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Abstract

A numericalalgorithmfor tightly coupled,high-deformationfluid-structureinter-
actionproblemsis presented.Thefoundationof themethodis theintegrationof a
Lagrangianparticletechnique(theMaterialPointMethod,or MPM) with a multi-
materialEuleriancode.In this approach,eachmaterialis describedandevolves
in its preferredreferenceframe(e.g.,Lagrangianfor solids,Eulerianfor fluids).
TheMPM usesabackgroundmeshto updateparticlestates.By usingtheEulerian
multi-materialmeshas the backgroundmeshto updateparticlestates,the solid
materialshavea dualrepresentationin theLagrangianandEulerianframe.It is in
thiscommonreferenceframethatcouplinginteractionsamongmaterialsarecom-
putedthroughmomentumandenergy exchangetermsin themulti-field equations.
Theapproachis outlinedandresultsfrom anumericalorder-of-accuracy studyare
presented.Simulationresultsare comparedwith known solutionsfor the stress
distribution in a pressurizedcylinder. It is shown that thecombinedapproachhas
the sameorder-of accuracy as the stand-alonematerialpoint methodand gives
excellentagreementwith exactsolutionsfor thisgeometry.



1 Intr oduction

Thework presentedheredescribesa new approachfor “full physics”simulations
of fluid-structureinteractionsinvolving largedeformationsandphasechange.By
“full physics”we refer to problemsinvolving strongcouplingbetweenthe fluid
andsolid phaseswith a full Navier-Stokesrepresentationof fluid phasematerials
andthetransient,nonlinearresponseof solid phasematerials,which mayinclude
chemicalor phasetransformationbetweenthesolid andfluid phases.

Althoughageneralclassificationof numericalapproachesfor “full physics”FSI
problemshasnotbeenconsistentlyreported,mostinvolveanarbitraryLagrangian-
Eulerian(ALE) representationof thefluid, aLagrangianrepresentationof thesolid
and eithera simultaneousor partitionedsolution approach.Explicit representa-
tion of theboundaryconditionsbetweenthedifferentmaterialsis requiredin the
numericalsolutionin theseapproachesasinteractionis generallyonly allowedat
theboundaries.Examplesof suchapproachesarewidespread,(see[1, 2, 3, 4, 5]).

A secondclassof approachcanbe identifiedwheresurfacetrackingis usedto
distinguishthe interfacebetweenthe two materials.In suchtechniques,mostof
thecomputationalcellscontaineitheronematerialor theother, with aminority of
cells thatcontainthe interfacebetweenmaterials.This is a widely usedapproach
for mixedmaterialproblems.Themulti-materialsimulationsof themicrostructure
of heterogeneousmaterialsdescribedby Benson[6, 7] fall into thisclass.

Anothermethodology, built uponhere,is a full “multi-field” approachin which
eachmaterialis givenacontinuumdescriptionanddefinedoverthecompletecom-
putationaldomain.Although at any point in spacethe materialcompositionis
uniquelydefined,themulti-field approachadoptsa statisticalviewpoint whereby
the material(eitherfluid or solid) resideswith somefinite probability. To deter-
mine theprobabilityof finding a particularmaterialat a specifiedpoint in space,
togetherwith its currentstate(i.e., mass,momentum,energy), multi-field equa-
tionsareused.This paperdescribesanalgorithmthatusesa commonframework
to treatthecoupledresponseof acollectionof arbitrarymaterials.Thisfollowsthe
ideaspreviouslypresentedby Kashiwa andcoworkers.[8, 9]

The remainderof this paperis organizedas follows: In Sec.2, the FSI algo-
rithm that is studiedhereis presented.This includesa descriptionof the multi-
field equationsthat form the foundationof the approach.A uniqueaspectof the
approachis the ability to describeany of the chosenmaterialsin eitheran Eule-
rianor Lagrangianframe.For solidphasematerials,weuseanupdatedLagrangian
approachknownastheMaterialPointMethod(MPM). Thisisdiscussedin Sec.2.3.
Themulti-field equations(representingbothfluid andsolid fields)aredeveloped
andwill be implementedusinga cell-centered,Eulerianfinite volumetechnique.
Thesolidfieldvariables,describedin theLagrangianMPM technique,alsoarerep-
resentedin theEulerianmulti-field equations.Thismulti-referenceframedescrip-
tion is auniquefeatureandkey tousingthemulti-fieldapproachfor largedeforma-
tion FSI problems.How this integrationis accomplishedis describedin Sec.2.4.
A samplevalidationcalculationis shown in Sec.3. Furthervalidationanddemon-
strationcalculationsareshown in Part2 of thispaper[10].



