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We describe the singular value decomposition (SVD) of yeast
genome-scale mRNA lengths distribution data measured by DNA
microarrays. SVD uncovers in the mRNA abundance levels data
matrix of genes ⴛ arrays, i.e., electrophoretic gel migration lengths
or mRNA lengths, mathematically unique decorrelated and decoupled ‘‘eigengenes.’’ The eigengenes are the eigenvectors of the
arrays ⴛ arrays correlation matrix, with the corresponding series of
eigenvalues proportional to the series of the ‘‘fractions of eigen
abundance.’’ Each fraction of eigen abundance indicates the significance of the corresponding eigengene relative to all others. We
show that the eigengenes fit ‘‘asymmetric Hermite functions,’’ a
generalization of the eigenfunctions of the quantum harmonic
oscillator and the integral transform which kernel is a generalized
coherent state. The fractions of eigen abundance fit a geometric
series as do the eigenvalues of the integral transform which kernel
is a generalized coherent state. The ‘‘asymmetric generalized
coherent state’’ models the measured data, where the profiles of
mRNA abundance levels of most genes as well as the distribution
of the peaks of these profiles fit asymmetric Gaussians. We hypothesize that the asymmetry in the distribution of the peaks of
the profiles is due to two competing evolutionary forces. We show
that the asymmetry in the profiles of the genes might be due to a
previously unknown asymmetry in the gel electrophoresis thermal
broadening of a moving, rather than a stationary, band of RNA
molecules.
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dvances in sequencing technology (1), including DNA and
RNA gel electrophoresis (2–6), fueled the Human Genome
Project, promoted the resulting sequencing of numerous complete
genomes, and stimulated the emergence of DNA microarray hybridization technology. This high-throughput technology makes it
possible to assay the hybridization of DNA or RNA molecules,
extracted from a single sample, with several thousands of probes
simultaneously (7, 8). Different types of molecular biological signals, such as abundance levels of DNA, RNA, and DNA-bound
proteins can now be measured on genomic scales (9, 10).
Recently, Hurowitz and Brown (11) described the use of DNA
microarrays in the genome-scale measurement of the distribution of
the lengths of mRNA gene transcripts in yeast. Electrophoresis was
used to separate the transcripts by migration length in an agarose
gel, where each migration length corresponds to a transcript length.
The gel was cut into slices, and the relative abundance levels of the
different yeast transcripts in each slice was measured with a DNA
microarray. We describe the singular value decomposition (SVD)
(12) of the mRNA abundance levels data matrix of genes ⫻ arrays,
i.e., gel slices, electrophoretic migration lengths, or mRNA lengths.
SVD separates the measured profiles of the genes into mathematically unique decorrelated and decoupled ‘‘eigengenes,’’ which are
the eigenvectors of the arrays ⫻ arrays correlation matrix. The
corresponding series of eigenvalues are proportional to the series of
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‘‘fractions of eigen abundance,’’ each of which indicates the significance of the corresponding eigengene relative to all eigengenes.
Recently, we illustrated the possible correspondence between significant eigengenes uncovered in DNA microarray data and the
independent biological and experimental processes that compose
the data with an analysis of genome-scale mRNA expression from
yeast during its cell cycle program (ref. 13, and see also refs. 14
and 15).
