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Multiscale Kinematic Growth 
Coupled With Mechanosensitive 
Systems Biology in Open-Source 
Software
Multiscale coupling between cell-scale biology and tissue-scale mechanics is a promising 
approach for modeling disease growth. In such models, tissue-level growth and remodeling 
(G&R) are driven by cell-level signaling pathways and systems biology models, where each 
model operates at different scales. Herein, we generate multiscale G&R models to capture 
the associated multiscale connections. At the cell-scale, we consider systems biology models 
in the form of systems of ordinary differential equations (ODEs) and partial differential 
equations (PDEs) representing the reactions between the biochemicals causing the growth 
based on mass-action or logic-based Hill-type kinetics. At the tissue-scale, we employ 
kinematic growth in continuum frameworks. Two illustrative test problems (a tissue graft 
and aneurysm growth) are examined with various chemical signaling networks, boundary 
conditions, and mechano-chemical coupling strategies. We extend two open-source 
software frameworks—FEBIO and FENICS—to disseminate examples of multiscale growth 
and remodeling simulations. One-way and two-way coupling between the systems biology 
and the growth models are compared and the effect of biochemical diffusivity and ODE 
versus PDE-based systems biology modeling on the G&R results are studied. The results 
show that growth patterns emerge from reactions between biochemicals, the choice between 
ODEs and PDEs systems biology modeling, and the coupling strategy. Cross-verification 
confirms that results for FEBIO and FENICS are nearly identical. We hope that these open- 
source tools will support reproducibility and education within the biomechanics community. 
[DOI: 10.1115/1.4068290] 
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1 Introduction

Growth and remodeling (G&R) is the continuous process 
whereby biological tissues undergo changes in mass, geometry, 
mechanical properties, and function [1,2]. This inherently multi
scale and multiphysics process is fundamental to biological 
phenomena such as morphogenesis, wound healing, homeostasis, 

and disease progression. G&R may be induced by biological 
processes (e.g., inflammation), mechanical signaling (e.g., tension, 
compression, shear, fixation), and systemic adaptations (e.g., in 
response to age, pregnancy, disease, smoking, or (epi-)genetics 
[3,4]). Biochemical and mechanical stimuli span physical scales 
ranging from subcellular systems to organs, and temporal scales 
ranging from milliseconds to decades [5]. Computational 
approaches have been developed to predict the G&R of various 
tissues in response to spatiotemporal variations in biochemical and 
mechanical stimuli with varying levels of biochemomechanical 
coupling. Recently, systems biology approaches have been used to 
couple cell-level dynamics with tissue-level adaptations. Such 
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approaches have the potential to improve the understanding of 
diseases and identify therapeutic candidates based on patient 
specific factors such as demographics, genetics, or comorbidities.

Despite these developments, numerous barriers preclude the 
integration of systems approaches to multidisciplinary research 
groups and educators in biomedical disciplines. Modeling is 
generally performed using proprietary software or in-house code, 
with sparse sharing of code or model input files. Modeling 
environments either lack user-friendly interfaces or rely on the 
user to compile code or adapt scripts in niche coding languages such 
as Fortran (e.g., ABAQUS subroutines). This is further complicated by 
the multiscale, multiphysical, and problem-specific nature of G&R, 
which necessitates tedious linearization and discretization of 
nonlinear partial differential equations (PDEs). Thus, our objective 
is to provide user-friendly, open-source software for simulating 
G&R. We cross-verify our implementation among two open-source 
software packages (FEBIO and FENICS). We demonstrate common 
concepts in G&R with simplified example problems that highlight 
the effects of various coupling formulations between biological and 
mechanical signals.

Our efforts are outlined as follows: The remainder of the 
introduction provides a brief review of the relevant literature 
surrounding computational G&R as well as a review of relevant 
open-source software. The methods first formalize the kinematics, 
mechanics, and reactive transport. Next, software implementations, 
test problems, and cross-verification strategies are defined. The 
results overview findings from the test problems. The discussion 
considers the implications and limitations of the test problems and 
software implementations. Finally, the appendix provides useful 
mathematical relationships and detailed methods on the nonlinear 
finite element methods employed.

Differential growth–the variation of growth rate and orientation 
between neighboring tissue subvolumes–emerges from cell-level 
phenomena, creating spatially heterogeneous tissue-level growth 
[6]. Early modeling efforts utilized the language of continuum 
mechanics to explain changes that occur on the surface (appositional 
growth) or throughout volumes of living tissues such as plants and 
bones [7]. Later, these approaches were supplemented with the finite 
element method to capture the spatially discontinuous aspects of 
differential growth [6].

One of the most notable growth theories is kinematic growth (KG) 
theory [6,7]. It posits that growth can be modeled through the 
evolution of the local growth rate tensor, which defines the 
magnitude and orientation of tissue expansion (or resorption). As 
neighboring subvolumes grow into each other, elastic stresses 
emerge to maintain subvolume boundaries. Rodriguez et al. 
extended KG by formulating the deformation gradient via the 
multiplicative split of the growth tensor and an elastic tensor [8]. 
They demonstrated that residual stresses in arterial tissue emerge 
due to incompatible growth between otherwise stress-free adjacent 
tissue subvolumes. Further, they modeled stress-dependent femur 
growth through a stress-sensitive growth tensor. KG has been 
popular due to its conceptual simplicity where changes in tissue 
volume and structure can be related to cell-level behaviors by 
making assumptions about how the growth tensor evolves in 

response to local state variables.

Another popular approach was recently proposed for tissue 
adaptation based on constrained mixture (CM) theory [9]. The mass 
fractions of extracellular matrix constituents within tissue sub
volumes (e.g., collagen, elastin, and glucosaminoglycans) or cell 
populations (modeled as concentrations) evolve over time. Tissue 
deformation results from changes in the mass of matrix components 
or changes in fluid pressure from osmotic effects, charged matrix 
constituents, or remodeling of tissue architecture (e.g., porosity) 
[10]. Mechanosensitivity may be introduced by assuming stress- or 
strain-sensitive production/conversion/degradation rates of 
matrix components or cell concentrations. The popularity of CM 
theory is only undercut by its relative complexity when compared to 
KG. CM theory requires tracking of the evolving mass fractions, 
introduces other constraints, increasing the degrees-of-freedom, 

computational expense, and effort to linearize finite element 
solutions.

Kinematic growth and constrained mixture theories have each 
successfully been used to explore stress- and strain-driven tissue 
growth in contexts including morphogenesis, cardiovascular 
disease, cancer, and surgical planning [2,11–15]. A continuing 
challenge has been coupling mechanosensitive, biochemical cell 
signaling with tissue-level G&R. In the past, cell, and tissue growth 
were formulated in direct response to mechanical stimuli, neglecting 
the underlying mechanosensitive biochemical regulatory pathways 
and transport that govern cell and tissue growth [16]. New systems 
biology approaches are exploring growth in response to cell-level 
phenomena (see reviews by Refs. [5], [17], and [18]). Cell-scale and 
subcellular activities are regulated by their mechanical environment 
via mechanotransduction [19]. In response to mechanical stimuli, 
cells grow, migrate, differentiate, remodel the matrix, etc. Local and 
tissue-level mechanical stimuli cause cells to alter the microscale 
biochemical environment in a closed feedback loop to either restore 
mechanical homeostasis or bring the system into a new homeostatic 
state [20–23]. At the tissue-scale, cellular scale activities are often 
manifested as addition of mass (e.g., tissue thickening) and changes 
in material properties (e.g., stiffness and fiber organization). The 
integrated effects of these multiscale, multiphysical interactions 
have been captured by agent-based modeling on populations of 
individual cells or by modeling cell populations as continuous fields 
[11,24–27].

With more recent interest in systems modeling approaches [28], 
several challenging modeling problems arise, such as how spatial 
and temporal discretization can be resolved at the cell and tissue 
scales. Another open question concerns the choice between one- or 
two-way coupling of tissue mechanics and cell signaling. In one- 
way coupling, the cell-scale model drives G&R without any 
feedback. However, in two-way coupling, the cell-scale model is 
assumed to be mechanosensitive and changes in the tissue-scale 
mechanical environment as a consequence of G&R can feedback to 
affect the cell-scale model. The cell-scale systems biology model 
can be described with either systems of ordinary differential 
equations (ODEs) or PDEs, the latter accounting for spatial variation 
in species via processes such as diffusion. It is not clear how these 
modeling choices affect the multiscale G&R model.

Most computational models of G&R coupled with systems 
biology have relied on commercial software [27], which is often 
difficult to customize for specific research needs. Commercial 
platforms have been used to model G&R, but they often require user- 
defined subroutines (such as ABAQUS). Infrequently, custom in-house 
code may be provided, which is a less desirable option for the 
purposes we have outlined. Moreover, user subroutines for 
commercial software and in-house codes have no guarantee of 
forward compatibility. The use of commercial and in-house 
software limit innovation and reproducibility and creates barriers 
for researchers or educators who may not have the resources or 
training to access or modify these tools. The interdisciplinary nature 
of multiscale G&R highlights the clear need for open, transparent, 
and customizable computational tools to support collaborative 
research. Two notable open-source finite element software packages 
are common within the biomechanics community–FEBIO (finite 
elements for biomechanics and biophysics [29])3 and FENICS

4 [30].
FEBIO is tailored for the biomechanics community, with relevant 

material constitutive models, boundary conditions, and physics built 
in. Users can define and run problems within FEBIO’s friendly 
graphical user interface (GUI). FEBIO is extendable through user- 
generated dynamically linked libraries built from Cþþ code [31]. 
Recently, a model repository was added that enables users to submit 
their published models. Currently, FEBIO supports growth based on 
constrained mixture theory. A basic implementation of kinematic 
growth is provided, which users have previously extended through 
the plugin interface [32].

