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Abstract

TheCramer-Raoerrorboundprovidesa fundamentallimit on theexpectedperformanceof
astatisticalestimator. Theerrorbounddependsonthegeneralpropertiesof thesystem,but
not on thespecificpropertiesof theestimatoror thesolution.TheCramer-Raoerrorbound
hasbeenappliedto scalar- andvector-valuedestimatorsandrecentlyto parametricshape
estimators.However, nonparametric,low-level surfacerepresentationsare an important
importanttool in 3D reconstruction,andareparticularlyusefulfor representingcomplex
sceneswith arbitraryshapesandtopologies. This paperpresentsa generalizationof the
Cramer-Rao error boundto nonparametricshapeestimators.Specifically, we derive the
errorboundfor thefull 3D reconstructionof scenesfrom multiple rangeimages.



Chapter 1

Intr oduction

A confluenceof several technologieshascreatednew opportunitiesfor reconstructing3D
modelsof complex objectsandscenes.More preciseandlessexpensive rangemeasure-
mentsystemscombinedwith bettercomputingcapabilitiesenableus to build, visualize,
andanalyze3D modelsof theworld. Thedifficulty of reconstructingsurfacesfrom range
imagesstemsfrom inadequaciesin thedata.Rangemeasurementspresentsseveralsignifi-
cantproblems,suchasmeasurementnoise,variationsin measurementdensity, occlusions,
anderrorsin the registrationof multiple rangeimages.Hence,the reconstructedsurfaces
are not perfect,they are merely estimatesof the true surfaces. As the useof measured
3D modelsbecomesmorecommonplace,therewill be a greaterneedfor quantifyingthe
errorsassociatedwith thesemodels. For instance,the useof 3D modelsin forensics,to
modelcrimescenes[1], will invariablyraisethe question,“How muchcanwe trust these
models?”1

Signal processing,and estimationtheory in particular, provides a tool, the Cramer-Rao
errorbound(CRB),for quantifyingtheperformanceof statisticalestimators.However, the
CRB hastraditionally beenappliedto parameterestimationproblems.That is, problems
in which thenumberof parametersandtheir relationshipto thephysicalmeasurementsis
fixedandknown. In orderapplythesetoolsto surfacereconstruction,we mustfirst define
a notionof errorfor surfacesandthenadaptthesetoolsto a 3D geometricsetting.

Theanalysisof reconstructionerrorsdependsonthesurfacerepresentation.For thisdiscus-
sionwedividethespaceof surfacemodelsinto two classes:parametricandnonparametric.
Parametricmodelsarethosethatrepresentshapesindirectlyvia afinite setof variablesthat

1http://www.3rdtech.com/DeltaSphereat AAFS Conf.htm

1



control the local or global positionof the surface. Parametricmodelsrangefrom simple
primitivesthathave a few parametersto morecomplicatedalgebraicpolynomialsurfaces
andpiecewisesmoothmodels,suchassplines.Parametricapproachesareparticularlywell
suitedto higher-level taskssuchas object recognition. In the context of estimation,the
numberof parametersandtheir relationshipto theshapeis not usuallyconsideredasa ran-
domvariable.Therefore,parametricmodelsrestrictthesolutionto thespaceof shapesthat
arespannedby theassociatedparameters.

The alternative is a nonparametricmodel,which, for the purposesof this paper, refersto
thoserepresentationsin whichthepositionof any pointonthesurfaceis controlleddirectly
andis independent(to within a finite resolution)from the positionsof otherpointson the
surface.Accordingto this definition,surfacemeshes,volumes,andlevel setsareexamples
of nonparametricshaperepresentations.Nonparametricmodelstypically have many more
free parameters(e.g. eachsurfacepoint, their number, andtheir configuration)andthey
representa muchbroaderclassof shapes.However, nonparametricmodelsimposeother
limitationssuchasfinite resolutionand,in thecaseof implicit models,closedboundaries.
Nevertheless,the literaturehasshown that nonparametricmodelsarepreferredwhenre-
constructingsurfacesof complex objectsor sceneswith arbitrarily topologyandvery little
a-priori knowledgeaboutshape[2, 3, 4, 5]. This paperintroducesa novel formulationfor
computingexpectederrorsof nonparametricsurfaceestimatesusingpoint-wiseCramer-
Raobounds.