Here we show that the eigengenes of the yeast mRNA lengths
distribution data fit ‘‘asymmetric Hermite functions.’’ Hermite
functions are the eigenfunctions of the quantum harmonic oscillator (17, 18) and the integral transform which kernel is a generalized
coherent state (19, 20). We show that the corresponding fractions
of eigen abundance fit a geometric series, as do the eigenvalues of
the integral transform which kernel is a generalized coherent state.
We show that, as follows from the uniqueness of SVD, the
‘‘asymmetric generalized coherent state’’ model fits the measured
genome-scale distribution of the lengths of mRNA gene transcripts
in yeast, i.e., that (i) the profiles of mRNA abundance levels of most
genes fit asymmetric Gaussians; and (ii) the distribution of the
peaks of the profiles of the genes fits an asymmetric Gaussian that
peaks approximately at the mRNA length of 1,000 ⫾ 50 nucleotides. We hypothesize that the asymmetric Gaussian distribution of
the peaks of the profiles of the genes is due to two competing
evolutionary forces that balance at the peak of this distribution.
Recently, we predicted a previously unknown biological principle
by modeling DNA microarray data. Integrating genome-scale proteins’ DNA-binding data with cell cycle mRNA expression time
course data from yeast, using pseudoinverse projection, we predicted a previously unknown correlation between DNA replication
initiation and RNA transcription, which might be due to an
undiscovered mechanism of regulation (21). Now we reveal a
previously unknown physical principle by modeling DNA microarray data. We show that the asymmetry in the profiles of mRNA
abundance levels of the genes across the arrays, i.e., gel slices, might
be due to a previously unknown asymmetry in the thermal broadening of a moving band of mRNA molecules. The peak of the
symmetric Gaussian profile of a stationary band shifts within the
moving band, changing its profile into an asymmetric Gaussian. We
conclude that the mathematical modeling of DNA microarray data
might be used to uncover the physical as well as the biological
principles that govern the activities of DNA and RNA.
SVD of Genome-Scale mRNA Lengths Distribution in Yeast
Hurowitz and Brown (11) measured relative mRNA abundance
levels for 9,867 putative genes of the yeast Saccharomyces cerevisiae,
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over a range of 60 mm of an agarose gel cut into 30 slices of 2 mm
each, spanning the electrophoretic migration range of 42–100 mm
and the corresponding mRNA lengths range of 4,400–300 nucleotides, after 2 h of separation by length in an electric field of 9 V兾cm.
The data set we analyze tabulates the ratios of mRNA abundance
levels for the P ⫽ 6,776 genes with no missing data in any of the X ⫽
30 arrays corresponding to the 30 slices of gel. Let the matrix d̂ of
size P-genes ⫻ X-arrays tabulate the genome-scale mRNA lengths
distribution of yeast (see www.bme.utexas.edu兾research兾orly兾
harmonic㛭oscillator). The vector in the pth row of the matrix d̂, 具p兩d̂典
lists the profile of relative abundance levels of the pth gene
transcript across the different gel slices which correspond to the
different arrays.§ The vector in the xth column of the matrix d̂, d̂兩x典,
lists the relative abundance levels of the P gene transcripts as
measured in the xth gel slice by the xth array.
We compute the singular value decomposition (SVD) of the data
ˆ v̂T (12) (see www.bme.utexas.edu兾research兾orly兾
matrix d̂ ⫽ û
harmonic㛭oscillator). The nth row of the orthogonal transformation
matrix v̂T lists the nth ‘‘eigengene’’ 具n兩v̂T, which is unique up to a
phase factor of ⫾1 (13) (Fig. 1a). The diagonal nonnegative matrix