3https://febio.org
4https://fenicsproject.org
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FENICS is a general-purpose software for solving partial differen
tial equations and can be imported as a module in python or built 
from Cþþ code. FENICS takes advantage of just in time compilation 
(JIT) and autodifferentiation, allowing users to define problems 
without extensively deriving tangents used during linearization of 
the nonlinear finite element weak forms. On occasion, FENICS have 
been used to simulate kinematic growth and remodeling [14,33].

Here, we develop open-source software for multiscale simu
lations of kinematic G&R of soft tissues driven by mechanosensitive 
signaling networks of chemical species described using the standard 
approach in systems biology. This effort is motivated by the 
fundamental need to integrate mechanosensitive systems biology 
with simulations of multiscale G&R. We view a mixture-level 
balance of the mass equation as central to coupling outputs of cell 
signaling to mathematical formulations for tissue growth. As a first 
step toward this goal, we focus on KG theory over CM theory 
because KG theory is more conceptually straightforward, is less 
computationally demanding, and CM theory is already sufficiently 
available within FEBIO.

We demonstrate the software capabilities through examples of (1) 
growth of a tissue graft with systems biology modeled by mass- 
action kinetics, and (2) aneurysm growth with systems biology 
driven by Hill-type kinetics. These problems are solely illustrative 
and detailed biological and physical aspects found in the literature 
are not considered here for simplicity. For each case, we compare 
one-way coupling (morphoelastic; i.e., biochemical signaling 
influences the growth formulation) and to-way coupling (biochem
ical signaling parameters are mechanosensitive and influence the 
growth formulation). The biochemical signaling for each example 
features position-dependent aspects to demonstrate growth hetero
geneity. Additionally, the differences in ODE and PDE approaches 
for systems biology modeling are compared. With the goal of 
providing free, user-friendly, open-source software implementa
tions to the biomechanics and mechanobiology communities, we 
implement and cross-verify our solutions in the open-source finite 
element software packages FEBIO and FENICS.

2 Methods

We first review the kinematic growth theory within the context of 
solid tissue mechanics. Second, we define the governing equations 
for chemical evolution. This includes statements for mass-action 
chemical kinetics of molar concentrations, logic-based kinetics for 
normalized activity levels, and diffusive transport (for systems of 
PDEs). Third, we provide an overview of software implementations 
for FEBIO and FENICS. Finally, we describe the benchmark test 
problems.

2.1 Kinematic and Mechanics 

2.1.1 Kinematics of Deformation. In continuum mechanics, 
constitutive models relate the energy in the form of stress that is 
required to deform a material from an initial to a deformed 
configuration. The motion v maps position vectors X associated with 
the initial (material) configuration X0 to position vectors x in the 
deformed (spatial) configuration X via x ¼ vðX, tÞ. Thus, the 
deformation gradient is a two-point tensor given by 

F ¼ rv ¼
@x

@X
� Gradx (1) 

where Grad � @=@X. Kinematic growth theory assumes that growth 
results from separate, successive deformations so that the deforma
tion gradient can be multiplicatively decomposed as [8,34] 

F ¼ FeFg (2) 

where the first deformation gradient (Fg) occurs due to growth, and 
yields a fictitious “intermediate configuration” X� characterized by 
overlapping regions of newly grown material. The specific 
formulation of Fg depends on a user-defined relationships between 

a stimulus and the rate of growth (detailed below). Adjacent material 
volumes may overlap in the intermediate configuration (i.e., the 
growth of one subregion is not constrained by the boundaries of its 
neighbors). The elastic deformation Fe maps kinematic quantities 
from the intermediate configuration X� to the final deformed 
configuration X. This accounts for surface or body loads, as well as 
the stresses needed to resolve material overlap introduced in the 
intermediate configuration.

Kinematic growth theories are appealing due to the ease of 
formulating the growth tensor as a function of any stimulus. The 
simplest formulations constrain Fg to an orthonormal, symmetric 
positive-definite tensor of the form 

Fg ¼
XN

i¼1

#ini � ni , N 2 1, 2, 3f g (3) 

where #i are scalar growth stretches along the orthogonal directions 
ni [35]. In the absence of growth, #i ¼ 1 and Fg ¼ I where I is the 
identity tensor. Three types of growth can be produced from these 
constraints: line- (N ¼ 1), area- (N ¼ 2), and volume- (N ¼ 3) type 
growth. Other formulations may be explored at added computational 
and theoretical costs [34,36]. The specification of Fg is assumed 
from measurements of tissue-level growth and the organization of 
individual tissue constituents (e.g., matrix fibers, cardiomyocytes, 
etc. [35,37]). In this work, the rate of growth _# is postulated to be 
given by 

_# ¼ kð#Þ/ð•Þ (4) 

where kð#Þ is a function restricting unlimited growth, and /ð•Þ is the 
environmental function that scales the rate of growth in response to 
local conditions (e.g., stress, molar concentrations, etc..) 
[27,35,37,38]. The growth rate and environmental function reflect 
bioregulatory mechanisms that modulate growth in response to 
disruptions or deviations in state (e.g., mechanical stress). These 
mechanisms tend to return to homeostatic mechanical states but may 
also tend toward maladaptive states in response to disease.

We implemented kð#Þ as a bandpass function given by the sum of 
oppositely oriented sigmoidal functions 

k #ð Þ ¼ #min þ #max

1

1þ exp − #−#a

c

� �þ
1

1þ exp − #þ#a

c

� �

0

@

1

A

(5) 

where #min, #max, #a, and c are user-defined parameters.
For this study, the environmental function / is related to the 

chemical kinetics of a biochemical species a with molar concen
tration (per unit volume in the reference configuration) denoted as 
ca. Specific formulations for kð#Þ and / are provided in the 
description of each test problem. The current growth stretch at each 
time is approximated through a Euler scheme as #n ¼ #n−1 þ Dt _#.

2.1.2 Mechanics of Kinematic Growth. To solve for the 
unknown deformation gradients F and Fe, we first postulate Fg 

which maps from the referential configuration to the intermediate 
configuration. The intermediate configuration is considered stress- 
free since growth is assumed to occur over a much longer time scale 
than subsequent elastic deformations and the daily energy needed 
for the thermodynamics of growth is negligible [39,40]. Fe maps 
from the intermediate configuration to the deformed configuration 
and introduces the elastic stress tensor Se associated with the 
intermediate configuration X�. The second Piola–Kirchhoff stress 
tensor is related to the elastic stress by the pull-back S ¼
JgFg−1SeFg−T where Jg ¼ det Fg. The Cauchy stress follows via 
the push-forward operation [34]: 

r ¼
1

J
FSFT ¼

1

Je
FeSeFeT (6) 
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As a consequence of timescale differences, kinematic growth 
theories postulate the strain-energy function We to capture the strain 
energy required to move from the intermediate configuration X� to 
the deformed configuration X. To evaluate We, we define the elastic 

and growth right Cauchy-Green deformation tensors as Ce ¼ FeTFe 

and Cg ¼ FgTFg, respectively. Similarly, the change in volume J ¼
det F (i.e., the Jacobian) can be split into elastic and growth 
contributions Je and Jg via J ¼ ðdet FeÞðdet FgÞ ¼ JeJg. In this 
study, the strain energy We was given by the unconstrained, coupled 
hyperelastic neo-Hookean constitutive model 

We Ceð Þ ¼ c1 Ie
1 − 3ð Þ− 2c1 ln Je þ

K

2
ln Jeð Þ

2
(7) 

where c1 is a material constant, Ie
1 ¼ trðCeÞ is the first invariant of the 

right Cauchy–Green strain tensor, and K is a material constant 
similar to the bulk modulus. The second Piola–Kirchhoff stress in 
the intermediate configuration is computed from the elastic strain 
energy via 

Se ¼ 2
@We

@Ce (8) 

The Cauchy stress follows from Eq. (6).

2.2 Formulation of Chemical Kinetics in Systems 
Biology. We base our formulation of chemical kinetics on the 
works of Refs. [41] and [42]. Soft biological tissues are typically 
hydrated materials containing a solid phase and an interstitial fluid 
phase. Chemical species may move with either the solid or the fluid 
phase. A comprehensive framework would need to account for the 
evolution of these phases as well as their volume fractions, 
orientations, and the diffusive drag between phases (i.e., the 
hydraulic pressure of the interstitial fluid). For the present study, 
we relax these assumptions since their contributions are minimized 
by the difference in time-scales between mechanical loading, tissue 
growth, and chemical kinetics. We assume that solid tissue 
deformation does not directly affect chemical kinetics, we do not 
explicitly model the interstitial fluid, and we assume ideal behavior 
of chemical species. More information about these assumptions is 
provided in Sec. A.1.

2.2.1 Mass-Action Kinetics. A generic mass-action chemical 
reaction is given by 

X
�a

Rca $
X

�a
Pca (9) 

where the molar concentration of a chemical species a is given by ca, 
�a

R is the stoichiometric coefficient of species a as a reactant, and �a
P 

is the stoichiometric coefficient of species a as a product [41,42]. 
The net stoichiometric coefficient for species a is thus �a ¼ �a

P − �a
R. 