2 FSI CoupledAlgorithm Description

TheFSImethoddescribedhereinvolvesintegratinga Lagrangianparticlemethod
(seeSec.2.3) into a generalmulti-materialEulerianformulation.A descriptionof
thevariouselementsthatmakeup thisapproachfollows.

2.1 The Multi-Field (Material) Equations

The objective of our FSI efforts is to developa generalcomputationalapproach
thatcantreatinteractionsamongmultiplematerialsthathavewidely varyingther-
modynamicandmechanicalresponse.A logical startingpoint is thenthegeneral
continuumequationsfor amixtureof materials.For thisapplication,it is assumed
that at any point in spacea materialcan be uniquely defined.For the purpose
of developingthemulti-field equations,however, thederivation invokesa proba-
bilistic approachin which a particularmaterialin a multi-materialfield exists in
any finite regionwith a determinedprobability. In this description,materialinter-
facesarenotexplicitly defined,althoughthecompleteapproachproposedherecan
accountfor materialinterfaceswhenpropertreatmentof thephysicsnecessitates
this resolution.Thegeneralmulti-materialequationsare[11]:��������	��
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Equations1 - 3 representtheconservationequationsof mass,momentum,and
energy for materialL , whereL � A�M%N,M�OPOQOQMSR

and
R

is thetotalnumberof materials
present.
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representthe L -materialdensity( L -materialmassper
unit volume),velocity, internalenergy, volumefractionandstress,respectively. U
(withoutthematerialspecificsuperscript)is themeantotalstressoverall materials,V is the meandeviatoric stress.In the currentwork, U is assumedto be equal
to the pressure,(i.e. U �W< I ), in which case,V vanishes.As written, Eq. 2 is
missingany representationof the L -materialmomentumflux, otherwiseknown
asthemulti-materialReynoldsStress.Similarly, Eq.3 containsno representation
of the L -materialfluctuationalenergy flux. Neitherof theseterms,which mustbe



modeled,wasconsideredin thecurrentwork, andsothey arenot includedin the
aboveequations.

In Eq. 2 the term X � 2���� 5 2 � representsa model for the momentumexchange
amongmaterials.Thistermresultsfrom thedeviationof the L -materialstressfrom
themeanstress,

/TY) �[ZZ�\�]J^ � . This is typically modeledasa functionof therelative
velocity betweenmaterialsat a point (e.g. for a two materialproblemthis term
might look like 5 �:_ �a` ��_ - � - _ ��� _ 
 � � � wherè �:_ determinestherateatwhich
momentumis transferredbetweenmaterials).Likewise, in Eq. 3, X � 2���� I 2 � rep-
resentsan exchangeof internal energy amongmaterialsand for a two material
problemtypically takesthe form I ��_ �cb ��_ - � - _ ��d _ 
 d � � where

de�
is the L -

materialtemperatureand b 2 � is somewhatanalogousto aconvectiveheattransfer
coefficient.

Theterms # �6$ �& , # �6$ �&67 and # �6$ �&!K in Eqs. 1 - 3, respectively, representcontri-
butionsto thoseequationsdueto phaseconversion.Discussionof phasechangeis
containedin Part2 of thiswork, Harmanetal. [10]

Givenappropriateconstitutivemodelsandequationsof state,alongwith proper
modelsfor themomentumandenergy exchange,theabove equationscan,in the-
ory, besolvedfor theevolutionof thestateof the

R
materials.Theseequations,or

similarvariantshaveappearedmuchearlier(the1960’s)in variousmulti-phaseand
mixture-theoryrelations.Theirgeneralnumericalsolutionfor anarbitrarymixture
of materialshasmet with lesssuccess.Onedifficulty for fluid-structureinterac-
tion simulationsusingpurelyEulerianfinite volumetechniqueis theunacceptable
diffusion of solid boundaries.This can be alleviatedwith careful surfacetrack-
ing approaches.Thispaperdescribesa differentapproach.This involvesinvoking
eitheran Eulerianor Lagrangianframeto describeindividual materials.Specif-
ically, the framesof referencecanbe mixed in an integratedsolutionapproach.
(SeeSec.2.4.)