ˆ lists the ‘‘eigen abundance’’ levels {具n兩
ˆ 兩n典} (Fig. 1b). The
significance of the nth eigengene is indicated by the nth ‘‘fraction
N
ˆ 兩n典2兾(兺n⫽1
具n兩
ˆ 兩n典2), i.e., the abunof eigen abundance’’ ⍀n ⫽ 具n兩
dance captured by the nth eigengene relative to that captured by all
eigengenes. Note that the eigengenes are the eigenvectors of the
X-arrays ⫻ X-arrays correlation matrix d̂Td̂ with the corresponding
series of eigenvalues proportional to the series of the fractions of
eigen abundance.
Eigengenes Fit ‘‘Asymmetric Hermite Functions’’
The nth Hermite function,
hn共 冑kx兲 ⫽
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§In this manuscript, m̂ denotes a matrix, 兩v典 denotes a column vector, and 具u兩 denotes a row

vector, such that m̂兩v典, 具u兩m̂, and 具u兩v典 all denote inner products and 兩v典 具u兩 denotes an outer
product.
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where H n(公kx) is the nth Hermite polynomial,
Hn共 冑kx兲 ⫽

n!
2 i
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is a solution of the differential equation that describes the
generalized coordinate x of the quantum harmonic oscillator (17,
18) with the generalized Hooke’s constant k,
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Substituting d2[hn(公kx)]兾dx2 ⫽ 0 in Eq. 3, it can be shown that the
inflection points of the Hermite functions hn(公kx) sample the
parabolic potential of the harmonic oscillator at unit intervals,
where kx2兾2 ⫽ (n ⫹ 1兾2). The Hermite functions form an orthogonal basis in the range x 僆 (⫺⬁, ⬁), and are, therefore, eigenfunctions of the quantum harmonic oscillator in the generalized coordinate representation.
We fit the nth eigengene with the (n ⫺ 1)th continuous ‘‘asymmetric Hermite function,’’ where the generalized Hooke’s constant
is asymmetric with respect to the equilibrium x ⫽ 0 (Fig. 2),
k⫺1/4hn⫺1共 冑kx兲,

k⫽

再

k1 ,
k2 ,

xⱕ0
.
xⱖ0

[4]

These asymmetric Hermite functions form only an approximately
orthogonal basis. The (n ⫺ 1)th asymmetric Hermite function is,
therefore, normalized after discretization by sampling at unit
intervals in the range x 僆 [⫺11, 18], where the equilibrium x ⫽ 0
is set at the gel migration length of 78 mm, and then fit to the nth
eigengene, for n ⫽ 1, . . . , 10. We find that the ‘‘asymmetric
generalized Hooke’s constant’’ is approximately k ⫽ k1 ⬇ 0.36 for
x ⱕ 0 and k ⫽ k2 ⬇ k1兾4 ⬇ 0.09 for x ⱖ 0. The arithmetic mean of
the correlations between the (n ⫺ 1)th asymmetric Hermite
function and the nth eigengene for n ⫽ 1, . . . , 10 is ⬇0.78. The
PNAS 兩 August 8, 2006 兩 vol. 103 兩 no. 32 兩 11829
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Fig. 1. Eigengenes of the yeast genome-scale mRNA lengths distribution data. (a) Raster display of v̂T, the abundance of X ⫽ 30 eigengenes in 30 arrays,
corresponding to 30 gel slices, with overabundance (red), no change in abundance (black), and underabundance (green) around the ‘‘ground state’’ of
abundance, which is captured by the first eigengene 具1兩v̂T. The inflection points of the eigengenes approximately sample a graph of the asymmetric parabolic
potential kx2兾2, where k ⫽ k1 for x ⱕ 0 and k ⫽ k2 ⫽ k1兾4 for x ⱖ 0 (blue) at unit intervals. (b) Bar chart of the 30 fractions of eigen abundance {⍀n}, which
approximately fit a graph of the exponential function of n, {cn} (blue).

Fig. 3. Line-joined graphs of the measured profiles of abundance levels of
the yeast genes VMA7 (red), ADE12 (green), and HIS4 (blue) approximately fit
dashed graphs of the asymmetric Gaussian exp[ ⫺ a(x ⫺ p)2], where a ⫽ a1
for x ⱕ p and a ⫽ a2 ⫽ a1兾4 for x ⱖ p, and where the Gaussian peak is set
at the gel migration lengths of 88, 70, and 56 mm, respectively, with the
corresponding correlations of 0.97, 0.97, and 0.88.

inflection points of the eigengenes approximately sample the
corresponding continuous ‘‘asymmetric parabolic potential’’ kx2兾2,
where k ⫽ k1 for x ⱕ 0 and k ⫽ k2 ⫽ k1兾4 for x ⱖ 0, at unit intervals
(Figs. 1a and 2).
Asymmetric Generalized Coherent State Model
of the Genome-Scale mRNA Lengths Distribution
Assume that the profile of mRNA abundance levels measured for
the pth gene across the X slices of gel approximately fits a Gaussian
of the variable x which peaks at x ⫽ p with the variance x2 ⫽ 1兾2a ⬎
0, exp[⫺a(x ⫺ p)2]. Assume also that the distribution of the peaks
across the P genes fits a Gaussian of the variable p which peaks at
the equilibrium p ⫽ x ⫽ 0 with the variance 2p ⫽ 1兾2b ⬎ 0, where
2p ⬎⬎ x2 such that a ⬎⬎ b. With these assumptions, the abundance
level of the pth gene transcript as measured by the xth array is
proportional to the generalized coherent state (19)
f共x, p兲 ⫽ exp关⫺a共x ⫺ p兲 2 ⫺ bp 2兴.

