */
{ 2, { 3, 2, 10, -1, 6, 11, 1, 0, 4, -1, -1, -1, -1, -1, -1, -1}},
/* 01101011 */
{ 1, { 1, 10, 8, 4, 6, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01101100 */
{ 1, { 6, 9, 1, 3, 10, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01101101 */
{ 1, { 1, 0, 8, 10, 6, 4, 9, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
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/* 01101110 */
{ 1, { 6, 10, 3, 0, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01101111 */
{ 1, { 6, 10, 8, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01110000 */
{ 1, { 7, 6, 11, 9, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01110001 */
{ 1, { 0, 3, 7, 6, 11, 9, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01110010 */
{ 1, { 1, 0, 8, 7, 6, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01110011 */
{ 1, { 1, 3, 7, 6, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01110100 */
{ 1, { 8, 7, 6, 2, 1, 9, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01110101 */
{ 1, { 9, 0, 3, 7, 6, 2, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01110110 */
{ 1, { 0, 8, 7, 6, 2, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01110111 */
{ 1, { 7, 6, 2, 3, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01111000 */
{ 2, { 2, 10, 3, -1, 8, 7, 6, 11, 9, -1, -1, -1, -1, -1, -1, -1}},
/* 01111001 */
{ 1, { 7, 6, 11, 9, 0, 2, 10, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01111010 */
{ 2, { 7, 1, 0, 8, 11, 6, -1, 2, 10, 3, -1, -1, -1, -1, -1, -1}},
/* 01111011 */
{ 1, { 1, 2, 10, 7, 6, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01111100 */
{ 1, { 6, 10, 3, 1, 9, 8, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01111101 */
{ 2, { 0, 1, 9, -1, 10, 7, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01111110 */
{ 1, { 0, 8, 7, 6, 10, 3, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 01111111 */
{ 1, { 7, 6, 10, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10000000 */
{ 1, { 7, 10, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10000001 */
{ 2, { 3, 8, 0, -1, 10, 6, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10000010 */
{ 2, { 0, 9, 1, -1, 10, 6, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10000011 */
{ 2, { 8, 9, 1, 3, 10, 6, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10000100 */
{ 2, { 11, 2, 1, -1, 6, 7, 10, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10000101 */
{ 3, { 1, 11, 2, -1, 3, 8, 0, -1, 6, 7, 10, -1, -1, -1, -1, -1}},
/* 10000110 */
{ 2, { 2, 0, 9, 11, -1, 6, 7, 10, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10000111 */
{ 2, { 6, 7, 10, -1, 11, 2, 3, 8, 9, -1, -1, -1, -1, -1, -1, -1}},
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/* 10001000 */
{ 1, { 7, 3, 2, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -

1}},
/* 10001001 */
{ 1, { 7, 8, 0, 2, 6, -1, -1, -1, -1, -1, -1, -1, -1 ,-1, -1, -1}},
/* 10001010 */
{ 2, { 2, 6, 7, 3, -1, 0, 9, 1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10001011 */
{ 1, { 1, 2, 6, 7, 8, 9, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10001100 */
{ 1, { 11, 6, 7, 3, 1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10001101 */
{ 1, { 11, 6, 7, 8, 0, 1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10001110 */
{ 1, { 0, 9, 11, 6, 7, 3, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10001111 */
{ 1, { 7, 8, 9, 11, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10010000 */
{ 1, { 6, 4, 8, 10, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10010001 */
{ 1, { 3, 10, 6, 4, 0, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10010010 */
{ 2, { 8, 10, 6, 4, -1, 9, 1, 0, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10010011 */
{ 1, { 9, 1, 3, 10, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10010100 */
{ 2, { 6, 4, 8, 10, -1, 2, 1, 11, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10010101 */
{ 2, { 1, 11, 2, -1, 3, 10, 6, 4, 0, -1, -1, -1, -1, -1, -1, -1}},
/* 10010110 */
{ 2, { 4, 8, 10, 6, -1, 0, 9, 11, 2, -1, -1, -1, -1, -1, -1, -1}},
/* 10010111 */
{ 1, { 3, 10, 6, 4, 9, 11, 2, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10011000 */
{ 1, { 8, 3, 2, 6, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10011001 */
{ 1, { 0, 2, 6, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10011010 */
{ 2, { 1, 0, 9, -1, 2, 6, 4, 8, 3, -1, -1, -1, -1, -1, -1, -1}},
/* 10011011 */
{ 1, { 4, 9, 1, 2, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10011100 */