2.2 Multi-field CFD Approach

The multi-field CFD formulationusedhereis a cell-centered,multimaterialver-
sionof the ICE (for Implicit, Continuous-fluid,Eulerian)method[12] developed
by Kashiwa andothersat Los AlamosNationalLabs[13]. Theuseof a cell cen-
teredapproachis convenientfor multi-materialsimulationsin thatasinglecontrol
volumeis usedfor all materials.This is particularly importantin regionswhere
a materialvolumegoesto zero.By usingthe samecontrol volumefor massand
momentumit canbe assuredthat asthe materialvolumegoesto zero,the mass
andmomentumgo to zeroat thesamepoint.Thetechniqueis fully compressible,
allowing widegeneralityin thetypesof problemsthatcanbeefficientlycomputed.

Our implementationof the ICE techniqueinvokesoperatorsplitting in which
thesolutionconsistsof aseparateLagrangianphasewherethephysicsof thecon-
servation laws is computed(e.g., right handside of Eqs.2-3), and an Eulerian
phase,wherethe materialstatein eachcell is updatedwith contributionsfluxed
into andoutof surroundingcells.Thegeneralsolutionapproachis well developed
anddescribedin [13]. Whereappropriate,detailsspecificto the solutionof FSI



problemsareexpoundeduponin Sec.2.4.
A physicalandnumericalrequirementof thismulti-materialapproachis thatthe

totalvolumefractionof materialmustsumto onein eachcell.Thiscanbeenforced
by equatingthemeanstress,

/
, with anequilibriumpressure,< K�f , definedasthe

commonmaterialisotropicstressat a point suchthat thevolumefractionsof the
materialssumto 1. Thiscommonequilibriumpressurecanbedeterminedthrough
amulti-materialequationof state.Specifically, thevolumefraction, - � � ���!g(��� < � .g��

is thespecificvolumeof materialL andis a functionof pressure.Therefore,the
pressurecanbedeterminedin aniterativeprocesssuchthat:�� � ��� - � � ��� ��� � � g � � < � � A

(4)

Equation4 can be considereda multi-materialequationof statethat ensures
thevolumefractionof materialsalwaysaddsup to 1. Thisapproachis unambigu-
ouswhenall materialsarefluids or in casesof a multi-phaseflow consistingof
dispersedparticlesin a carrier fluid. However, when consideringfluid-structure
problems,the interpretationof a commonequilibrium pressurecan be trouble-
some.The caseof a solid in tensionin a gas(which can only be in compres-
sion) is a clearcase.For solid materials,theequationof stateis just thebulk part
of the constitutive response.The problemencounteredwith this approachis that
whenthehydrostaticstressin thesolidgivesanegativepressure,Eq.4 is notsolv-
able.To overcomethisobstacle,thesolidmaterialequationof stateis alteredsuch
that,below aparticularthresholdpressure(typically oneatmosphere),thepressure
obeysapolynomialchosento becontinuousandsmoothat thethresholdvalueand
alsoapproacheszeroasthespecificvolumebecomeslarge.While this mayseem
like a recklessalterationof thematerialbehavior to achieve thedesiredresult,it’s
logical justificationis fairly straightforward.

First, in regionswherea mixtureof solid andfluid coexist, thehigh compress-
ibility of thefluid causesit’s behavior to dominatethesolutionof Eq.4, andthus
theregimeof negativepressureis neverencountered.Furthermore,examinationof
Eq. 2 revealsthat this issueis of no importancein regionscontainingeitherpure
fluid or puresolidsince,in thoseregions,thetwo termscontainingthemeanstress
cancel,leaving only thecontributionfrom the L -materialstress.An exampleof just
suchasituation,with afluid in compressionandasolid in tensionis demonstrated
in Sec.3.