[5]

The correlation of the mRNA abundance levels measured by the
xth and yth arrays across the P genes, in the limit of P 3 ⬁, is
then proportional to the generalized coherent state
g共x, y兲 ⫽ exp关⫺␣ 共x 2 ⫹ y 2兲 ⫹ 2 ␤ x y兴
⬀

冕

⬁

f共x, p兲f共 y, p兲dp,

[6]

⫺⬁

Fig. 2. Line-joined graphs of the abundance levels of the 1st (red) through
10th (violet) eigengenes of the yeast genome-scale mRNA lengths distribution
data, {具n兩v̂T} for n ⫽ 1, . . . , 10, approximately fit dashed graphs of the 0th
(red) through 9th (violet) asymmetric Hermite functions of Eq. 4 with correlations ranging from 0.51 to 0.87. The inflection points of the eigengenes
approximately sample a dashed graph of the asymmetric parabolic potential
at unit intervals.
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where ␣ ⫽ (a2 ⫹ 2ab)兾[2(a ⫹ b)] and ␤ ⫽ a2兾[2(a ⫹ b)]. For a ⬎⬎
b, ␣ ⬇ a兾2 ⫹ b and ␤ ⬇ a兾2. Using Eq. 2, it can be shown that the
Hermite functions hn(公kx) are the eigenfunctions of the integral
transform which kernel is g(x, y) in the range x 僆 (⫺⬁, ⬁) with the
corresponding eigenvalues proportional to the geometric series
{n} (20)
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冕

⬁

g共x, y兲hn共 冑ky兲dy ⬀ nhn共 冑kx兲,

[7]

⫺⬁

Fig. 4. Asymmetric generalized coherent state model of the yeast genomescale mRNA lengths distribution data of Eq. 9. Line-joined graph of the
arithmetic mean of the profiles of mRNA abundance levels of the P genes of
Eq. 8 approximately fits a dashed graph of the asymmetric Gaussian
exp( ⫺ bp2), which models the distribution of the peaks of the profiles of
the genes, where b ⫽ b1 for x ⱕ 0 and b ⫽ b2 ⫽ b1兾4 for x ⱖ 0 and where
the Gaussian peak is set at the gel migration length of 80 mm. Graphs of the
asymmetric Gaussian exp[ ⫺ a(x ⫺ p)2] model the profiles of the genes, where
the Gaussian peaks are set at 100 mm (violet) through 46 mm (blue), and
where the Gaussian amplitudes are determined by the distribution of the
peaks, which models the relative abundance of each Gaussian peak among all
genes.

Profiles of mRNA Abundance Levels of Most Genes Fit Asymmetric
Gaussians. Hurowitz and Brown (11) observed that, for most genes,

the profile of mRNA abundance levels of each gene, 具p兩d̂, peaks at
only one of the X gel slices. We fit the profiles of mRNA abundance
levels measured for the yeast genes VMA7, ADE12 and HIS4, which
were selected by Hurowitz and Brown as representative genes, with
the asymmetric Gaussians exp[⫺a(x ⫺ p)2], where a ⫽ a1 for x ⱕ
p and a ⫽ a2 ⬇ a1兾4 for x ⱖ p, sampled at unit intervals in the ranges
x 僆 [⫺7, 22], [⫺16, 13], and [⫺23, 6], such that their peaks are set
at the gel migration lengths of 88, 70, and 56 mm, which according
to Hurowitz and Brown correspond approximately to the mRNA
lengths of 675 ⫾ 35, 1,500 ⫾ 60, and 2,575 ⫾ 100 nucleotides,