Therestof this reportis organizedasfollows. Chapter2 discussesrelatedwork, Chapter3
summarizesthemaximumlikelihoodnonparametricsurfaceestimationprocess,andChap-
ter 4 derivesa CRB for nonparametricsurfaceestimatorsandgivesresultsfor synthetic
data. Chapter5 presentsresultsfor real data. Chapter6 summarizesthe contributionsof
this paperanddiscussespossibilitiesfor futureresearchdirections.



Chapter 2

RelatedWork

The CRB statesthe minimum achievable error for an estimator, and therefore,provides
fundamentallimits on the performanceof any estimationprocess.The expressionfor the
CRB is independentof thespecificform of theestimator;it dependsonly on thestatistics
of the input measurementsand the bias of the estimator. Moreover, for asymptotically
efficient estimators,suchasthemaximumlikelihoodestimator(MLE), theCRB is a tight
lower bound,i.e. for MLEs theCRB is achievable.Thus,theCRB quantifiestheexpected
errorof theoutputof anestimationprocessin theabsenceof groundtruth. In thecontext
of surfacereconstruction,it providesawell-founded,systematicmechanismfor computing
theerrorof a reconstructedsurface.

Researchershave extensively usedCRBs for problemswherethe estimatoris relatively
simple, suchas scalaror vector quantities. For instance,parameterestimationto deter-
minethelocation,sizeandorientationof a targethasbeenstudiedusingCRB analysis[6].
More recently, severalauthorshave derivedCRB expressionsfor parametricshapeestima-
tors. Hero et al. [7] computethe CRB for B-splineparametersof star-shapesestimated
from magneticresonanceimagery. Ye et al. [8] computethe CRB for more general
parametricshapeestimators.Confidenceintervals for shapeestimatorscanbe computed
usingCRBs[9], whichprovidesanimportantcomputationaladvantageoverusingaMonte-
Carlo simulation[10]. However, theseresultsapply only to parametricshapeestimators.
Thegoalof thispaperis to fill angapin 3D surfacereconstructionby deriving theCRBfor
nonparametricshapeestimatorsandexpressingtheerror in termsof a statisticalmodelof
a scanninglaserrangefinder.
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Chapter 3

Maximum Lik elihood Surface
Reconstruction

Thischapterdescribesaparticularformulationfor anonparametricMLE surfaceestimator.
Theresultsin thispaperestablishaboundthatappliesto any nonparametricsurfaceestima-
tor. However, theseresultsprovide a tight boundfor MLE estimators,andtheformulation
for theMLE estimatorintroducessomebasicconceptsthatareimportantfor theCRB.

We begin by describingamathematicalmodelof a rangeimage.A rangefinder is adevice
thatmeasuresdistancesto theclosestpoint on anobjectalonga particularline of sight. A
rangescannerproducesa2D array(image)of rangemeasurements����� � , throughascanning
mechanismthataimstheline of sightaccordingly, seeFigure3.1. Thereforeeachelement
or pixel of a rangeimageconsistsof two things: a line of sightanda rangemeasurement,
which togetherdescribea 3D point. We denotea singlerangeimage ��� �
	 anda collection
of rangeimagestakenfrom differentscannerlocationsas ��� ��
 	���������� � ��� 	�� .
The objector scenealsorequiresa precisespecification.We definethe surface � asthe
closureof a compactsubsetof 3D, � . Thus, � is the“skin” thatcoversthesolid � .

The rangemeasurementsarerandomvariables,but if we know the sensormodel,we can
computethe probability of a particularset of rangeimageconditionalon the sceneas��� � ��
 	 ��������� � ��� 	��! #" . This is the likelihood. An MLE estimatoris definedas$ &%('*)
+-,
.0/1 � � � ��
 	 ��������� � ��� 	 �! " � (3.1)

Any estimatorthat minimizesthe likelihoodis asymtoticallyefficient andunbiased.That
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Figure3.1: A rangefinderproducesa denserangemapof a scene.

is, asthenumberof measurementsgoesto infinity, theestimatoris correcton theaverage
andis asgoodasany otherunbiasedestimator.