The molar supply ĉa
i is related to the production rate ̂fi of chemical 

reaction i according to 

ĉa
i ¼ �

a
i f̂i (10) 

The associated mass-action molar production rates are given as 

f̂F ¼ kF

Y

a

cað Þ
�a

R , f̂R ¼ kR

Y

a

cað Þ
�a

P ,

f̂ ¼ f̂F − f̂R ¼ f̂F 1 − kR

kF

Y

a

cað Þ
�a

" #

(11) 

for forward, reverse, and reversible reactions, respectively. 
Implicitly available concentration supplies ðĉa

qÞ and sinks ðĉa
dÞ are 

modeled with the mass-action kinetics given when �a
i ¼ 1 

ĉa
q ¼ kq, ĉa

d ¼ −kdca (12) 

2.2.2 Logic-Based Reaction Kinetics. The kinetics of complex 
biochemical signaling networks may be simplified via logic-based 
governing equations in the form of normalized Hill equations as 
demonstrated by Ref. [12]. Here, concentrations or activity levels of 
biochemical species are normalized in the range ca 2 ½0, 1�. The 
concentration/activity levels evolve through activation or inhibition 
by other signaling members which are governed by a Hill function 
f 2 ½0, 1�. The molar production rate is found by scaling the Hill 
function f with the weight kH 

ĉa
i ¼ kHf a

i (13) 

where i indicates a unique reaction. First, we consider the production 
rate ĉa

!b which represents the production rate of a species a in 
response to activation (!) by a secondary species b. The 
normalized Hill activation function is given by 

f a
!b ¼

B cbð Þ
n

Kn þ cbð Þ
n (14) 

where B ¼ ðECn−1
50 − 1Þ=ð2ECn−1

50 − 1Þ, K ¼ ðB − 1Þ
ð1=nÞ

, n is the 
Hill coefficient, and EC50 is the value of cb at which half of the 
maximal activation of a occurs. The inhibition (:) of species 
productions is determined via Boolean logic. For example, consider 
the normalized production rate of a species a that can be inhibited by 
a tertiary species c 

ĉa
:c ¼ kHð1 − f a

!cÞ ¼ kHf a
:c (15) 

where : is the Boolean NOT operator. The Boolean AND operator 
(Ù) allows us to consider the simultaneous activation of a by b and 
inhibition of a by c 

ĉa
!b Ù:c ¼ kHðf

a
!bð1 − f a

:cÞÞ (16) 

2.2.3 Chemical Transport. In this study, chemical transport 
occurs solely due to diffusion, i.e., 

ja ¼ −Darca ¼ −da � grad ca,
@ca

@t
¼ Dar2ca

¼ gradca � da � gradca (17) 

where ja is the molar flux, da ¼ DaI is the isotropic diffusivity 
tensor, and grad � @=@x. The general expression for the total molar 
change is given by the sum of diffusive and reactive terms for each 
chemical species a and each chemical reaction i, i.e., 

dca

dt
¼ Dar2ca þ

X

i

ĉi (18) 

2.3 Software Implementation and Solution Strategies 

2.3.1 Code Implementation. The G&R models are imple
mented in the open-source finite element software packages FEBIO 

[29] and FENICS [30]. FEBIO is available as an executable application 
alongside FEBIOSTUDIO—a graphical user environment that can be 
used for all steps in the simulation pipeline including model 
generation, solution, data analysis, and visualization. FENICS is a 
general tool for solving PDEs governed by weak forms defined in 
symbolic expressions using the FENICS Form Language. The input 
files for the test problems in this study are available on GitHub at the 
following links.5,6

Mechanosensitive KG is implemented in FEBIO version 4.7 as a 
custom plugin (dynamically linked library) that can be imported into 
FEBIO [31]. The plugin extends the standard FEBIO solver modules to 

5https://github.com/febiosoftware/FEBioERD
6https://github.com/amir-cardiolab/Multiscale_mechanobiology_GR
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introduce Hill-type kinetics and stress-dependent KG and reaction 
kinetics. The plugin also relaxes some default assumptions (see 
Sec. A.4 for full details). Model geometry, meshing, physics, and 
coefficients are specified through an xml-formatted text file. Users 
can generate models and assign coefficients through the FEBIOSTUDIO 

graphical interface or manually edit input files. Model results can be 
visualized in FEBIOSTUDIO or exported to VTK format for visual
ization in PARAVIEW.

Mechanosensitive KG is implemented in FENICS (FENICS 2019.1.0, 
Python 3.6). A python script establishes the mechanical and 
chemical equations and a main subroutine to step through the 
solution and save model outputs, and read model inputs (the 
geometry, mesh, and coefficients). Model results are exported to 
xdmf/h5 formats for visualization in PARAVIEW.

2.3.2 Solution Strategies. Although the same statement of virtual 
work applies to models in FEBIO and FENICS, the implementation 
strategies used to linearize and discretize the solutions differ as 
summarized in Fig. 1. In FEBIO, we employed a single solver to a 
monolithic problem where the linearization and discretization are 
explicitly derived and hard-coded. In FENICS, we employed 
separate solvers to evaluate nodal displacements u and 
nodal chemical concentrations ca, …, ccf g

T
¼ c, and the linearization 

and discretization were achieved through autodifferentiation functions.
For both cases, we explore one-way and two-way coupling of the 

systems biology and mechanics (Fig. 1). The one-way coupling 
mechanism assumes that growth is solely driven by biochemical 
signaling where reaction rates and prescribed concentrations are 
independent of mechanical forces. The to-way coupling mechanism 
assumes that reaction rates or prescribed concentrations are 
reciprocally sensitive to stress (enforced by the scaling functions 
sðrÞ defined in Secs. 2.4.3 and 2.5.3).

2.3.3 Finite Element Specification. Tetrahedral elements are 
used for all meshes. In FENICS, we are limited to four node 
tetrahedrons (tet-4, on-vertex nodes) equipped with quadratic 
interpolation and straight element edges. In FEBIO, 10-node 

tetrahedrons (tet-10, on-vertex, and midedge nodes) are equipped 
with quadratic interpolation and curved element edges.

2.4 Test Problem 1: Axial Growth of a Tissue Graft 

2.4.1 Problem Overview. The first test problem demonstrates 
tissue-level differential growth of an idealized cubic tissue graft 
over 10 years (Fig. 2(a)). Growth occurs downstream of nutrients 
produced by a synthesis reaction and implicitly generated supplies 
as modeled by spatially varying mass-action kinetics. We model 
mechanosensitive growth by scaling implicit production rates 
dependent on local stress. Finally, we demonstrate the effects of 
diffusive transport on growth for the one-way cases.

2.4.2 Graft Geometry and Displacement Boundary 
Conditions. The graft is idealized as a unit cube (1 mm3, Fig. 
2(a)). A 1

4 
symmetry geometry is employed to model only one 

quadrant of the graft (split along the X- and Y-axes). Symmetry 
boundary conditions are applied by constraining the displacement of 
surfaces coinciding with the x-axis to the XZ plane and those of the 
y-axis to the YZ plane. The bottom of the graft is fixed.

2.4.3 Graft Systems Biology. A system of differential equations 
with arbitrary chemical species A, B, and C is modeled with 
chemical reactions, implicit concentration supplies, and implicit 
species degradation governed by 

Aþ B!
kF

C , Mass action reaction (19) 

A, B, C!
ka

d

½ � , Implicit degradation (20) 

½ �!
ka

q

A, B, C : Implicit supply (21) 

To illustrate differential growth (e.g., due to a spatial distribution of 
solid-bound enzymes, cells, or other upstream stimulus), the 
production rate of one species for each case is specified as a 
function of position kqðXÞ (one-way coupling) or a function of 

Fig. 1 Algorithms used in FEBIO and FENICS. The solution in FEBIO is monolithic (i.e., nodal displacements u and 
nodal concentrations c are solved from a single virtual work equation). The solution in FENICS first evaluates 

virtual work for nodal concentrations c and then solves for nodal displacements u. One-way coupling and two- 
way coupling are applied after by updating s(r) after solving u and c.
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position and stress kqðX, rÞ (two-way coupling). The positional 
dependence is introduced through the function 

qgraft Xð Þ ¼ exp − 10

3
jXj þ jYjð Þ

2

� �

(22) 

where X and Y are coordinates in the reference configuration (Fig. 
2(a)). For two-way coupling, the Cauchy stress is calculated after 
each step, and the term kqðX, rÞ is updated based on this stress. These 
position-dependent production rates may represent a heterogeneous 
quality of the tissue (e.g., distribution of solid-bound enzymes, cells, 
or some upstream stimulus). The production rates are formulated as a 
function of the initial two-dimensional position given by 

kq Xð Þ ¼ qgraft Xð Þ , one-way coupling (23) 

kq X, rð Þ ¼ qgraft Xð Þs rð Þ , two-way coupling (24) 

where sðrÞ is a sigmoid function dependent on the trace of Cauchy 
stress trðrÞ given by 

s rð Þ ¼ a0 þ
aamp

1þ exp − tr rð Þ− s0

b

� � (25) 

with a0 ¼ 1:0, aamp ¼ 10:0, b ¼ 0:05, and s0 ¼ 0:3. The parameters 
for the bandpass function 5 are set to #min ¼ 0:0, #max ¼ 1:0, 
#a ¼ −3:0, and c ¼ 0:3. The initial concentration for each species is 
0 mM. The resulting governing equations are summarized as 

dcA

dt
¼ Dr2cA − kFcAcB þ kA

q − kA
d cA (26) 

dcB

dt
¼ Dr2cB − kFcAcB þ kB

q − kB
d cB (27) 

dcC

dt
¼ Dr2cC þ kFcAcB þ kC

q − kC
d cC (28) 

Four different cases are presented for test problem 1 to illustrate the 
influence of coupling schemes, diffusivity, and spatial 
heterogeneity inherent to biological tissues. The parameters for 
these cases are listed in Table 1. Different diffusivities D 2

0, 1� 10−10, 1� 10−9, 1� 10−8
� �

mm2=year are evaluated for 
the one-way coupled systems.

2.4.4 Kinematics of Graft Growth. The growth tensor is con
strained to line-type growth in the vertical direction [34,43] 

Fg ¼ Iþ ½#− 1�nZ � nZ , (29) 

where # is obtained using Eq. (4) with the environmental function 
dependent on species C defined as 

/ð _cCÞ ¼ _cC (30) 

with _cC approximated by a backward Euler scheme.

