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Abstract

For surfacereconstructiorproblemswith noisyandincompleterangedata,a Bayesiaresti-
mationapproactcanimprovethe overallquality of thesurfaces. The Bayesiarapproacho
surfaceestimationrelieson a likelihoodterm, which ties the surfaceestimateto the input
data,andtheprior, whichensuresurfacesmoothneser continuity. Thispapelintroducesa
new high-order nonlinearprior for surfacereconstructionThe proposedrior cansmooth
comple, noisy surfaces,while preservingsharp,geometricfeatures,andit is a natural
generalizatiorof edge-preservingnethodsin image processingsuchas anisotropicdif-
fusion. The useof thesehigherordersurfacepriorsrequiressolving a fourth-orderpartial
differentialequation(PDE),which canbedifficult with corventionalnumericatechniques.
Our solutionis basedntheobsenationthatthegeneralizatiorof imageprocessingo sur
facesentailsfiltering the surfacenormals.This approachallows usto separatéhe problem
into two second-ordePDEs: onefor processinghe normalsandonefor refitting the sur
face.Furthermorewe implementthe associatedurfacedeformationsisinglevel sets,and
thus the algorithm can accommodaterery comple< shapeswith arbitrary and changing
topologies.This papergivesthe mathematicalormulationanddescribeshe numericalal-
gorithms.We alsopresent quantitatve analysis which demonstratethe effectivenessof
thealgorithm,andshow resultsusingrealandsyntheticrangedata.



Chapter 1

Intr oduction

This paperaddresseshe problemof 3D surfacereconstructiorfrom multiple registered
rangeimages. The importanceof high-quality surfacereconstruction$rom rangedatais
growing asrangemeasuremertechnologiebecomenmoreaccuratendaffordable.Despite
theincreasedaccuray in thesemeasuremerdevices,significantchallengego surfacere-
constructionremain. In particular surfacereconstructions complicatedoy measurement
noiseandvariationsin measuremerdensity For instancethemeasuremerttensityis high
at partsof the surfacevisible to multiple images.By contrastpartsof the surfacethatare
occludedn all of theimageshave no data.

We modelthe uncertaintiesarising from measurememoise,overlappingmeasurements,
andocclusionin a Bayesianframenork, which formulatessurfacereconstructiorasthe
maximizationof a posteriorprobability function. Accordingto Bayesrule, maximuma
posteriori(MAP) estimatorsmaximizethe productof two distinctprobabilities:thelik eli-
hoodof the measuremendataconditionedon the surfacemodelandthe prior probability
distribution of the model. We refer to thesetwo probabilities,respectiely, asthe likeli-
hood andthe prior. The major challengeof Bayesiansurfacereconstructioris the deter
minationof thesetwo quantities. This paperfocuseson the prior probability distribution.
Specifically we attemptto correctly generalizestatisticalimagereconstructiorstrategies
[1, 2, 3, 4, 5] to surfacereconstructionand we proposehigherorder nonlinearfeature-
preservingsurfacepriorsasthe solutionto this problem.

In previouswork [6], we proposehatthenaturalgeneralizatiorof imageprocessindgo sur
facesoccursvia the surface normal vectors andshaow resultsfor post-processingf noisy
surfaces. For example,a smoothsurfaceis onethat hassmoothlyvarying normals. In
this paper we presentthe processingf surfacenormalsasa computationaktratey for
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implementinghigherorder priorsin the contet of Bayesiansurfacereconstruction.ln a
variationaloptimizationframework, penaltyfunctionson the surfacenormalsgive rise to
fourth-orderpartial differentialequationgPDE). Our strat@y is to solve suchPDEswith

a two stepapproach:(1) operateon the normal map of a surface,and (2) fit a surface
to the processecdhormalsandthe rangedata. Iteratingthis two-stepprocesswe can effi-

ciently implementfourth-orderPDEsby solving a setof coupledsecond-ordePDEs. In

this light, the differencesdetweensurfaceprocessingandimageprocessingrethreefold.
Normalsexist on amanifold (the surface)andcannotbe processedisinga flat metric,asis
typically donewith images.Normalsarevectorvaluedandconstrainedo be unit length;
the processingechniquesnustaccommodat¢his. Normalsare coupledwith the surface
shapethusthe normalsshoulddragthe surfacealongastheir valuesare modified during
processing.

The remainderof this paperis organizedas follows: Section2 presentsa discussionof
the relatedwork in the literature. Section3 givesa brief summaryof Bayesianimage
andsurfacereconstructiorformulations.In Section4, we will formulatehigherorderfea-
ture preservingsurfaceenepy functionsthatgive rise to a usefulfamily of priors, andin
Section5 we will introducea stratgy to solve them. Section6 will demonstrateesults
and comparethemto resultsfrom previous methods,and discusssomepropertiesof the
proposedapproach.Section7 will presentconclusionsanddirectionsfor future research
possibilities.