Fig. 5. Eigengenes of the discretized approximated asymmetric generalized coherent state of Eq. 10. (a) Raster display of the 30 eigengenes in 30 arrays, the
inflection points of which approximately sample a graph of the asymmetric parabolic potential (blue) at unit intervals. (b) Bar chart of the 30 fractions of eigen
abundance, which approximately fit a graph of the exponential function of n (blue).
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Fractions of Eigen Abundance Fit a Geometric Series. Fitting the
fractions of eigen abundance {⍀n} with the geometric series of Eq.
7 {cn} for n ⫽ 2, . . . , 10, we find that  ⬇ 0.8. The correlation
between the fractions of eigen abundance and the geometric series
for n ⫽ 2, . . . , 10 is ⬎0.99 (Fig. 1b). From k ⫽ k1 ⬇ 0.36 for x ⱕ
0, k ⫽ k2 ⬇ k1兾4 ⬇ 0.09 for x ⱖ 0 and  ⬇ 0.8 for all x, we calculate
that a ⫽ a1 ⬇ 1.6 for x ⱕ p, and a ⫽ a2 ⬇ a1兾4 ⬇ 0.4 for x ⱖ p, and
that b ⫽ b1 ⬇ 0.02 for x ⱕ 0, and b ⫽ b2 ⬇ b1兾4 ⬇ 0.005 for x ⱖ
0. Note that a1兾b1 ⬇ a2兾b2 ⬇ 80, such that a ⬎⬎ b.
Note also that, for the fractions of eigen abundance computed
from the generalized coherent state of Eq. 5 after discretization to
fit approximately the geometric series of Eq. 7, it follows that  ⬇
1 ⫺ 公b兾a is symmetric with respect to the equilibrium p ⫽ x ⫽ 0,
whereas for the asymmetric Hermite functions of Eq. 4 to fit
approximately the eigengenes computed from the generalized
coherent state of Eq. 5 after discretization it follows that k ⬇ 2公ab
is asymmetric.
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where k ⫽ 2 公␣ 2 ⫺ ␤ 2 and  ⫽ 公( ␣ ⫺ k兾2)兾( ␣ ⫹ k兾2). For
a ⬎⬎ b, k ⬇ 2 公ab and  ⬇ 1 ⫺ 公b兾a.

respectively. We find that the arithmetic mean of the correlations
between the measured profile for each of these three genes and the
corresponding discretized Gaussian is ⬇0.94 (Fig. 3).
Distribution of the Peaks of the Profiles of the Genes Fits an Asymmetric Gaussian. From Eq. 5, the arithmetic mean of the profiles of

mRNA abundance levels of the P genes, in the limit of P 3 ⬁, is
approximately proportional to the distribution of the peaks x ⫽ p
across the X gel slices for a ⬎⬎ b
1
P

冘
P

p⫽1

具p兩d̂ ⬀

冕

⬁

f共x, p兲dp

⫺⬁

⬀ exp关⫺ab共x 2兾共a ⫹ b兲兴 ⬇ exp共⫺bx 2兲.

[8]

We fit the arithmetic mean of the profiles of mRNA abundance
levels of the P genes with the asymmetric Gaussian exp(⫺bx2),
where b ⫽ b1 for x ⱕ 0 and b ⫽ b2 ⫽ b1兾4 for x ⱖ 0, sampled at unit
intervals in the range x 僆 [⫺10, 19], where the equilibrium is set at
the gel migration length of 80 mm. We find that the correlation is
⬎0.99 (Fig. 4).
Genome-Scale mRNA Lengths Distribution Fits an Asymmetric Generalized Coherent State. We fit the mRNA lengths distribution data

with the analytical continuous asymmetric generalized coherent
state f(x, p) of Eq. 5, where the variances x2 ⫽ 1兾2a and 2p ⫽ 1兾2b
are asymmetric with respect to the peaks x ⫽ p of the profiles of the
genes and the equilibrium p ⫽ x ⫽ 0, respectively (Fig. 4),
a⬇