Whitaker [5] shows that the maximumlikelihoodestimatorof sucha collectionof range
imagescanbecomputedasthesetof zerocrossingsof scalarfunction 2436587 . Thatis$ 9%;:=<9>@? ACBD� 243 < 7 %FEHG �

(3.2)

Curless[3] usesa similar implicit formulationto reconstructsurfacesfrom multiple range
scans.

For theMLE formulation 2436587 is2I3 < 7 % �J �LK 
 M 36N � 3 < 7L7 � (3.3)

whereN � 3 < 7 is thedistancefrom the O ’ th scannerlocationto thepoint
<P>@? A B

, and
M

is the
derivative of the logarithmof the pdf for the rangemeasurementerrormodel. Themodel
assumesthat the rangemeasurementswithin a single scanaresufficiently closeandare
suitablefor interpolation.Notice that if the sensormodelis Gaussian

M
is linear. Certain

classesof rangemeasurements,suchasladar, havebeenshown to havenoisecharacteristics
thatcanbedescribedasGaussianwith outliers[11].



Chapter 4

Cramer-Rao Err or Bounds

Theonly descriptionof thesurfaceofferedby nonparametricestimators,(3.2),is thesetof
points Q< in 3D thatlie on thesurface.Thereforeweformulatetheerrorasaseparatebound
for eachsurfacepoint. Errorson pointsaredirectional,but without any correspondence
betweentheestimateandthetruesurface,theonly importantaspectof theerroris how far
eachpoint is from thenearestpointon theactualsurface.Givenapoint Q< , wecancompute
the CRB as RTSVUWQ<YX ��U[Z]\^�-_ , where UWQ<`X �aU denotesthe shortestEuclideandistancebe-
tween Q< andS, theactualsurface,and R denotestheexpectedvaluefor all possibleQ< . The
local errorboundgivesusa mapof errorsover theentiresurfaceestimate.This is a more
usefulandgeneralresultthana globalerrorbound.

Let b be the numberof scanners(rangeimages)to which the point Q< is visible. Eachof
the b scannershasoneline of sight, c � �d	 , associatedwith Q< . This is the vectorfrom the
scannerlocationto Q< . Let � � ��	 denotetherangemeasurementfor the i’ th scannertakenfor
the line of sight c � ��	 . In principle, Q< is a function only of the set � ��
 	���������� � �fe 	 . Using the
Cramer-Raoerrorboundformulafor unbiasedestimators[12], we findR;g hi e��K 
kjmlnporq�s 3utLv!wyx6z {|7q { } Z 
s 3 t v!wyx z { 7C~ � � �d	 � (4.1)

In therestof thispaper, weuseR to denoteR�S�UWQ<YX ��U Z \^�-_ . Equation(4.1)is afunctionof
thederivativeof thepdf with respectto � . To computethis derivative,we usea local first-
orderapproximationto thesurface,i.e. thetangentplane.Let � denotethesurfacenormal
vector, which is perpendicularto thetangentplane.Then,perturbationsof thesurfacecan
belocally approximatedby moving thetangentplanealongthenormaldirection ~ � %(� � ,
seeFigure4.1(a). Let � � �d	 denotethe anglebetween� and

X c � ��	 . Also, let � � �d	� denote
6
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Figure4.1: (a) Therelationshipbetweenperturbationsof thesurfaceandits truedistance
from thescanner. (b) The2D geometryof line of sighterror.

the true distancefrom the scannerto the surfacealong c�� �d	 . The geometricrelationship
betweenthesurfaceperturbation

�
andthechangein thetruedistancefrom thescannerto

thesurface,seeFigure4.1(a),dictates� � � �d	� % ���� , � � �d	 � (4.2)

Usingthis relationship,we obtain~ � � � � �d	 � � "~ � %��������� n � � � � ��	 � �9� � � " X � � � � �d	 � � "�%��������� n �P� � � �d	 � � � �d	� � � � � �d	��� X �`� � � �d	 � � � �d	�Y��% ������� t v�wfx� � n s�� t v!wfx z t v!wyx�a� � t v!wfx��� � s�� t v�wfx z t v!wfx�¡�� t v!wfx���� , � � �d	% h��� , � � �d	 ~ � � � � ��	 � � � �d	�Y�~ � � �d	� �
(4.3)