2.3 The Material Point Method

A novel featureof the completemulti-materialalgorithmdevelopedhereis the
ability to describesolid phaseand fluid phasematerialsin different reference
frames(Eulerianor Lagrangian),whilemaintainingatightcouplingthroughagen-
eralmulti-field formulation.Theachievementof this tight couplingthroughauni-
fied multi-materialframework is describedin Sec.2.4.Here,we first describethe
materialrepresentationin theLagrangianmaterialpoint frame.In theLagrangian



framethe statevariablesof the materialaredescribedon “material points.” The
numericaltechniqueusedis theMaterial PointMethod(MPM). Specifically, the
MaterialPointMethod,describedby Sulsky, etal. [14, 15] is aparticlemethodfor
structuralmechanicssimulations.Themethodgenerallyusesa regularstructured
grid asacomputationalscratchpadfor computingspatialgradients.Thissamegrid
alsofunctionsasanupdatedLagrangiangrid thatmoveswith theparticlesduring
advectionandthuseliminatesthediffusionproblemsassociatedwith advectionon
anEuleriangrid. At theendof a timestep,thegrid is resetto theoriginal regularly
orderedposition.

In explicit MPM, theequationsof motionarecastin theform [15]:

M hji ah � Fexth 
 Fint h (5)

whereM h is themassmatrix, ah is the accelerationvector, Fexth is theexternal
forcevector(sumof thebodyforcesandtractions),andFint h is theinternalforce
vectorresultingfrom thedivergenceof thematerialstresses.

Thesolutionprocedurebeginsby interpolatingtheparticlestateto thegrid, to
form M h , Fexth , andto determinea velocityon thegrid v h . In practice,a lumped
massmatrix is usuallyused.Thesequantitiesarecalculatedby thefollowing equa-
tions:

M
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) � X k # ) k l k vk
M
) M

Fext
) � �9k # ) k Fext

k
(6)

where n refersto individual nodesof the grid.

l k
is the particlemass,v

k
is the

particle velocity, and Fext

k
is the external force on the particle. # ) k is the n � Inode’s trilinearshapefunctionevaluatedatx

k
.

At this point, a velocity gradient, o v

k
is computedat the particle using the

velocitiesinterpolatedto thegrid:o v

k � � k
G
) k

v
)
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whereG
) k

is thegradientof the n � I nodesshapefunction,evaluatedatx

k
.

This is usedasinput to aconstitutivemodelwhich is evaluatedonaperparticle
basis,the resultof which is theCauchystressat eachparticle, U k . With this, the
internalforcedueto thedivergenceof thestressis calculatedvia:

Fint
) � � k

G
) k U k g k M (8)

where
g k

is theparticlevolume.



Equation5 canthenbesolvedfor ah . An explicit backwardEulermethodis used
for thetimeintegration.Theparticlepositionandvelocityis explicitly updatedby:

v

k ��� �qp �:� � v

k ���:� � � ) # ) k a) p � (9)

x

k �'� �qp �:� � x
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This completesonetimestep.In addition to the basicalgorithmoutlinedabove,
theMPM makesconvenientthemodelingof severalimportantprocesses.Among
theseis contactbetweensolid bodies,which hastraditionallybeendifficult. The
difficultiesstemfrom boththeproperspecificationof thephysicsandthenumer-
ical solution constraintinequalities.In MPM, many of the computationaldiffi-
culties are removed by describingcontacton the backgroundmesh.A detailed
descriptionof thecontactalgorithmis beyondthescopeof this paper, but canbe
foundin [16].

2.4 Integration of the Material Point Method in an Eulerian Multi- material
Formulation

The key featureof this work is the development,demonstration,andvalidation
of a tightly coupledsolutionapproachthat allows simulationsof arbitrarymate-
rials undergoing arbitraryphysicalandchemicalprocesses.Fundamentalto the
proposedapproachis therepresentationof a materialfield in eitheranEulerianor
Lagrangianreferenceframe,all while working within a generalmulti-field con-
tinuumdescription.This allows treatingspecificphasesin their traditionallypre-
ferredframeof reference,Lagrangianfor solid,Eulerianfor fluid. While reference
ismadeto “coupling” anMPM codetoaCFDcode,it needsto berecognizedthat
this is much differ ent than the marriage of two distinct codesvia boundary
conditions.Here,wehavechosento usetheMPM algorithm,whichusesparticles
alongwith an updatedLagrangiandescriptionof the solid materialon the grid,
to time advancethosematerialswhich arebestdescribedin that referenceframe.
However, by choosingthebackgroundmeshusedto updatetheMPM materials,to
beoneandthesameasthemeshusedin themulti-materialEuleriandescription,all
interactionsamongmaterialscanbeenforcedto occurin thecommonframework.