Fig. 2 Test problem descriptions. (a) A cubic tissue graft undergoes growth in the vertical (Z) direction. A 1
4 

symmetry mesh is used. Biochemical species A has a spatially varying production rate given by ̂cAðX, sÞ. The growth 

rate is proportional to biochemical species C. (b) A vessel experiences area-type growth (X, Y) in response to matrix 
metalloproteinases (MMP) downstream of TGFb. TGFb is spatially distributed according to the boundary condition 

c
TGFb
max ðX, sÞ. The signaling network is governed by logic-based kinetics (arrow: activation, blunted arrow: inhibition). 

The growth rate is proportional to the rate of MMP activity, which is inversely proportional to collagen concentration.

Table 1 Kinetic parameters used for the tissue graft problem cases 

kF kA
q kB

q kC
q kA

d kB
d kC

d

Case Coupling ðmM � yearÞ
−1

ðmM=yearÞ ðmM=yearÞ ðmM=yearÞ ð1=yearÞ ð1=yearÞ ð1=yearÞ

1 One-way 1 kqðXÞ 0.25 0 1 0.25 0.25
2 Two-way 1 kqðX, rÞ 0.25 0 1 0.25 0.25

3 One-way 1 0.25 1 kqðXÞ 0.25 0.25 1
4 Two-way 1 0.25 1 kqðX, rÞ 0.25 0.25 1
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2.5 Test Problem: Aneurysm Growth 

2.5.1 Problem Overview. The second test problem demon
strates tissue-level aneurysm growth in response to transforming 
growth factor beta (TGFb) signaling, inspired by examples in the 
literature [12,44,45]. Tissue growth occurs downstream of locally 
elevated TGFb over 8 years of growth. The signaling network 
dynamics are governed by logic-based kinetics (Fig. 2(b)). We 
model mechanosensitive growth by scaling TGFb activity in 
response to local stresses. Finally, we demonstrate the effects of 
diffusive transport on growth for the one-way cases.

2.5.2 Aneurysm Geometry and Displacement Boundary 
Conditions. An initially healthy vessel is represented by a 6 mm 
long tube with 0.5 mm inner and 0.65 mm outer diameters. A 1

8 
symmetry geometry (along X-, Y-, Z-planes) is represented with one 
octant of a tube with symmetry planes in the XY-, XZ-, and YZ-planes 
(Fig. 2(b)). Symmetry boundary conditions are similarly imposed by 
fixing the displacement of surfaces coinciding with along the X-axis 

to the XZ plane, those of the Y-axis to the YZ plane, and those of the 
Z-axis to the XY plane. Diffusive signal member fluxes are zero 
along the normals of symmetry faces. The vessel is pressurized to 
120 mmHg at the beginning of each simulation and is constantly 
applied over the course of eight years of growth.

2.5.3 Aneurysm Systems Biology. Aneurysm growth is a 
complicated process involving signaling between numerous bio
chemical pathways including TGFb. We model a simple TGFb- 
driven signaling network graphically described in Fig. 2(b) based on 
Ref. [12]. The primary species TGFb binds to cell surface receptors, 
which activates intracellular mitogen-activated protein kinase 
(MAPK) or Smad. MAPK and Smad translocate to the nucleus 
where MAPK activates expression of genes for matrix metal
loproteinases (MMP) and Smad activates the tissue inhibitors of 
metalloproteinases (TIMPs). MMPs and TIMPs affect the degrada
tion of the ECM and may release matrix-bound growth factors 
including TGFb. The activity of all species except for TGFb is 
modeled to decay due to various biophysical means (species 
degradation, competition, and receptor recycling, etc.). Due to the 
complexity and uncertainty of biochemical signaling and experi
mental measurements, logic-based kinetics are used to describe the 
governing equations. In a continuum, the activity of signaling 
members may be considered a normalized concentration reflecting 
the average activity level of local cells. For this problem, we assume 
that TGFb activity is elevated near the center of a vessel (due to 
stress, disease, etc.). MAPK and Smad are intracellular members 
and do not diffuse in our model. MMP and TIMP are soluble 
products and may diffuse. The position-dependent TGFb activity for 
this problem (Fig. 2(b)) is given by 

Table 2 Kinetic parameters and prescribed TGFb activity for the 
aneurysm problems 

Case Coupling
kH 

ð1=yearÞ cTGFbðXÞ cTGFb
max

1 One-way 1 cTGFbðXÞ 0.5
2 Two-way 1 cTGFbðXÞ 0.5
3 One-way 1 cTGFbðXÞ 1

Fig. 3 Results for test problem 1 (cubic tissue graft) cases 1 (one-way coupling) & 2 (two-way coupling) with no diffusivity (ODE 
chemical system). Growth results downstream of biochemical species C. The supply rate of species A is position-dependent. (a) 
Tissue growth (volume ratio) occurs over a period of 10 years (FEBIO results shown). (b–d) Comparison between FEBIO and FENICS of 

volume ratio, trace of Cauchy stress, and concentration of chemical species C. A surface view and a 3
4 

symmetry exposed view is 
presented to visualize the external and internal growth. Simulation results are qualitatively nearly identical. The absolute 
differences in distributions between FEBIO and FENICS data fields are quantified (right column of (b–d)) with color maps that vary to 
indicate quantiles (q) that correspond to 5% (blue), 50% (i.e., the median and gray), and 95% (red). (a and b) Growth is more 
homogenous in the two-way case than the one-way case. The greatest growth is observed in the center of each case. (c) The two- 
way coupling facilitates negative feedback, reducing stress throughout the graft. (d) Production of species C increased at the 

center and top of the graft due to two-way coupling. Quantified differences are generally orders of magnitude below the range for 
the corresponding data fields, with no clear differences appearing. (Color version online.)
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qvessel Xð Þ ¼ exp − jZj
3

3

� �

(31) 

For the two-way coupling method, we evaluate the effect of 
mechanosensitive TGFb activity by calculating the Cauchy stress 
after each step and prescribing TGFb activity ðcTGFbÞ based on this 
stress. The governing equations are detailed as follows: 

cTGFb ¼
cTGFb

max qvessel Xð Þ one-way coupling

cTGFb
max qvessel Xð Þs rð Þ two-way coupling

(

(32) 

dcMAPK

dt
¼ kHf MAPK

!TGFb − kdcMAPK (33) 

dcSmad

dt
¼ kHf Smad

!TGFb − kdc Smad (34) 

dcMMP

dt
¼ Dr2cMMP þ kHf MMP

!TGFb Ù:TIMP − kdcMMP (35) 

dcTIMP

dt
¼ Dr2cTIMP þ kHf TIMP

!Smad − kdcTIMP (36) 

where n ¼ 1:2, EC50 ¼ 0:5, a0 ¼ 1:0, aamp ¼ 1:0, b ¼ 0:2, and 
s0 ¼ 0:05. The degradation rate is kd ¼ 0:25 year−1 for all species 
except the solid-bound TGFb.

One-way and two-way coupling is introduced through the 
prescribed initial condition for cTGFb. The one-way coupling 
approach defines cTGFb solely by the position along the axis of the 
vessel (coinciding with the Z direction; Z¼ 0 is the center of the 
vessel). The two-way coupling approach additionally defines cTGFb 

as a function of the mechanosensitive sigmoidal function sðrÞ. The 
same parameters for sðrÞ and kð#Þ were used as in test problem 1. 
The initial concentration of all other species is zero.

Three cases are presented to illustrate the influence of coupling 
schemes, diffusivity, and spatial heterogeneity inherent to aneurysm 
growth. Case 3 also investigates the effect of stimulus intensity by 
doubling the prescribed initial concentration cTGFb. The parameters 
for these cases are outlined in Table 2. Diffusivity values D2

0,1�10−10,1�10−9,1�10−8,1�10−7,1�10−5
� �

mm2=year are 
evaluated for MMP and TIMP for case 1.

2.5.4 Kinematics of Aneurysm Growth. Area-type growth is 
constrained along the radial direction of the vessel (i.e., normal to 
the axial direction nZ of the vessel) [43] 

Fg ¼
ffiffiffi
#
p

Iþ ½1 −
ffiffiffi
#
p
�nZ � nZ : (37) 

MMP simultaneously degrades collagen and releases matrix-bound 
growth factors which contribute to delayed collagen deposition. 
This results in both decreases and increases in total collagen, yet 
MMP concentration is overall correlated with tissue growth [46]. 
This discrepancy is explained by either a decrease in the collagen 
volume fraction (resulting in tissue-level volumetric increases due 

Fig. 4 Results for test problem 1 (cubic tissue graft) cases 3 (one-way coupling) & 4 (two-way coupling) with no diffusivity (ODE 
chemical system). Growth results downstream of biochemical species C. The supply rate of species C is position-dependent. 
(a) Tissue growth (volume ratio) occurs over a period of 10 years (FEBIO results shown). (b–d) Comparison between FEBIO and FENICS 

of volume ratio, trace of Cauchy stress, and concentration of chemical species C. A surface view and a 3
4 

symmetry exposed view 
are presented to visualize the external and internal growth. Simulation results again are qualitatively nearly identical. The absolute 

differences in distributions between FEBIO and FENICS data fields are quantified (right column of (b–d)) with color maps that vary to 
indicate quantiles (q) that correspond to 5% (blue), 50% (i.e., the median, gray), and 95% (red). (a and b) Growth is again more 
homogenous in the two-way case than the one-way case. The greatest growth is observed in the center of each case. (c) The two- 
way coupling facilitates negative feedback, reducing stress throughout the graft. (d) Production of species C increased at the 
center and top of the graft due to two-way coupling. Growth for cases 3–4 is greater than for cases 1–2, with the primary difference 
being which species has a position-dependent supply given by kqðXÞ or kqðX, rÞ. Differences are orders of magnitude below the 

corresponding data fields. For case 4, larger differences in trðrÞ and [C] appear along sharp gradients near the top surface, 
indicating that FEBIO and FENICS predict slightly different gradient boundaries. (Color version online.)
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to differences in density between individual tissue constituents and 
increased permeability of degraded tissues) or by the delayed 
addition of new collagen mass due to downstream effects of 
releasing matrix-bound growth factors [47–49]. To keep this 
illustrative model simple, we focus on the correlation between 
MMP concentration and aneurysm growth. The downstream 
processes are internally captured through /ð _cMMPÞ rather than 
explicitly tracking evolving collagen fractions 

/ _cMMPð Þ ¼ 6:5
dcMMP

dt
(38) 

where _cMMP is approximated by a backward Euler scheme.