{ 1, { 4, 3, 8, 6, 1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10011101 */
{ 1, { 0, 1, 11, 6, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10011110 */
{ 1, { 3, 0, 9, 11, 6, 4, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10011111 */
{ 1, { 11, 6, 4, 9, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10100000 */
{ 2, { 4, 5, 9, -1, 7, 10, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10100001 */
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{ 3, { 0, 3, 8, -1, 4, 5, 9, -1, 10, 6, 7, -1, -1, -1, -1, -1}},
/* 10100010 */
{ 2, { 5, 1, 0, 4, -1, 7, 10, 6, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10100011 */
{ 2, { 10, 6, 7, -1, 3, 8, 4, 5, 1, -1, -1, -1, -1, -1, -1, -1}},
/* 10100100 */
{ 3, { 9, 4, 5, -1, 11, 2, 1, -1, 7, 10, 6, -1, -1, -1, -1, -1}},
/* 10100101 */
{ 4, { 6, 7, 10, -1, 1, 11, 2, -1, 0, 3, 8, -1, 4, 5, 9, -1}},
/* 10100110 */
{ 2, { 7, 10, 6, -1, 4, 5, 11, 2, 0, -1, -1, -1, -1, -1, -1, -1}},
/* 10100111 */
{ 2, { 3, 8, 4, 5, 11, 2, -1, 10, 6, 7, -1, -1, -1, -1, -1, -1}},
/* 10101000 */
{ 2, { 7, 3, 2, 6, -1, 5, 9, 4, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10101001 */
{ 2, { 9, 4, 5, -1, 6, 7, 8, 0, 2, -1, -1, -1, -1, -1, -1, -1}},
/* 10101010 */
{ 2, { 3, 2, 6, 7, -1, 1, 0, 4, 5, -1, -1, -1, -1, -1, -1, -1}},
/* 10101011 */
{ 1, { 8, 4, 5, 1, 2, 6, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10101100 */
{ 2, { 9, 4, 5, -1, 11, 6, 7, 3, 1, -1, -1, -1, -1, -1, -1, -1}},
/* 10101101 */
{ 2, { 1, 11, 6, 7, 8, 0, -1, -1, -1, -1, -1, -1, 9, 4, 5, -1}},
/* 10101110 */
{ 1, { 4, 5, 11, 6, 7, 3, 0, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10101111 */
{ 1, { 11, 6, 7, 8, 4, 5, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10110000 */
{ 1, { 6, 5, 9, 8, 10, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10110001 */
{ 1, { 0, 3, 10, 6, 5, 9, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10110010 */
{ 1, { 0, 8, 10, 6, 5, 1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10110011 */
{ 1, { 3, 10, 6, 5, 1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10110100 */
{ 2, { 1, 11, 2, -1, 10, 6, 5, 9, 8, 10, -1, -1, -1, -1, -1, -1}},
/* 10110101 */
{ 2, { 0, 3, 10, 6, 5, 9, -1, 1, 11, 2, -1, -1, -1, -1, -1, -1}},
/* 10110110 */
{ 1, { 5, 11, 2, 0, 8, 10, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10110111 */
{ 1, { 3, 10, 6, 5, 11, 2, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10111000 */
{ 1, { 2, 6, 5, 9, 8, 3, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10111001 */
{ 1, { 6, 5, 9, 0, 2, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10111010 */
{ 1, { 8, 3, 2, 6, 5, 1, 0, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10111011 */
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{ 1, { 1, 2, 6, 5, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10111100 */
{ 1, { 6, 5, 9, 8, 3, 1, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10111101 */
{ 1, { 0, 1, 11, 6, 5, 9, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10111110 */
{ 2, { 0, 8, 3, -1, 5, 11, 6, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 10111111 */
{ 1, { 11, 6, 5, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11000000 */
{ 1, { 10, 11, 5, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11000001 */
{ 2, { 10, 11, 5, 7, -1, 8, 0, 3, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11000010 */
{ 2, { 5, 7, 10, 11, -1, 1, 0, 9, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11000011 */
{ 2, { 11, 5, 7, 10, -1, 9, 1, 3, 8, -1, -1, -1, -1, -1, -1, -1}},
/* 11000100 */
{ 1, { 10, 2, 1, 5, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11000101 */
{ 2, { 0, 3, 8, -1, 1, 5, 7, 10, 2, -1, -1, -1, -1, -1, -1, -1}},
/* 11000110 */
{ 1, { 9, 5, 7, 10, 2, 0, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11000111 */
{ 1, { 7, 10, 2, 3, 8, 9, 5, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11001000 */
{ 1, { 5, 7, 3, 2, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11001001 */
{ 1, { 8, 0, 2, 11, 5, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11001010 */
{ 2, { 9, 1, 0, -1, 5, 7, 3, 2, 11, -1, -1, -1, -1, -1, -1, -1}},
/* 11001011 */
{ 1, { 2, 11, 5, 7, 8, 9, 1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11001100 */
{ 1, { 3, 1, 5, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11001101 */
{ 1, { 7, 8, 0, 1, 5, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11001110 */