Specifically, all materials,solid or fluid, will have a presencein the Eulerian
description.Thiscommonreferenceframeis usedfor all physicsthatinvolvemass,
momentum,or energy exchangeamongmaterials.This allows for a tight cou-
pling betweenthefluid andsolid phases.The coupling occursthr ough terms in
the conservation equations,rather than explicitly thr oughspecifiedboundary
conditions at interfaces betweenmaterials. Sincea commonmulti-field Eule-
rian frameis usedfor interactionsamongmaterials,typicalproblemswith conver-
genceandstabilityof solutionsfor separatedomainscommunicatingonly through
boundaryconditionsarealleviated.All solidphasematerialsthushaveadualrep-
resentation- in boththeLagrangian(MPM) andEulerianframework.



It is primarily in advection,as well as in the computationof internal forces,
that theuseof theseparatereferenceframesbecomesimportant.Eulerianadvec-
tion is typically subjectto significantdiffusion.Thereforeif the Eulerianframe
is usedexclusively for both solid andfluid materials,the interfacebetweenthe
materialswill becomesmearedandnonphysicalbehavior mayresult.Theuseof a
particledescriptionfor thesolid advectionminimizesthis problem.Furthermore,
while straininghistorydoesnot typically play a role in thestressfield in a fluid,
it is importantin many engineeringsolid materialsto describephenomenonsuch
asplasticity. Theparticledescriptionof thesolid providesa convenientframeto
evaluatethesolid materialstress,andto storeandcarry forwardin time therele-
vanthistoryvariables.This role of theparticleis similar to therole thatGaussian
integrationpointsplay in finite elementmethodformulations.On theotherhand,
if a particledescriptionis usedfor fluid phases,the randombehavior of general
fluid motionwill generallyresultin veryrandomparticledistributions.This limits
theutility of theMPM for fluid calculations.However, theintegrationof thetwo,
wherepartof thecalculationtakesplacein acommonreferenceframe,allowseach
materialphaseto enjoy it’s optimumdescriptionandachievesa tight coupling.

Whatfollowsis theexplicit algorithmfor advancinga fluid-solidproblem.

1. Inter polateParticle stateto grid Interpolatetheparticledescriptionof the
solid to the grid, so that all materialsaredescribedin a commonframeof
reference.Thisstartswith aninterpolationof particledatato grid vertices,or
nodes,asdescribedin Eq. 6, andis followedby a subsequentinterpolation
from thenodesto thecell centers.Sinceourwork usesa uniformstructured
grid, eachnodehasequalweight in it’s contribution to the cell centered
value.Theexceptionto this is nearcomputationalboundaries.For instance,
if symmetricboundaryconditionsareused,theweightof thosenodesonthe
boundarymustbedoubledin orderto achievethedesiredeffect.

2. Compute the equilibrium pressure While Eq.4 andthesurroundingdis-
cussiondescribesthebasicprocess,a few specificswarrantfurtherexplana-
tion. In particular, the mannerin which eachmaterial’s volumefraction is
computedis crucial.Typically, in multi-field CFD calculations,this would
simplybethematerialvolumedividedby thecell volume.However, because
thesolid andfluid materialsareadvectedin differentmanners(seebelow)
thetotal volumeof materialin a cell is not necessarilyequalto thevolume
of a computationalcell. Becauseof this, it is importantto have anaccurate
accountingof thevolumeof materialin eachcell. This is doneby solving
theevolutionequationfor eachmaterial’sspecificvolumegivenin step11.

With thematerials’massesandspecificvolumesin hand,materialvolume
canbecomputedandsummedto find thetotalmaterialvolume.Thevolume
fraction - � is thencomputedasthevolumeof L -materialper total material
volume.With this, thesolutionof Eq.4 canbecarriedoutateachcell using
a Newton-Raphsontechnique[17], which resultsin new valuesfor theequi-
librium pressure,< K�f , volumefraction, - � andspecificvolume,

g(�
.



3. Compute facecenteredvelocities,
�ts6u

, for the Eulerian advection This
includesadjustingthe facecenteredvelocitiesto accountfor momentum
exchangebetweenall

R
-materials.Specificdetailsassociatedwith thisstep

aregivenin [13] and[11].