2.6 Cross-Verification and Mesh Discretization Study. Cross- 
verification is performed by comparisons between FEBIO and FENICS 

results for fields associated with growth (relative volume), 
mechanics (Lagrange strain magnitude, trace of the Cauchy stress 
tensor), and reactive species levels. Test problems are qualitatively 
and quantitatively compared with PARAVIEW 5.11 (Kitware, Clifton 
Park, NY). Solutions from FEBIO tet-10 meshes are projected onto 

FENICS tet-4 meshes. Data fields from both software are appended to 
the new mesh and the absolute difference is calculated for relevant 
fields. The deformed fields are visualized with the average 
displacement. Due to the highly skewed nature of difference 
distributions, a blue-grey-red heat map is modified to correspond 
to the 5th, 50th, and 95th quantiles of the absolute differences. 
Additional quantitative comparison is achieved through a mesh 
convergence study. The convergence of each software in response 
to one-way or two-way coupling is evaluated by mesh refinement 
(number of elements) and biasing (i.e., linearly varying the 
spatial interval between nodes to produce smaller or larger 
elements without affecting the total number of elements). Detailed 
mesh convergence results are provided in Supplemental S1 
available in the Supplemental Materials on the ASME Digital 
Collection.

Test problem 1 (tissue graft) is discretized with 120, 324, 672, 
1,200, 9,600, or 32,400 elements (see Supplemental Figure S1 
available in the Supplemental Materials). We also investigate 
biasing elements to be smaller in regions of high growth in the center 
(0,0,1) and at the corner (0.5, 0.5, 1). There are a total of 12 meshes 
with six levels of element discretization and two levels of biasing 
(unbiased and biased). Convergence of the relative volume, trace of 

Fig. 5 Selected results for test problem 1 (cubic tissue graft) case 1 (one-way coupling) with diffusivity (PDE). Growth results 

downstream of biochemical species C. The supply rate of species A is position-dependent. (a) Tissue growth (volume ratio) occurs 
over a period of 10 years (FEBIO results shown). (b–d) Comparison between FEBIO and FENICS of volume ratio, trace of Cauchy stress, 
and concentration of chemical species C. A surface view and a 3

4 
symmetry exposed view are presented to visualize the external 

and internal growth. Simulation results are qualitatively nearly identical. The absolute differences in distributions between FEBIO 

and FENICS data fields are quantified (right column of B-D) with color maps that vary to indicate quantiles (q) that correspond to 5% 
(blue), 50% (i.e., the median, gray), and 95% (red). Growth (volume ratio), stress, and species C profiles become more spatially 

homogenous with increasing diffusivity. Differences are orders of magnitude below the corresponding data fields and decrease 
with moderate diffusivity. (Color version online.)
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stress, and concentration cC are compared for each mesh and 
software at the top surface of the graft.

Test problem 2 (aneurysm) is discretized with 450, 1,920, 5,400, 
8,100, 24,000, or 52,500 elements (see Supplemental Figure S6 
available in the Supplemental Materials on the ASME Digital 
Collection). We also consider biasing elements to be smaller in 
regions of high growth near the center of the Z axis (plane normal to 
0,0,1) and toward the intimal and abluminal walls (r ¼ 0.5, 0.65). 
This results in 12 meshes similar to the first test problem. 
Convergence of the relative volume, trace of stress, and cMMP are 
compared for each mesh and software at the luminal surface near 
r ¼0.5, Z ¼ 0.

3 Results

3.1 Test Problem 1: Tissue Graft. Figures 3 and 4 show 
growth patterns for graft cases 1–4 at different times with contour 
plots of the volume ratio (i.e., J ¼ V

V0
) (panels A). Cases 1 and 2 

appear to undergo constant growth over the course of 10 years. In 
contrast, cases 3 and 4 grow rapidly within the first 3 years but grow 
minimally afterward. Endpoint comparisons between FEBIO and 

FENICS are displayed for the volume ratio, trace of stress ðtrðrÞ), and 
the concentration of the morphogen species ½C� (panels B-D). An 
exposed view is also included to visualize internal distributions.

The two-way coupling schemes in cases 2 and 4 leads to 
modifications in patterns of growth when compared to cases 1 and 3. 
Notably, the two-way coupling models illustrate negative feedback 
where stress amplifies tissue expansion in regions of high stress. 
This results in more homogeneous distributions of growth, 
ultimately reducing stress and strain gradients.

The influence of chemical diffusivity for cases 1 and 3 (one-way) 
is illustrated in Figs. 5 and 6. Tissue growth, stresses, and 
biochemical species concentrations become more homogeneous 
with increasing diffusivity D. At high enough diffusivities, growth 
becomes nearly uniform and delocalized from the position- 
dependent production functions kqðXÞ

A 
and kqðXÞ

C
. The chemical 

kinetics of species C (which drives growth for each case) over time is 
summarized by the maximum and minimum concentrations 
associated with each model and diffusivity value in Fig. 7. Chemical 
equilibrium is reached shortly after 10 years for cases 1 and 2 but 
around 4 years for cases 3 and 4. Equilibrium took longer to achieve 
for cases 1 & 2 since the position-dependent source kqðXÞ

A 
was 

upstream of the morphogenic species C. With increasing diffusivity, 

Fig. 6 Selected results for test problem 3 (cubic tissue graft) case 1 (one-way coupling) with diffusivity (PDE). Growth results 

downstream of biochemical species C. The supply rate of species C includes a position-dependent component. (a) Tissue growth 
(volume ratio) occurs over a period of 10 years (FEBIO results shown). (b–d) Comparison between FEBIO and FENICS of volume ratio, 
trace of Cauchy stress, and concentration of chemical species C. A surface view and a 3

4 
symmetry exposed view are presented to 

visualize the external and internal growth. Simulation results are qualitatively nearly identical. The absolute differences in 
distributions between FEBIO and FENICS data fields are quantified (right column of (b–d)) with color maps that vary to indicate 
quantiles (q) that correspond to 5% (blue), 50% (i.e., the median, gray), and 95% (red). Growth (volume ratio), stress, and species C 

profiles become more spatially homogenous with increasing diffusivity. Differences are orders of magnitude below the 
corresponding data fields and decrease with moderate diffusivity. (Color version online.)
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the maximum and minimum values begin to converge toward the 
average concentration.

Results from FEBIO and FENICS are nearly identical for each case. 
Quantitative analysis indicates that the solutions only differ for two- 
way coupled cases near sharp gradients in the solution (Figs. 3 and 
4). Solutions for two-way coupled problems (cases 2 and 4) were 
more sensitive to mesh refinement and biasing elements toward 
regions of high growth (see Supplemental Figure S2–S5 available in 
the Supplemental Materials on the ASME Digital Collection).

3.2 Test Problem 2: Aneurysm. Figure 8 shows growth 
patterns for the aneurysm cases 1–3 at different times with contour 
plots of the volume ratio (i.e., J ¼ V

V0
) shown in panel A. An 

aneurysm forms for each case within 2 years, with case 3 predicting a 
larger aneurysm than cases 1 and 2. Aneurysms nearly triple in 
volume by year 8, with a double aneurysm emerging for case 3 
before year 5. Endpoint comparisons between FEBIO and FENICS are 
displayed for the volume ratio, trace of stress ðtrðrÞ), and the 
normalized activity [MMP] of matrix metalloproteinases (panels B- 
D). An exposed view of the lumen is also included to visualize 
internal distributions after 8 years of growth.

Differences between the one-way and two-way coupling schemes 
in cases 1 and 2 are less visibly pronounced than in the graft test 
problem. In case 3 (one-way, doubled TGFb activity), a single, large 
aneurysm rapidly forms by 2 years. The aneurysm begins to split 
around 5 years and a double coexisting aneurysm forms by 8 years. 
The average measures for trðrÞ increased compared to cases 1 and 2. 
However, the maximum values of trðrÞ for one-way coupling (cases 
1 and 3) are below those for two-way coupling (case 2), indicating 
more localized extreme tension due to two-way coupling.

The influence of chemical diffusivity for case 1 (one-way) is 
illustrated in Figs. 9 and 10. Tissue growth, stresses, and 
biochemical species concentrations become more uniform with 

increasing diffusivity D. At higher diffusivities, the vessel thickens 
rather than forming an aneurysm.

We examine the interesting emergence of the double aneurysm 
in case 3 by calculating the steady-state response of MMP to 
TGFb activity as done by Ref. [12]. The end-time profiles of 
TGFb and MMP are presented alongside the equilibrium 
sensitivity of MMP to TGFb in Fig. 11. MMP has a nonmonotonic 
relationship with TGFb, and MMP activity peaks when TGFb 
activity is roughly half maximal. Thus, doubling the TGFb 
concentration in case 3 leads to the spatial delocalization of MMP 
activity and growth from TGFb.

Results from FEBIO and FENICS are nearly identical for each case, 
with differences only occurring for case 2 (two-way) in regions with 
sharp gradients along the radial (transmural) direction (Figs. 8 and 
9). Simulation results are relatively insensitive to mesh refinement 
for case 1 and case 3 only displays sensitivity with respect to the 
trace of stress (see Supplemental Figures S7–S9 available in the 
Supplemental Materials). The two-way case (case 2) displays low 
levels of mesh sensitivity. Biasing the mesh toward the center or the 
lumen and abluminal wall had a minimal effect on solution values. 
FENICS models failed iterative convergence for cases 1–3 using the 
coarsest mesh (450 elements) and case 2 for the second coarsest 
mesh (1,920 elements). The coarsest meshes only discretize the 
vessel wall with 1–2 elements, which in combination with tet-4 
element formulations poorly capture transmural gradients.