Substitutingthis resultinto (4.1)yieldsR;g hi e��K 
 ,
¢ � � � �d	 j ln£o q�s � tLv!wyx6z t v!wyx� �q t v!wfx� } Z 
s#� t v!wfx z t v!wyx�¡� ~ � � �d	 � (4.4)

The next stepis to formulatethe conditionalpdf for rangemeasurements.Therearetwo
possiblesourcesof errorin eachrangemeasurement:



¤ theangularerrorin aimingtheline of sight,and¤ theerrorin thedistancemeasurementalongtheactualline of sight.

Theuncertaintyin theline-of-sightcanbeusedto describeseveralsourcesof error. First,
the scannermeasuresrangealonga discretegrid of line-of-sights,andtherefore,it intro-
ducesa samplingerror. Moreover, given an intendedline-of-sight on the discretegrid,
thereis anerror in aimingthe rangefinder. We will refer to this discrepancy betweenthe
intendedandthe actualline of sightsaspointing error. Finally, whenestimatingsurfaces
from multiple rangeimages,error is introducedby imperfectionsin theregistrationof the
differentrangeimagesto eachother.

For mostrangescanners,suchasLadar, thepointingerror is small comparedto theerror
in the distancemeasurement.Hence,it is commonto assumea perfectly aimedline of
sight, to simplify the formulationof the conditionalpdf. In this case,

� � � � �d	 � � " depends
only on thetruedistancefrom the i’ th scannerto � alongthevector c � ��	 . We canassumea
Gaussiandistribution for thenoisein thedistancemeasurement[5], andtherefore� � � � �d	 � � " % � � � � �d	 � � � ��	�Y�¦¥¨§ 3 � � �d	� �ª© Zt 7 � (4.5)

Usingresultsfor Gaussianpdf’s from [12], we find that« t v!wyx­¬ ~ � 3 � � �d	 � � � �d	� 7~ � � �d	� ® Z h� 3 � � ��	 � � � �d	� 7 ~ � � �d	 % © Zt (4.6)

Substitutingthis resultinto (4.4),we getR¯g hi e�dK 
°h \ © Zt ��� , � � �d	 % © Zti e�dK 
 ,L¢ � � � ��	 � (4.7)

This result statesthat if any of the b scannershave a line of sight that is perpendicular
to the normal vector at

$<
( � � �d	 %±E

), the error boundfor that point is zero. Figure 4.2
demonstratesthis resultwith a sphere.We computetheCRB for estimatinga surfacefrom
six noisyrangeimagesof a spherewith unit radiustakenalongthesix cardinaldirections.
Figure 4.2 shows the CRB as a colormapon the surface; the units are the radiusof the
sphere. The scannersare locatedon the axis along the purple regions on the estimator.
As predictedby (4.7) theseare the regions of highestexpectederror. The red regions,
wheretheCRB is 0, form six circleson thesphere.Thesecirclesarethesilhouettesof the
sphereasseenfrom the scannerlocations. Therefore,accordingto this incompleteCRB
derivation, it shouldbe possibleto determinethe locationof any desiredpoint exactly by



(a)

0                                         0.015
(b)

Figure4.2: [Color]The incompleteCRB shown asa colormapon the sphere,and(b) the
color mapfor theCRB.Theradiusof thesphereis 1 unit.

repositioningthescanner. This counter-intuitive resultis dueto ignoringtheangularerror
in theline of sight. In practice,this error is non-zero,andwe cannot determineany point
on anobjecterror-free. We derive a completeconditionalpdf andCRB in the restof this
section.