再
再

k1兾共1 ⫺ 兲,
k2兾共1 ⫺ 兲,

xⱕp
,
xⱖp

共1 ⫺ 兲k1兾2,
b⬇
共1 ⫺ 兲k2兾2,

[9]

xⱕ0
.
xⱖ0

SVD of the asymmetric generalized coherent state is computed
after discretization by sampling at unit intervals in the range x 僆
[⫺10, 19], where the equilibrium is set at the gel migration length
of 80 mm (Fig. 7, which is published as supporting information on
the PNAS web site). We find that the arithmetic mean of the
correlations between the nth eigengene computed for the discretized asymmetric generalized coherent state of Eq. 9 and the nth
eigengene computed for the measured data for n ⫽ 1, . . . , 10 is
⬇0.73. The inflection points of the eigengenes computed for the
discretized asymmetric generalized coherent state approximately
sample the asymmetric parabolic potential kx2兾2, where k ⫽ k1 for
x ⱕ 0 and k ⫽ k2 ⫽ k1兾4 for x ⱖ 0 at unit intervals (Figs. 7a and
8, which are published as supporting information on the PNAS web
site). We find that the correlation between the fractions of eigen
abundance computed for the discretized asymmetric generalized
coherent state and the geometric series {cn} for n ⫽ 2, . . . , 10 is
⬎0.99 (Fig. 7b).
Following Eq. 8, we approximate the distribution of the peaks of
the genes exp(⫺bp2) in the asymmetric coherent state of Eq. 5 with
the arithmetic mean of the profiles of the genes
exp关⫺a共x ⫺ p兲 2兴

冉

1
P

冘
P

p⫽1

冊

具 p兩d̂ .

[10]

SVD is computed again after discretization of exp[⫺a(x ⫺ p)2] by
sampling at unit intervals in the range x 僆 [⫺10, 19], where the
equilibrium is set at the gel migration length of 80 mm (Fig. 9, which
is published as supporting information on the PNAS web site). We
find that the approximated asymmetric generalized coherent state
of Eq. 10 fits the measured data better than the asymmetric
generalized coherent state of Eqs. 5 and 9: The arithmetic mean of
11832 兩 www.pnas.org兾cgi兾doi兾10.1073兾pnas.0604756103