4 Discussion

Advances in continuum biomechanics modeling have enabled 
tremendous progress in computational modeling of G&R [43]. 
However, mechanistic modeling of biological growth is still an 
emerging field facing numerous hurdles. First, parameterization and 
quantitative characterization of cell signaling pathways are 
challenging, particularly once more detailed signaling networks 

Fig. 7 Maximum and minimum concentration of species [C] is plotted during the time for test problem 1 (cubic 
tissue graft) cases 1–4. Production of [A] is position dependent in cases 1–2. Production of [C] includes a position 
dependent term for cases 3–4. Diffusivity reduces heterogeneity in the distribution of each chemical species as 
well as downstream growth. Case 4 exhibits an order of magnitude increase in [C] compared to case 3. Growth in 
case 4 does not reflect this increase due to the bandpass function.
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are considered [50]. Second, the nature of G&R is a multiscale 
process [43,51], which necessitates that coupling methodologies 
accommodate different spatial and temporal scales. This requires 
better integration of experimental correlations between tissue-level 
growth and cell-level signaling pathways. Third, systems biology 
often models signaling pathways via normalized molar concen
trations or activity levels while continuum mechanics tracks the real 
mass (density) of each constituent. These approaches help constrain 
chemical evolution and are useful when experimental measures for 
concentration and reaction kinetics are unknown or difficult to 
establish. Fourth, cell-level behavior (mechanosensitivity, signaling 
pathways, mutant phenotypes, etc.) is stochastic and some variation 
in cell-level behaviors is lost. Continuum approaches model the 
average tissue behavior and does not explicitly model cell growth 

and migration. Finally, the effective chemical concentration that is 
sensed at the cellular level may greatly differ from the concentration 
as measured per tissue-scale volume. This discrepancy emerges due 
to structural simplifications (e.g., tissue porosity), changes in the 
tissue volume due to elastic deformation, and osmotic effects. While 
these may be modeled within the framework of mixture theory, 
doing so introduces additional field variables (e.g., fluid pressure), 
greatly complicating linearization and discretization of the govern
ing equations as well as computation time and resource 
management.

In this study, we present a multiscale G&R model coupled with 
systems biology to study the interaction between cell-scale signaling 
events and tissue-scale growth. We adopt the growth rate Eq. (4) 
from Ref. [35] to drive growth based on chemical species rather than 

Fig. 8 Results for test problem 2 (aneurysm) cases 1 (one-way coupling), 2 (two-way coupling), and 3 (one-way coupling, doubled 

TGFb activity) with no diffusivity (ODE chemical system). Growth results due to MMP activity downstream of TGFb. The supply rate of 
TGFb is position-dependent. (a) Aneurysm growth (volume ratio) occurs over a period of 8 years (FEBIO results shown). (b–d) 
Comparison between FEBIO and FENICS of volume ratio, trace of Cauchy stress, and MMP activity. Views of the abluminal and luminal 
walls are presented to visualize external and internal growth, respectively. Simulation results are qualitatively nearly identical aside 
from case 2 where the differences are limited to the abluminal surface. The absolute differences in distributions between FEBIO and 
FENICS data fields are quantified (right column of (b–d)) with color maps that vary to indicate quantiles (q) that correspond to 5% (blue), 

50% (i.e., the median, gray), and 95% (red). (a and b) Growth (volume ratio) changes only slightly on the abluminal wall due to two-way 
coupling. Doubling the prescribed TGFb in case 3 leads to a double aneurysm. (c) The max stress increases for case 2. The max and 
min stress become more extreme for case 3, indicating more tension and compression. (d) MMP activity redistributes in response to 
two-way coupling (case 2) and doubling the prescribed TGFb activity (case 3). Regions of MMP activity around 0.25 correlate to 
regions with the greatest growth. Differences are orders of magnitude below the corresponding data fields. For case 2, larger 
differences in trðrÞ and [C] appear along sharp gradients near the center of the abluminal surface. (Color version online.)
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directly based on mechanical stress. This contrasts with most other 
kinematic growth modeling frameworks, where the growth tensor 
Fg is historically related to the stress or strain [39,52–54] with fewer 
KG studies relating Fg to chemically driven systems biology 
[27,49,55]. Reactive kinetics are modeled by mass-action or logic- 
based Hill-type kinetics, the latter of which has more recently been 
adapted for finite element modeling of G&R [2,12,32,56]. We model 
mechanosensitive homeostatic and maladaptive regulatory mecha
nisms through scaling of reaction kinetics by the stress-sensitive 
control function (Eq. (25)).

The illustrative examples presented here demonstrate potential 
roles of mechanosensitivity in growth processes. For the tissue graft 
problem, two-way coupling redistributes morphogenic chemical 
species and downstream tissue growth. Compared to one-way 
coupling, two-way coupling results in lower magnitude measures of 
stress and stress gradients characteristic of homeostatic negative 

feedback loops (Figs. 3(c) and 4(c)). The effects of two-way 
coupling are more subtle for the aneurysm problem, where its effects 
are restricted to the abluminal surface. This may be due to implicit 
constraints on the chemical evolution due to normalized, logic- 
based chemical kinetics and inhibition of MMP by TIMP, as well as 
the prescribed TGFb boundary condition. Compared to one-way 
coupling, two-way coupling results in elevated measures of stress 
near the abluminal surface - characteristic of a maladaptive positive 
feedback loop (Fig. 8(c)). These subtle differences may affect the 
structural remodeling and integrity of the aneurysm.

The role of diffusive signaling modeled by PDEs is highlighted in 
each test problem. For the tissue graft, increased species diffusivity 
leads to uniform growth from localized morphogen production. In 
the aneurysm case, diffusivity may be a factor that influences 
whether a vessel progresses to an aneurysm or simply thickens. This 
presents an alternate means of restoring homeostasis when 

Fig. 9 Results for test problem 2 (aneurysm) case 1 (one-way coupling) with diffusive MMP and TIMP (PDE chemical system). 

Growth results due to MMP activity downstream of TGFb. The supply rate of TGFb is position-dependent. (a) Aneurysm growth 
(volume ratio) occurs over a period of 8 years (FEBIO results shown). (b–d) Comparison between FEBIO and FENICS of volume ratio, 
trace of Cauchy stress, and MMP activity. Views of the abluminal and luminal walls are presented to visualize external and internal 
growth, respectively. Simulation results are qualitatively nearly identical. The absolute differences in distributions between FEBIO 

and FENICS data fields are quantified (right column of (b–d) with color maps that vary to indicate quantiles (q) that correspond to 5% 
(blue), 50% (i.e., the median, gray), and 95% (red). Growth (volume ratio), stress, and MMP activity profiles become more spatially 

homogeneous with increasing diffusivity. With increased diffusivity, TGFb leads to vessel dilation/thickening rather than 
aneurysm growth. Differences are orders of magnitude below the corresponding data fields and decrease with moderate 
diffusivity. (Color version online.)
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compared to two-way coupling, whereby altering the diffusive 
properties of tissues and chemical species can reduce the 
heterogeneity of growth and stress distributions.

The aneurysm example is interesting because MMP production 
peaks at a region of half maximal TGFb. When TGFb levels rise 
above the optimal value, the aneurysm began to split (as seen in case 
3). We do not interpret the results of case 3 as a mechanism for the 
clinical presentation of double aneurysms since the biochemical 
systems biology is simplified for illustrative purposes. However, our 
results exemplify how kinematic growth theories may be used to 
identify potential mechanisms for growth phenomena to be further 
evaluated experimentally.

One theoretical oversight of the aneurysm example is that we 
simulate growth in response to MMP without remodeling of the 
matrix constituents (i.e., the material parameters and constituent 
densities do not change despite implied changes in collagen, elastin, 
etc.). Nonetheless, the results of aneurysm cases 1 and 2 
qualitatively reproduce stress gradients observed in previous works 
where aneurysm growth was stress-driven without any consider
ation of the underlying systems biology [57]. Specifically, we find 
that the ends of the aneurysm (near axial positions Z¼ 0.5–1.5) are 
characterized by high stress gradients with the global maximum 
value spatially associated toward the healthy vessel and the global 
minimum value associated with the center of the aneurysm. 
Additionally, aneurysm case 2 demonstrates slightly greater growth 
in regions 1 mm from the center of the aneurysm (Fig. 10). Similar 
trends in growth are observed in Ref. 30] for cases where vessels 
experienced axial displacement or cases where the collagen fibrils 

were oriented > 40 deg diagonally with respect to the axial 
direction.

Previously published studies of G&R have primarily utilized 
commercial software (e.g., ABAQUS with user-defined subroutines 
defined via increasingly outdated FORTRAN code). Additionally, 
the linearization and discretization of these models are theoretically 
complicated which belies the inherent simplicity of kinematic 
growth theory. Collectively, this may hinder reproducibility and 
adoption of these simulation frameworks for kinematic growth 
theories since research teams often comprise multidisciplinary 
biomedical scientists rather than computational physicists with 
numerical expertise.

Through the course of this study, we found the autodifferentiation 
within FENICS to be a straightforward, elegant solution to this hurdle 
which has motivated us to further pursue the development of 
autodifferentiation in FEBIO. This would greatly simplify the 
extension the current G&R computational framework to be 
dependent on any user-defined variable of interest (e.g., stress, 
strain, and chemical species activity) and in more physiologically 
relevant constitutive frameworks (e.g., biphasic poroelasticity) 
without extensive additional software development.