4.1 Err or bound in 2D

Wecanderiveanaccurateconditionalpdf for therangemeasurementif wetakethepointing
error in the line of sight into account. Let us first examinethe simpler 2D case,where�³² ? A Z and � is a curve. Thevectorfrom the i’ th scannerto

$<
on thesurfaceestimator,c � �d	 , is now theintendedline of sight.Figure4.1(b)illustratesc´36µ¶7 and µ whichrepresent

theactualline of sight(randomvariableA) andtheangleit makeswith theintendedline of
sight,respectively. We assumethatthepdf for µ is a Gaussianwith zeromean(thereis no
constantoffseterrorin aimingthescanner)and

©k·
standarddeviation� 3¸µr7 ¥¨§ 3 E �L© Z· 7 � (4.8)

Giventhisactualline of sight,weassumeaGaussiandistributionfor thedistancemeasure-
ment(randomvariableB)��� � � �d	 � c´36µ¶7 � � "¡% ��� � � �d	 � � 36µ¶7 " ¥¨§ 3 � 3¸µr7 �L© Zt 7 � (4.9)

where � 3¸µr7 is theactualdistanceto thesurface � along c´36µr7 . RandomvariablesA andB
areindependent;therefore,their joint probabilityis theproductof (4.8)and(4.9). Integrat-



ing this joint probabilityover thedomainof µ , we computethemarginal distribution� � � � �d	 � � " % «£¹� ¹ � � � � �d	 � c´36µ¶7 � � " � 3¸µr7 ~ µ � (4.10)

To evaluatethis probability, we still needto determinetheexpressionfor � 36µr7 in (4.9).

Without loss of generality, definethe scannerlocation and c � ��	 to be the origin of the

coordinateframeandthe y-axis, respectively. Then,we have c´36µ¶7 % o ,L��º µ��� , µ } and � %o ,
��º � � �d	��� , �»� �d	 } , seeFigure4.1(b).Usingtheequationfor thetangentline� � 36µr7¼c½3¸µr7 X � � �d	� c � �d	 �¿¾ � %(E �
(4.11)

thedistance� 36µ¶7 canbefoundas� 3¸µr7 % � � �d	� c � �d	 ¾ �c´36µ¶7 ¾ �% � � �d	� ��� , � � �d	��� , µ ��� , � � ��	 XÀ,L��º µ ,L��º � � ��	Á � � �d	� ��� , � � �d	��� , � � �d	 X µ ,
��º � � �d	 (4.12)Á � � �d	� � h �¨µÃÂ 'Äº � � �d	 " (4.13)

Equation(4.12) follows from the fact that µ is very small, andtherefore
,L��º µ Á µ and��� , µ Á h . Equation(4.13) is obtainedusinga first orderTaylor seriesapproximationto

(4.12)aroundµ %ÅE
.

Let usput togetherequations(4.8-4.10)and(4.13)to evaluate
�F� � � �d	�� � "« l� l hÆ Ç�È © t=É 3¸Ê v!wyxuË Ê v!wyx� 3 Ì�Í^Î»Ï�Ð�Ñ�Ò v�wfx 7
7¼ÓÓ�Ô ÓÊ hÆ Ç�È ©k· É � Î ÓÓ�Ô ÓÕ ~ µ � (4.14)

We canchangetherangeof integrationfrom 3 X È � È 7 in (4.10)to 3 X½Ö � Ö 7 above because©k·`× È
, and hence

� 3¸µr7 Á E
for

� µ � g È
. Then, using the changeof variablesØ %� � �d	� Â '*º � � �d	 µ , theabove integral canberewritten as« l� l hÆ Ç�È © t É 3¸Ê v!wyx Ë Ê v!wyx� Ë�Ù 7 ÓÓ�Ô ÓÊ hÆ Ç�È ©ÛÚ· É � Ù ÓÓ v Ô
ÜÕ x Ó ~ Ø � (4.15)



where © Ú· % � � �d	� Â '*º � � ��	 ©k·�� (4.16)

Equation(4.15)is in theform of convolution of two Gaussians.Consequently, probability
theorystatesthattheresultis theGaussianpdf� � � � �d	 � � " % ��� � � ��	 � � � �d	� � � � �d	 � ¥¨§ � � � �d	� �ª© Zt �F3 © Ú· 7 Z � � (4.17)

For thepurposesof differentiatingthis pdf with respectto � � �d	� , we ignorethe dependence
of
© Ú·

on � � �d	� . Hence,thederivation(4.3)alsoapplieshere.Usingresultsfor Gaussianpdf’s
from [12], we find that« t v!wyx ¬ ~ � 3 � � �d	 � � � ��	� � �»� �d	 7~ � � ��	� ® Z h� 3 � � �d	 � � � �d	� � � � �d	 7 ~ � � �d	 % © Zt ��3 © Ú· 7 Z � (4.18)