Fig. 6. Line-joined graphs of the abundance levels of the 1st (red) through
10th (violet) eigengenes of the yeast genome-scale mRNA lengths distribution
data, {具n兩v̂T} for n ⫽ 1, . . . , 10, approximately fit line-joined graphs of the
abundance levels of the 1st through 10th eigengenes (black) of the discretized
approximated asymmetric generalized coherent state of Eq. 10 with correlations ranging from 0.76 to 0.93. The inflection points of the eigengenes
approximately sample a dashed graph of the asymmetric parabolic potential
at unit intervals.
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Why Do the Profiles of mRNA Abundance Levels of Most
Genes Fit Asymmetric Gaussians?
Asymmetry in the gel electrophoresis thermal broadening of a
moving, rather than a stationary, band of RNA molecules, along the
axis of the electric field, might be underlying this previously
unknown asymmetry in the profiles of mRNA abundance levels of
the genes. When the electric field is turned off, the thermal
broadening of a band of RNA molecules in an agarose gel is
symmetric along the axis of the field, such that the distribution of
the RNA molecules is a Gaussian profile, exp[⫺a(x ⫺ p)2], which
peaks at the position where the RNA molecules were loaded onto
the gel, x ⫽ p. When the electric field is turned on, the RNA
molecules migrate in the gel along the axis of the electric field in
addition to their thermal diffusion (3–6). The electrophoretic
velocity depends on the lengths of the RNA molecules. Molecules
which are of the same lengths will migrate with the same velocity
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Discussion
We have shown, using SVD, that the genome-scale distribution of
yeast mRNA gene transcript lengths measured by DNA microarrays can be modeled mathematically as an asymmetric generalized
coherent state, where the profiles of mRNA abundance levels of
most genes as well as the distribution of the peaks of these profiles
fit asymmetric Gaussians. We have hypothesized that the asymmetric Gaussian distribution of the peaks of the profiles of the genes
is due to two competing evolutionary forces, which balance at the
peak of this distribution, approximately at the mRNA length of
1,000 ⫾ 50 nucleotides. SVD analyses of DNA microarray measured genome-scale distributions of the lengths of unspliced premRNA, spliced mRNA exons and separately mRNA introns in
different organisms (22), as well as different experimentally evolved
strains of any one organism (23, 24), may be used to study the
evolutionary forces which affect mRNA lengths.
We have shown that the asymmetry in the profiles of the genes
might be due to a previously unknown asymmetry in the gel
electrophoresis thermal broadening of a moving, rather than a
stationary, band of RNA molecules. Previous simulations and
measurements of DNA band broadening in gel electrophoresis
have shown that the broadening of a moving band can be different
from that of a stationary band, but have not suggested asymmetry
(4–6). We conclude that the mathematical modeling of DNA
microarray data might be used to uncover the physical as well as the
biological principles which govern the activities of DNA and RNA.
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Why Does the Distribution of the Peaks of the Profiles
of the Genes Fit an Asymmetric Gaussian?
Our hypothesis is that there are two competing evolutionary forces
that determine the lengths of mRNA gene transcripts, and also the
distribution of the peaks of the P profiles measured for the P genes.
The first force acts to maximize the information content of the
genes and their functional specificity, and therefore also their
mRNA lengths. The second force acts to minimize the costs
associated with the transcription as well as posttranscriptional
processes, such as translation, and therefore also the lengths of
mRNA gene transcripts. These forces balance at the peak of the
distribution exp(⫺bp2), i.e., the equilibrium p ⫽ x ⫽ 0. We find the
equilibrium at the gel migration length of 80 mm, which according
to Hurowitz and Brown (11) corresponds approximately to the
mRNA length of 1,000 ⫾ 50 nucleotides. Both forces are linearly
proportional to and oppositely directed to the displacement of the
gel migration length of a transcript from this equilibrium gel
migration length in the manner of the restoring force of the
harmonic oscillator. Note that the gel migration length of a
transcript is approximately linearly proportional to the logarithm of
the mRNA length of the transcript (3, 11). The proportionality
constants are b ⫽ b1 for the first force in the range of x ⱕ 0, and
b ⫽ b2 for the second force in the range of x ⱖ 0. We find that b2 ⬇
b1兾4, suggesting that the first force, which acts to increase mRNA
lengths that are shorter than the equilibrium length of 1,000
nucleotides, is larger than the second force, which acts to decrease
mRNA lengths that are longer than the equilibrium length.

and form a moving band. In the thermal broadening of a moving
band of RNA molecules the peak of the band is moving toward the
front of the band and away from its back. As a result, the width of
the band narrows in the direction of migration, x,1 ⫽ 公1兾2a1 for
x ⱕ p, and widens in the opposite direction, x,2 ⫽ 公1兾2a2 for x ⱖ
p, such that x,2 ⬎ x,1, and the distribution of the RNA molecules
is an asymmetric Gaussian profile. We find that x,2兾x,1 ⫽ 公a1兾a2
⬇ 2, and therefore that the peak of each Gaussian profile is
approximately shifted by (x,1 ⫺ x,2)兾2 within the band, which
width is x,1 ⫹ x,2. Substituting a1 ⬇ 0.16 and a2 ⬇ 0.4 and taking
into account the 2-mm widths of the gel slices, we find that the width
of the Gaussian profile is ⬇3 mm, and that the peak of the Gaussian
profile is shifted by ⬇0.5 mm within the band.
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the correlations between the nth eigengene computed for the
approximated and discretized asymmetric generalized coherent
state of Eq. 10 and the nth eigengene computed for the measured
data for n ⫽ 1, . . . , 10 is ⬇0.86 (Figs. 5 and 6). Note also the
robustness of the eigengenes and the fractions of eigen abundance
computed for the asymmetric generalized coherent state of Eq. 9
to the perturbation introduced by the approximation of Eq. 10.