5 Conclusion

We present kinematic growth theory coupled with systems 
biology in the open-source finite element software FEBIO and FENICS. 
Tissue growth was rate-driven in response to chemical species 
evolution rates as opposed to tissue stress or strain. Illustrative 

Fig. 10 Arterial thickness as a function of position along the Z axis (aligned with the axial direction) is plotted from the 

center to one end of the vessel after 8 years of growth for cases 1–3 (left, 1
2 

geometry). The initial thickness was 0.15 mm. 
Variations in arterial thickness after 8 years of growth due to species diffusivity (right). High diffusivity leads to uniformly 
distributed growth.

Fig. 11 Doubling the TGFb concentration in case 3 (one-way, ODE) led to a double aneurysm. 

This occurs due to the nonmonotonic relationship between TGFb and MMP due to TIMP 
inhibition of MMP [24]. At equilibrium, MMP activity peaks at regions where TGFb � 0:5 (as 
indicated by arrows).
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examples highlight the roles of mechanosensitive coupling and 
biochemical diffusivity during growth. We also cross-verify two 
open-source finite element software with nearly identical results. 
We hope that our freely available open-source software will enable 
others to apply and expand these developments in the broad field of 
systems mechanobiology.

Data Availability Statement

The software and input files for all test problems are freely 
available and open-source. FEBIO may be downloaded as an 
executable to develop models in a graphical interface at the 
following link.3 The source code and the input files for the FEBIO 

implementation are available at the following link. The code is 
included as a solver plugin, which is a dynamic-linked library 
(.dll) that the user includes at run-time. The source code and input 
files for the FENICS implementation are available at the following 
link.
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Appendix

A.1 Modifications to the Multiphasic Material Framework in 
FEBIO. Biological tissues are hydrated materials containing a solid 
phase and an interstitial fluid phase. Chemical species may move 
with either the solid (solid-bound molecules) or the fluid phase 
(solutes). FEBIO simulates realistic biological tissues in a multiphasic 
framework which can analyze solid, fluid, strain-dependent 
hydraulic permeability, mechanics, as well as solute and solid- 
bound molecule transport, reaction kinetics, osmotic pressures, and 
electrochemical potentials. However, due to the difference in time- 
scales between the biophysics of daily living and long-term growth 
and remodeling, we assume that the solutions may be approximated 
only from solid mechanics, solute kinetics, and solute diffusivity. 
Similar simplifications are prevalent in the kinematic growth 
literature [49,58–61]. FEBIO utilizes a monolithic solution approach 
for primary variables (in contrast, to FENICS wherein the user could 
develop an equivalent monolithic solver or separate solvers for 
mechanics and reaction/transport). Since the simulations in this 
work utilized only a subset of the capabilities of the multiphasic 
solver in FEBIO, we developed a separate, simplified version of the 
multiphasic solver that considers only displacement increments Du 
and concentration increments Dca. This was implemented as a solver 
plugin within FEBIO that solves (hyper-)elastic deformation and 
chemical species reaction and diffusion kinetics [31]. To provide 
equivalence with the physical assumptions implied by the separate 
solver approach used for the FENICS implementation, notable 
simplifications of the multiphasic solver include:

� Negligible influence of the solid-volume fraction ur (the 
volume fraction occupied by the nonreactive solid phase, i.e., 
ur ¼ 0). This limits the ability of our models to predict solid 
remodeling where hyperelastic potentials are related to the 
density of solid constituents (e.g., collagen).

� Negligible saturation (volume fraction ua) of chemical species w. 
r.t the solvent volume fraction uw (i.e., 

P
au

a � uw). This 

eliminates the need to consider viscous drag forces between 
solutes so that solute transport is analogous to Fick’s law of 
diffusion. It also eliminates the need to explicitly account for 
solvent supplies (water) or permeability/porosity, which may 
alternatively be modeled with an effective diffusion coefficient.

� Chemical concentrations are independent of volumetric 
deformation (i.e., ua is constant with respect to Du aside 
from the two-way coupling cases). Deformations due to Fg are 
slow enough that solute mass implicitly increases/decreases 
with tissue volume.

� Reaction kinetics are insensitive to stress and strain (i.e., no 
deviation from idealized kinetics). The signaling kinetics for 
the two-way coupling cases are only stress sensitive from a 
phenomenological, systems biology perspective (e.g., 
hypothesizing that cellular TGFb transcription/production is 
increased by stress/strain). However, more thermodynamically 
consistent models could also be used [33,62,63].

� Solute diffusivity is spatially isotropic and constant [49,60]. 
These assumptions could be relaxed in the future to allow 
modeling of anisotropic tissues.

� Electrochemical and osmotic potentials are negligible and 
solutes behave ideally. These potentials could be re-added to 
model swelling in highly hydrated tissues such as cartilage.

A.2 Useful Relationships and Derivatives. The fourth-order 
tensor products of two second-order tensors with an orthonormal 
Cartesian basis (i.e., ei ¼ e1, e2, e3f g) are defined as 

A� Bð Þijkl ¼ AijBkl

A�Bð Þijkl ¼ AikBjl

A�nB
� �

ijkl
¼ AilBjk

A� Bð Þijkl ¼
1

2
A�Bþ A�nB
� �

¼
1

2
AikBjl þ AilBjk½ �

Relevant derivatives are presented here 

@A

@A
¼ I�I

@AT

@A
¼ I �nI

@A−1

@A
¼ −A−1�A−T ,

@A−T

@A
¼ −A−T�nA−1

@tr Að Þ

@A
¼ I,

@det Að Þ

@A
¼ det Að ÞA−T 

A.3 Governing Equations and Virtual Work. The conservation 
of momentum for the solid is given by [41] 

q
Dv

Dt
¼ divr (A1) 

The conservation of mass for each chemical species a is given as 

@ca

@t
þ div jað Þ ¼ q̂a (A2) 

ca ¼
qa

Ma
, ĉa ¼

q̂a

Ma
(A3) 

D

Dt
ca þ divja ¼

X

i

ĉa
i (A4) 

where Ma is the molar mass of species a and i is summed over all 
reactions.

The linearization and discretization of the problems begin with 
defining the weak form of the problem via the statement of virtual 
work. The statement of virtual work arising from the axioms of 
conservation is 
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dW ¼ dGþ

ð

b

dv � divr dvþ
X

a

ð

b

dca D

Dt
ca þ divja

� �

dv (A5) 

where dca is the virtual molar energy of chemical species a. The 
contribution of reactions to virtual work is given by 

dG ¼
X

a

X

i

ð

b

dcaĉa
i dv (A6) 

with i is summed over all reactions and a summed over all chemical 
species. After applying the divergence theorem we separate the 
statement of virtual work into internal and external contributions 
given by 

dWint ¼ dGþ

ð

b

r : dds dvþ
X

a

ð

b

ja � graddca − dca @ca

@t

� �

dv

(A7) 

dWext ¼

ð

@b

½dvt � nþ
X

a

dcaja � n�da (A8) 

where dv is the virtual velocity of the solid phase, ds ¼
ðgraddvþ gradTdvÞ=2 (not to be confused with diffusivity tensors 
da), b is the body (volume) of interest, n is a normal to the surface 
of b.

A.4 Linearization and Discretization. Although the same 
statement of virtual work applies to models in FEBIO and FENICS, 
the implementation strategies used to linearize and discretize 
the solutions differ. In FEBIO, we employed a single solver to a 
monolithic problem where the linearization and discretization 
are explicitly derived. In FENICS, we employed separate solvers 
to evaluate nodal displacements and chemical concentrations 
where the linearization and discretization were achieved 
through autodifferentiation functions. The linearization and 
discretization are presented using the notation corresponding to 
each software.

A.4.1 Linearization in FEBIO. The incremental-iterative solution 
strategy in FEBIO emanates from linearization of the virtual work 
about a known configuration. Given the assumption of independ
ence between deformation and concentration incorporated in this 
work, linearization of the above virtual work statement can be 
written symbolically as 

dW þ DdW½Du� þ
X

a

DdW½Dca� � 0 (A9) 

where DdW½•� indicates the directional derivative of dW in the 
direction of • (Du or Dca). Linearization along a displacement 
increment Du is given by 

DðS : d _EÞ½Du� dV ¼ ½dds : C : Deþ r : ðgradTDu � graddvÞ� dv

(A10) 

where _E ¼ FT � D � F is the material time derivative of the strain rate 
deformation tensor, De ¼ ðgradDuþ gradTDuÞ=2 is the infinitesi
mal strain tensor, and C is the fourth-order spatial elasticity tensor 
given by 

C ¼ J−1½F�F� : C : ½FT�FT� (A11) 

The material elasticity tensor C is composed of elastic contributions 
from Ce 

and growth contributions Cg 
[35] 

C ¼ 2
dS F, Fgð Þ

dC
¼ Ce

þCg
(A12) 

The elastic contribution is given by 

Ce
¼ 2

@S F, Fgð Þ

@C

�
�
�
Fg
¼ Jg Fg−1�Fg−1½ � : Le

: Fg−T�Fg−T½ �

(A13) 

Le
¼ 2

@Se

@Ce

�
�
�
Fg

(A14) 

The growth contribution is given from 

Cg
¼ 2

@S F, Fgð Þ

@Fg jF :
@Fg

@#

� �

�
@#

@C
(A15) 

The first term is given by [35] 

@S

@Fg ¼ S� Fg−T − Fg−1�Sþ S�nFg−1
� �

− Jg Fg−1�Fg−1½ � :
1

2
Le

: Fg−T�nCe þ Ce�Fg−T
� �

(A16) 

The second term is determined by the type of growth. Symmetric 
linear and area type growth have the respective terms: 

@Fg

@#
¼

nk � nk line − type growth
1

2
ffiffiffi
#
p I − n? � n?½ � area − type growth

8
><

>:
(A17) 

where nk is along the direction of growth and n? is in the direction 
perpendicular to the plane of area growth.