{ 1, { 3, 0, 9, 5, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11001111 */
{ 1, { 9, 5, 7, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11010000 */
{ 1, { 8, 10, 11, 5, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11010001 */
{ 1, { 5, 4, 0, 3, 10, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11010010 */
{ 2, { 0, 9, 1, -1, 8, 10, 11, 5, 4, -1, -1, -1, -1, -1, -1, -1}},
/* 11010011 */
{ 1, { 4, 9, 1, 3, 10, 11, 5, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11010100 */
{ 1, { 5, 4, 8, 10, 2, 1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11010101 */
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{ 1, { 10, 2, 1, 5, 4, 0, 3, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11010110 */
{ 1, { 5, 4, 8, 10, 2, 0, 9, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11010111 */
{ 2, { 9, 5, 4, -1, 2, 3, 10, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11011000 */
{ 1, { 5, 4, 8, 3, 2, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11011001 */
{ 1, { 2, 11, 5, 4, 0, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11011010 */
{ 2, { 3, 2, 11, 5, 4, 8, -1, 0, 9, 1, -1, -1, -1, -1, -1, -1}},
/* 11011011 */
{ 1, { 2, 11, 5, 4, 9, 1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11011100 */
{ 1, { 5, 4, 8, 3, 1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11011101 */
{ 1, { 0, 1, 5, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11011110 */
{ 1, { 5, 4, 8, 3, 0, 9, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11011111 */
{ 1, { 9, 5, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11100000 */
{ 1,{ 10, 11, 9, 4, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11100001 */
{ 2, { 0, 3, 8, -1, 9, 7, 4, 10, 11, -1, -1, -1, -1, -1, -1, -1}},
/* 11100010 */
{ 1, { 10, 11, 1, 0, 4, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11100011 */
{ 1, { 4, 7, 10, 11, 1, 3, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11100100 */
{ 1, { 4, 7, 10, 2, 1, 9, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11100101 */
{ 2, { 9, 4, 7, 10, 2, 1, -1, 0, 3, 8, -1, -1, -1, -1, -1, -1}},
/* 11100110 */
{ 1, { 4, 7, 10, 2, 0, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11100111 */
{ 1, { 4, 7, 10, 2, 3, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11101000 */
{ 1, { 2, 11, 9, 4, 7, 3, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11101001 */
{ 1, { 7, 8, 0, 2, 11, 9, 4, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11101010 */
{ 1, { 11, 1, 0, 4, 7, 3, 2, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11101011 */
{ 2, { 1, 2, 11, -1, 8, 4, 7, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11101100 */
{ 1, { 1, 9, 4, 7, 3, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11101101 */
{ 1, { 1, 9, 4, 7, 8, 0, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11101110 */
{ 1, { 4, 7, 3, 0, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11101111 */



113

{ 1, { 4, 7, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11110000 */
{ 1, { 9, 8, 10, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11110001 */
{ 1, { 9, 0, 3, 10, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11110010 */
{ 1, { 11, 1, 0, 8, 10, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11110011 */
{ 1, { 3, 10, 11, 1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11110100 */
{ 1, { 10, 2, 1, 9, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11110101 */
{ 1, { 9, 0, 3, 10, 2, 1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11110110 */
{ 1, { 0, 8, 10, 2, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11110111 */
{ 1, { 3, 10, 2, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11111000 */
{ 1, { 8, 3, 2, 11, 9, 8, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11111001 */
{ 1, { 9, 0, 2, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11111010 */
{ 1, { 8, 3, 2, 11, 1, 0, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11111011 */
{ 1, { 1, 2, 11, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11111100 */
{ 1, { 1, 9, 8, 3, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11111101 */
{ 1, { 0, 1, 9, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11111110 */
{ 1, { 0, 8, 3, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}},
/* 11111111 */
{ 0, { -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1, -1}}

};
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