Finally, usingtheseresultin (4.1)R g hi e�dK 
 ,
¢ � � � �d	 \ o © Zt � � � � ��	� Â 'Äº � � �d	 © Ú· � Z }% hi e�dK 
 
ÝuÞ�ß[à v!wyx�á ÓÊ � ß�â�ãäà v!wyx � t v!wyx� á ÜÕ � Ó (4.19)

Note that,provided
© Ztæå%çE

and
© Z· å%çE

, which is alwaysthe casefor a real rangefinder,
(4.19)is never0.

4.2 Err or bound in 3D

The3D casediffersfrom the2D becausetherearetwo anglesof deviationin theline of sight
that we needto consider;however, we show that only oneof theseanglesmatterandthe
3D casecanbereducedto the2D case.Considerthegeometryillustratedin Figure4.3(a).
Without lossof generality, definethescannerlocationand c � �d	 (theintendedline of sight)
to be the origin of the coordinateframeandthe z-axis, respectively. The surfacecanbe
locally approximatedby its tangentplanedefinedby the surfacenormalvector � . Using� , definethefollowing unit vectors:è % �êé@ë and ì % è é@ë � (4.20)

where ë is the unit vectorin the directionof the z-axis, and“ é ” denotesthe vectorcross
product.Theunit vectorsì ,

è
and ë defineanorthonormalcoordinateframe.
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Figure4.3: (a) The3D geometryof line of sighterror, (b) theu-v-zcoordinateframe.

Thetwo anglesof deviation for theline of sightcanbedefinedasrotationsof theintended
line of sightaroundany pair of orthogonalpair of vectorsin theplaneperpendicularto the
z-axis. Without lossof generality, wechoosetheanglesof deviation µ and í to berotations
aroundthe

è
and ì axes,respectively, asshown in Figure4.3(b). Therandomvariablesµ

and í areindependentandidenticallydistributedwith thepdf § 3 E �ª© Z· 7 . Theintendedline
of sight is c � �d	 % � E E h "�î in the u-v-zcoordinateframe. Theactuallines of sight can
beexpressedin theu-v-zcoordinateframeascï3¸µ � íð7 % hñ ,L��º Z µ¿� ,
��º Z íò� h£óô ,L��º µ,
��º íh

õö
Á hñ µ Z �£í Z � h óô µí h

õö �
(4.21)

wherewe have usedthesmallangleapproximation
,L��º µ Á µ and

,L��º í Á í . We canalso
expressthesurfacenormalin thesamecoordinateframe.By definition, � ¾ c � �d	 % � ¾ ë %X ��� , � � �d	 , � ¾ è % � ¾ 3¸�êé@ëä7 %FE

and
��� � ����% h ; therefore,� % óô ,
��º � � �d	E��� , � � �d	 õö �

We canusetheequationfor thetangentplane,which is thesameasequation(4.11)for the



tangentin 2D, to find thedistance� 36µ � íð7� 36µ � íð7 % � � �d	� c � �d	 ¾ �c½3¸µ � íð7 ¾ �Á � � �d	� ��� , � � �d	 ñ µ Z �£í Z � h��� , � � �d	 X µ ,L��º � � �d	Á � � �d	� � h �¨µaÂ '*º � � �d	 " (4.22)

Equation(4.22),whichis exactly thesameresultas(4.13)for 2D, followsfrom afirst order
Taylor seriesapproximationaroundµ % í %(E

. Hence,theCramer-Raobound(4.19)also
appliesto the3D case.



Chapter 5

Resultsand Discussion

Figure 5.1 shows the resultsof the experimentfrom Figure 4.2 with the completeCRB
formulation(4.19),which includesangularerror. As expectedtheCRBdoesnot go to zero
alongocclusionboundaries.This is in contrastto theincompleteCRB formulation,which
predictsa zeroerrorboundfor thesilhouetteof a sphere.