4. Multiphase chemistry Computesourcesof mass,momentumandenergy
asa resultof phasechangingchemicalreactions,# �6$ �& , # �6$ �&67 , and # �6$ �&!K .
Detailsof thisaredescribedin [10].

5. Compute an estimateof the time advancedpressure, v Basedon the
facecenteredfluxing velocitiesandthematerialproperties,anincrementin
thepressuredueto themotionof materialis computedvia:

w v �	
 wx� �X� ��� oyi � - �tsz�:��X� ��� � -�{ � � (11)

where{ � is the L -materialbulk compressibility.

Again, specificdetailsof this calculationcanbe found in [13]. Additional
contributionsto thepressureincrementresultingfrom phaseconversionare
describedin [10].

6. FaceCenteredPressure v s u Thecalculationof v s u is discussedat length
in [11]. For thiswork, it is computedusingtheupdatedpressureby:v s u � �z|(}& } � |�~& ~ �SB,� �& } � �& ~ �
This will be usedsubsequentlyfor the computationof the pressuregradi-
ent, o�v s u .

7. Material StressesFor thesolid,wecalculatethevelocitygradientateach
particlebasedon thegrid velocity (Eq.7) for usein a constitutivemodelto
computeparticlestress.Fluid stressesarecomputedon cell facesbasedon
cell centeredvelocities.

8. Accumulate sourcesof mass,momentum and energy at cell centers
Thesetermsareof theform:w�� l �:� � �X�J���6 ��"� � # �6$ �&w�� l �T��� �y
 wx�:� - � oxv s u � o�i - ��� U � 
 U � � X ������! ��"� � # �6$ �&67w�� l 8C�:� ��
 wx�:� 5T�� v �X� ��� o�i � - �Ts;�:� � �X���4�6 ��"� � # �6$ �&!K



where 5T�� is a measureof therelative compressibilityof the L -materialin a
cell. Specifically, 5T�� � �%�%�;�X���F��� � � � � .

9. ComputeLagrangian phasequantities at cell centers� l ��� }�� � � l �:�S� � w�� l �:�� l �*�:� }�� � � l �*�:�S� � w�� l �T���� l 89�:� }�� � � l 8C���%� � w�� l 8C���
10. Momentum and heat exchange Thelaststepin theLagrangianphaseis

theexchangeof momentumandheatbetweenmaterials.� l �*�:� } � � l �*�:� }�� � wx� l � �X23��� - � - 2 ` � 2 ��� 2 } 
 �*� } �� l 89� � } � � l 8C� � }�� � w�� l �z�z�� �X23�4� - � - 2!� � 2 ��d 2 } 
 d � } �
Theseequationsaresolvedin a pointwiseimplicit mannerthatallows arbi-
trarily largemomentumtransferto take placebetweenmaterials.Typically,
in FSI solutions,very large (

A�� ���
) valuesof ` areused,which resultsin

drivingcontactingmaterialsto thesamevelocity. Intermaterialheatexchange
typically modeledata lower rate.

11. Specificvolumeevolution In orderto accuratelycomputetheequilibrium
pressure,it is importantto keepanaccurateaccountingof thespecificvol-
ume.Here,wecomputetheevolution in specificvolumedueto thechanges
in temperatureandpressureduring the foregoingLagrangianphaseof the
calculation,accordingto:w�� l g,��� � wx� 5T�� � o	i X - �!�!�*�6� u � wx�:��� - � ^ �?�d � 
 5T�� X - 2 ^ 2 �d 2S�� l g��:� } � � l g,��� � w�� l g,���
wherê is theconstantpressurethermalexpansivity and

�d ��� }�� � ��
� is the
rateof changeof eachmaterial’stemperatureduringtheLagrangianphaseof
thecomputation.Theforegoingequationsdo not accountfor phasechange
effects.Thesewill bedescribedin [10].

12. Advect Fluids For thefluid phase,usea suitableadvectionscheme,such
asthatdescribedin [18], to movefluid materialbetweencells.This includes
the transportof mass,momentum,internalenergy andspecificvolume.As
this last item is anintensive quantity, it is convertedto materialvolumefor
advection,andthenreconstitutedasspecificvolumefor usein the subse-
quentstep’sequilibriumpressurecalculation.



13. AdvectSolids For thesolidphase,interpolatethetimeadvancedgridveloc-
ity andthecorrespondingvelocity incrementbackto theparticles,anduse
theseto advancetheparticle’s positionandvelocity, respectively. This con-
stitutesadvectionof thesolidphasematerial.