The final term is found by evaluating the residual R and its tangent 
K: 

R ¼ #− #n − _#Dt (A18) 

K ¼
@R

@#
¼ 1 − Dt

@ _#

@#
(A19) 

@ _#

@#
¼ / _cð Þ

@k #ð Þ

@#
þ k #ð Þ

@/ _cð Þ

@#
(A20) 

The function /ð _cÞ is independent of #; thus 

@ _#

@#
¼ / _cð Þ

@k #ð Þ

@#
(A21) 

K ¼ 1 − Dt/ _cð Þ
@k #ð Þ

@#
(A22) 

The residual is evaluated with respect to C and rearranged to solve 
for @#

@C 

@R

@C
¼
@#

@C
− @ _#

@C
Dt ¼ 0 (A23) 

@#

@C
¼
@ _#

@C
Dt ¼ / _cað Þ

@k #ð Þ

@#

@#

@C
þ k #ð Þ

@/ _cað Þ

@ _ca

@ _ca

@C

� �

Dt (A24) 

@#

@C
¼

k #ð ÞDt

K

@/ _cað Þ

@ _ca

@ _ca

@C
(A25) 

where 

@/ _cað Þ

@ _ca
¼

@/ _cað Þ

@ _c
a ¼ growth species

0 a 6¼ growth species

8
<

:
(A26) 
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@k #ð Þ

@#
¼
#max

c

exp − #þ#a

c

� �

1þ exp − #þ#a

c

� �� �2
þ

exp − #−#a

c

� �

1þ exp − #−#a

c

� �� �2

0

B
@

1

C
A

(A27) 

@ _ca

@C
¼

J

2
F−1 � bca

e � F
−T (A28) 

bca
e ¼

@ĉa

@e
¼
X

i

�a
i
bfa

e,i (A29) 

bfe,i ¼
@f̂i

@e
¼

0 one−way coupling

@f̂i

@tr rð Þ
I : C two−way coupling

8
><

>:
(A30) 

The next two linearization terms in the direction of Du are 0 due to 
the assumptions made about minimal interactions between mechan
ics and chemical kinetics due to disparate timescales, i.e., 

D Ja � Graddcað Þ Du½ � dV ¼ 0, D dca @ca

@t

� �

Du½ � dV ¼ 0 (A31) 

where Ja ¼ JF−1jaF−T. The final linearization term in the direction 
of Du is given by 

DðdGÞ½Du�dV ¼
X

a

ð

b

dca½ĉa
e : De�dv ¼

X

a

X

i

�a
i

ð

b

dca½f̂e,i : De�dv

(A32) 

Linearization along concentration increment Dcc are given by 

DðS : d _EÞ½Dcc� dV ¼ Dccðr0c : ddsÞ dv, (A33) 

DðJa � GraddcaÞ½Dcc� dV ¼ dacgraddcc � da � gradDcc dv (A34) 

D
@ca

@t
dca

� �

Dcc½ � dV ¼ dca dac

Dt
Dcc dv (A35) 

DdG Dcc½ �dV ¼
X

a

X

i

ð

b

dca @ĉa
i

@cc
Dccdv (A36) 

Here, we include the functions 

r0c ¼ J−1F �
@S

@cc
� FT (A37) 

@S

@cc
¼
@S

@Fg :
@Fg

@#

@#

@cc
(A38) 

@#

@cc
¼
@#

@ _#

@ _#

@ _cc

@ _cc

@cc
¼ k #ð Þ

@/ _cð Þ

@cc
(A39) 

Lastly, we linearize chemical reactions for Eq. (A36). Mass-action 
forward molar production rates for a species a are linearized with 
respect to a species b according to 

@ĉa
i

@cb
¼ f̂i

�a
ið Þ

2

ca
(A40) 

For Hill-type reaction kinetics (Eq. (14)), the molar supply (Eq. (13)) 

is linearized as 
@ĉa
!b

@cb ¼ kH

@f a
!b

@cb . The linearization for Hill functions 

f a
!b where a species a is activated in response to a species b are given 

as 

@f a
!b

@cb
¼

nKnf a
!b

cb Kn þ cbð Þ
n

� � (A41) 

The tangent of the activation reaction that occurs due to species a is 
thus 

@ĉa
!b

@cb
¼ kH

@f a
!b

@cb
(A42) 

The tangent of the inhibition reaction f a
:c that occurs due to species c 

is similarly given as 

@ĉa
:c

@cc
¼
@ kH 1 − f a

!c

� �� �

@cc
¼ −kH

@f a
!c

@cc
(A43) 

The tangents of regulation with activation of a by b and inhibition by 
c given by with respect to concentration are given by 

@ĉa
!b Ù:c

@cb
¼ kHf a

:c

@f a
!b

@ca
(A44) 

@ĉa
!b Ù:c

@cc
¼ −kHf a

!b

@f a
!c

@cb
(A45) 

A.4.2 Derivation of Linearization for External Work in FEBIO. The 
linearization of external virtual work is given by 

D dWe
extð Þ Du½ � ¼

ð

@b

t � ndvþ
X

a

dcaja � n
� �

�
@Du

@g1
� g2 þ g1 �

@Du

@g2

� �

dg1dg2 (A46) 

with the elemental area on @b given by da ¼ jg1 � g2jdg1dg2 where 
g1, g2 are the parametric coordinates of the element, gi ¼ @x=@gi, 
and the outward normal vector is n ¼ ðg1 � g2Þ=jg1 � g2j.

A.4.3 Derivation of Discretization in FEBIO. Virtual and 
nodal variables are interpolated through the shape functions Na 

and Nb as 

dv ¼
X

a

Nadva, Du ¼
X

b

NbD, ub (A47) 

dca ¼
X

a

Nadca
a, Dcc ¼

X

b

NbDc
c
b (A48) 

We discretize dWe
int as 

dWe
int ¼

Xne

e¼1

Xn
e
int

k¼1

WkJg

Xm

a¼1

dv dca
a … dcc

a

� �
�

ru
a

ra
a

�

rc
a

2

6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
5

(A49) 

ru
a ¼ r � gradNa (A50) 

ra
a ¼ ja � gradNa − Na

@ca

@t
þ Na

X

i

ĉa
i (A51) 
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We discretize DdWint ¼ DdWint Du½ � þ
P

cDdWint Dcc½ � as 

DdWint ¼
Xne

e¼1

Xn
e
int

k¼1

WkJg

Xm

a¼1

Xm

b¼1

dva dca
a � � � dcc

a

� �

�

Kuu
ab kua

ab � � � k
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where ne is the number of elements, ne
int is the number of elemental 

integration points, m is the number of nodes in the element, Wk is the 
Gauss weight of the kth integration point, and Jg ¼ jg1 � g2j. The 
internal stiffness matrix components are given as 

Kuu
ab ¼ gradNa � C

e � gradNb þ gradNa � r � gradNbð ÞI (A53) 

kau
ab ¼ Na

X

i

bca
e,i � gradNb (A54) 

kua
ab ¼ Nbr

0
a � gradNa (A55) 

k
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ab ¼ −dacgradNa � d
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1
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We discretize dWext − DdWext ¼ 0 as 

dWext ¼
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− DdWext ¼
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Here, we define the external stiffness matrix components 

Kuu
ab ¼ t � nð ÞNaA

@Nb

@g1

g2 − @Na

@g2

g1

� �

(A59) 

kau
ab ¼ − ja � nð ÞNa

@Nb

@g1

g2 − @Na

@g2

g1

� �

� n (A60) 

where A is the antisymmetric tensor with dual vector v such that 
A vf g ¼ v� q.

A.4.4 Linearization and Discretization in FENICS. We opted to 
enforce conservation of linear momentum and conservation of mass 
using separate solvers in FENICS because of the disparate time-scales 
for mechanics and chemical kinetics in the problems we considered. 
Because of this assumption, linearization of the separate statements 
of virtual work is greatly simplified. In FENICS, the linearization of 
each virtual work statement is calculated via the built-in 

autodifferentiation functions supplied by the FENICS form language 
(FFL). The user specifies each statement of virtual work along with 
the functional dependence on primary variables.

The variational form (statement of virtual work) for hyperelastic 
displacements was stated in relation to the first Piola–Kirchhoff 
stress P ¼ JrF−T 

F u, duð Þ � dWe u, duð Þ ¼

ð

P : Graddvð ÞdV þ JF−T � tð Þ � dvda

(A61) 

where JF−T � tð Þ is the pull-back of external surface pressures (note: 
this is energetically conjugate with F in a different intermediate 
configuration than the “fictitious” intermediate configuration 
posited by kinematic growth theory). The Gâteaux derivative of 
F u, duð Þ is given by 

JF u,duð Þ ¼ DdWe u, duð Þ Du½ � ¼
d

d�
dWe uþ �Duj�¼0

� �
(A62) 

which is solved by FENICS’s built-in autodifferentiation function. The 
nonlinear solver is assembled by providing F u, duð Þ, JF u,duð Þ, the 
boundary conditions, and an initial guess of the solution to FENICS.

The variational form for the molar energy (conservation of solute 
mass) is given by 

F c, dcð Þ � dWe c, dcð Þ ¼

ð

b

X

a

Dt−1 ca
nþ1 − ca

n

� �
dv

�

þ

ð

b

X

a

Darca
nþ1 � rdca

n

� �
dv

−
ð

b

X

i

ĉidca
n

� �
dv

(A63) 

The Gâteaux derivative of F c, dcð Þ is similarly given by 

JF c,dcð Þ ¼ DdWe c, dcð Þ Dc½ � ¼
d

d�
dWe cþ �Dcj�¼0

� �
(A64) 

which is also solved by autodifferentiation. A separate nonlinear 
solver is assembled by providing F c, dcð Þ, JF c,dcð Þ, the boundary 
conditions, and an initial guess of the solution to FENICS.
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