As analternative to theCRB resultsin this paper, considerthemethodof computingerror
measureson simplescalarestimators,which averagesall measurements.For suchan es-
timator to be the error Rêg © Z \Äb , where b is the numberof measurementsand

© Z is the
varianceof any onemeasurement.An naive applicationof this schemeto surfacerecon-
structionwould producean error measurethat dependedonly on the numberof scanners
that arevisible from any particularsurfacepoint. Unlike the CRB derived in this paper,
this trivial resultdoesnot take thesensor-modelgeometryinto accountandis not correct.
In Figure5.1, the CRB is highest(purple-blue)in regionsseenby a singlescanner, and
lowest(yellow) in regionsseenby threescanners.However, the CRB variessignificantly
within theseregionswhich cannot bepredictedby the trivial approachthatdiscountsthe
sensor-modelgeometry.

Next, we computean actualestimatorusing a level-setsurfacerepresentation[5]. Fig-
ure 5.1(b)shows a close-upview of the CRB colormappedon to this actualestimator. If
weconsidertheroughnessof theestimatedsurfaceasasubjectiveindicatorof error, weob-
servethattheactualestimationerrorsareapproximatelyproportionalto theerrorpredicted
by the CRB. In otherwords,the estimatoris indeedmorenoisy in blue-purpleregionsof
theCRB comparedto theyellow regions.

Finally, we demonstratethe importanceof error boundsin a real surfacereconstruction

14
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(c)

Figure 5.1: [Color](a) The CRB colormappedon the sphere,(b) a close-upview of the
CRB shown on aninstanceof theestimator, and(c) thecolor mapfor theCRB.Theradius
of thesphereis 1 unit.



(a)

(b)

3                                         15 mm
(c)

Figure5.2: [Color] MLE reconstructionfrom (a) 4 rangeimages,(b) 12rangeimages,and
(c) CRB colorbar. Theunitsof theCRB is in millimeters(mm). Thediameterof thebarrel
in thesceneis approximately500mm. Theblackregionshave infinite CRB; thesearethe
pointsnot seenby any scanner.



problem.Figure5.2 illustratestheCRBscomputedfor reconstructionsof anoffice scene.
Twelve rangeimagesweretakenandregisteredwith themethodsdescribedin [14]. Then
usinga level setrepresentation,we reconstructa surfacemodel[5]. In thefirst reconstruc-
tion, weuseonly 4 outof the12rangeimages.Theocclusionshadowsof thebarrelandthe
chairareobservedastheblackregionson thereconstructedsurfacein Figure5.2(a).Very
high CRB values(purple)arealsoobserved at variouslocationsincluding the top of the
desk,andon thebookshelvesdueto theocclusionsof objectsplacedon it. Unlike theoc-
clusionshadows of thechairandthebarrel,theseartifactsarenot immediatelyobservable
from thereconstructedsurface.Hence,theCRB imagebringsout usefulinformationthat
canbeusedto choosefurtherscanninglocations.In thesecondreconstruction,we useall
12 rangeimages.Overall, theaverageCRB is lower asexpectedandtherearemuchfewer
occludedregions.However, noticethatcertainpartsof thedeskandbookshelvesstill have
infinite CRBvalues(black),indicatingthatthesepartsareoccludedin all 12rangeimages.
This resultcanbe usedto addanotherrangeimagefrom a scannerlocationthat cansee
theseparts. Or alternatively, it caninform users(or somesubsequentprocessing)not to
trustthesurfaceestimatein theselocations.



Chapter 6

Conclusion

This papershows the derivation of a systematicerror measurefor nonparametricsurface
reconstructionthatusestheCramer-Raobound.TheCRB is a tight lower errorboundfor
unbiasedestimatorssuchasthemaximumlikelihood.However, therearesomelimitations
in this formulation.We have assumedno knowledgeof surfaceshapeotherthanthatgiven
by the measurements.However, in practiceshapereconstructionoften includessomea-
priori knowledgeaboutsurfaceshape,suchassmoothness.The inclusionof suchpriors
correspondsto a maximumposterioriestimationprocess. The current formulation still
givesmeaningfulresults—ittellsusto whatextentaparticularestimateis warrantedby the
data. That is, it givesus someideaof the relative weightingof the dataandthe prior at
each point on the surface. Futurework will includea studyof how to incorporatepriors
andestimatorbiasinto theseerrorbounds.
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