Thiscompletesonetimestep.In thepreceding,theuserhasanumberof options
in the implementation.In ours,we first startedwith a working MPM codeanda
separateworking multimaterialCFD code.It wasour desirethat in the coupling
of the two algorithms,eachof the original codesbe ableto standon their own.
Thus, for instance,in step8 above, for the solid materialwe’ve chosennot to
aggregateall of the momentumsourcesat the cell centers.Rather, the pressure
gradientandmeanpressurearecomputedat thecell centers,andinterpolatedback
to thenodes,wheretheintegrationof theMPM equationsnormallytakeplace.The
time advancedsolid materialmomentumis thenaggregatedat thecell centersfor
momentumexchange,andtheresultingchangein momentumis propagatedback
to thenodesandeventuallythecell centers.

Again, we emphasizethat the couplingof the MPM to the CFD simulationis
readily achieved becauseof our useof a regular meshfor the gradientcalcula-
tions in MPM. Thegrid thusservesasbothanEulerianreferenceframefor CFD
calculationsandanupdatedLagrangianreferenceframefor MPM calculations.

3 Validation: StressDistribution in a PressurizedCylinder

To demonstratetheability of theapproachto accuratelyrepresentthe interaction
betweenfluid andsolids,acylinderof finite thicknessis pressurizedinternallyand
the subsequentstressdistribution in the cylinder is presented.The configuration
is shown in Fig. 1. A uniform meshis usedandthesolid cylinder is represented
by materialpointsasshown. The cylinder is madeof steelwith bulk andshear
modulusof 117.0��v�  and43.8 ��v�  respectively. Densityis 8900 ¡(¢ B l¤£ . Inner
radius, L ) , is .5

l
andouterradius, L;¥ , is 1.0

l
. Althoughcodecapabilitiesare

fully threedimensional,this exampleis two dimensional,with planestrainbeing
theout of planecondition.As shown in Fig. 1 a one-quartersymmetricsectionof
thecylinderwassimulated.Thefluid is definedeverywhereon themesh,although
thevolumefractionof thefluid is setto zeroin theregion occupiedby thesolid.
Pressurizationof the cylinder is achieved by addinginternalenergy to the fluid
inside the cylinder over the courseof ¦ �J� timesteps.The final pressureof 19.4§ v�  then remainsconstantandviscousdampingis usedin the solid phaseto
achievea quasi-staticsolution.

Theexactsolutionsfor theradialandcircumferentialstressesaregivenby [19]
(wherev is thepressureinsidethecontainer):/ � � v¨L _)� L _¥ 
 L _) �©> A 
 L _¥L _ D / � � v¨L _)� L _¥ 
 L _) �©> A � L _¥L _ D (12)

Thepredictedstressdistributions,computedusinga grid spacingof .025

l
in

eachdirection,arecomparedto the exact solution in Fig. 2a. The agreementis



seento bevery good.It is particularlynoteworthy that in thesolution,thereis no
explicit representationof a surfaceor explicit descriptionof surfacetractionson
the materialpointsdescribingthe cylinder. Couplingoccurscompletelythrough
termsin themomentumequation(Eq.2).

Air P=19.4 MPa

Air P=101.3 kPa

Solid

Figure1: Initial configurationfor pressurizationof an annulus.The cylinder is
describedby materialpointson theEulerianmeshof themulti-material
solution.
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Figure2: Resultsfrom pressurizationof anannulus,(a) radialandcircumferential
stresses,comparedto the theoreticalsolutions,of the row of particles
nearestthex-axis,and(b) naturallog of solutionerror, averagedoverall
particles,vs. naturallog of grid spacing.Theslopeof the line fit to the
four datapointsindicatesanorderof accuracy of .89.



This simulationwascarriedout at several grid resolutionsin orderto charac-
terizethe orderof accuracy of this algorithm.The error for eachresolutionwas
computedby: ª L;LC«9L � AR � �­¬Q¬ / � � / � ¬ 
 _£ v ¬_£ v (13)

Resultsfrom thatareshown in Fig.2b. Whenplottedin this log-linearmanner, the
slopeof thestraightline thatbestapproximatesthesepointsindicatestheorderof
accuracy. Here,aslopeof .89 is found.
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