Chapter 2

Related Work

Surfacereconstructioomethodscanbe classifiedinto high-level andlow-level approaches.
Thehigh-level approachearegenerallyformulatedasa problemof finding setsof geomet-
ric primitivesthat bestrepresenthe objectsbeingmeasured7, 8, 9, 10, 11]. High-level
descriptionf scenesareusefulfor certaincomputervision taskssuchasobjectrecogni-
tion; however, the compleity of the sceneghat canbe describedby simple primitivesis
limited. Low-level methodsarebasedon eitherparametrianodelssuchassurfacemeshes
or volumetricmodelssuchaslevel sets.Theliteraturedemonstratemethoddor zippering
togethemesheshatdescribealifferentsidesof anobject[12], andfitting deformablenod-
elsthatexpandinsidea sequencef rangeimageg13]. Theseapproachearesuitablefor
usewith high quality rangeimageswith relatively smalleramountsof noise. Several au-
thorsproposevolumetricmethodg14, 15,16,17, 18], whichusethevolumeasthemedium
in which rangemeasurementare combined,andthenextract a surfacefrom the volume
afterthe datahave beenfused.Thereconstructedurfacesarethe zero-setsor isosurfces,
of suchvolumes.

In this paper we usethe level setbasedBayesianrangemap registrationand surfacere-
constructionframenork developedby Whitaker et al. [17, 19, 18]. This stratey uses
maximumlik elihoodparameteestimationto registerthe views beforecombiningmultiple
rangeimagesusinga level setimplementatiorthat canrepresenary solid object,regard-
lessof shapeandtopology The combinationof a Bayesianformulation with level set
methodsallows usto work with comple, noisyscenesTheBayesiarformulationrequires
thatwe determinethelik elihoodprobability densityfunction, which dependon therange
sensomroperties,andthe prior probability densityfunction, which modelsthe spaceof
the physicalobjectsbeingmeasured.Therole of thelikelihoodtermis to force thefitted
modelsto be goodrepresentationsf the measurediata. Whitaker et al. derive thelik eli-
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hoodtermfrom aline-of-sighterrorformulation,whichis shovn to accuratelynodellaser
rangefinders[17, 18]. This paperaddressethe prior term. The prior senesto eliminate
the measurememntoiseandotherartifactsin thefitted modelby forcing theit to adhereo
certainexpectationsaboutthe applicationdomainor scene.

The useof priors have beenextensiely investigatedn relatedwork in imageprocessing.
For instance Mumford and Shahformulatethe problemof imagesegmentationn a vari-
ational framework with a Bayesianrationale[1, 2]. Nordstrom[3] reconcilesPerona&
Malik (P&M) anisotropicdiffusion approachto edgedetection[20] with the Mumford-
Shahvariationalstratgly. Otherauthors[21, 5, 22] also presentan unified view of the
reconstructionnon-lineardiffusionandrobuststatisticsapproachesAs we will explainin
Section3.2, our methodallows usto generalizeNordstroms biased anisotropic diffusion
approactfor imageso surfacesn 3D.

In contrasto theresearchn imageprocessinginvestigatiorof bettersurfacepriorshasnot
beena majorfocusin previous surfacereconstructioditerature. This is partly dueto the
prevalentstrateyy of fitting shapeprimitivesto datain computeision. Primitivesusually
have only afew shapeparameters,e., heightandradiusfor a cylinder. They imposetheir
own structureon to the dataandactasour prior belief aboutthe contentsof a sceneand
hencethereis no needfor a separatgrior probabilitytermin thereconstructionLoosely
structuredparametriomodelssuchassurfacemeshesandnon-parametriemplicit models
suchaslevel setsurfacesof volumes,canrepresentomplicatedsceneshowever, these
lowerlevel modelsdo notimposearigid shapestructure . Therefore prior probabilityterms
mustbeincludedin surfacereconstructiorwith suchmodelsfor purposeof reducingthe
effectsof noiseandfilling in surfaceswherethereis no data.

A simpleprior for surfacereconstructions to penalizesurfacearea[17, 19, 18]. A gradient
descenbnthe surfaceareaenegy resultsin meancurvatureflow (MCF). However, in the

contet of surfacereconstructionMCF suffers from several problemsincluding volume

shrinkageandeliminationof sharpfeatureqcreases)A greatdealof researcifocuseson

modifiedsecond-ordefows thatproducebetterresultsthanMCF. Usinglevel setmethods,
several authorshave proposedsmoothingsurfacesby weightedcombinationof principle

cunvatures. For instance Whitaker [23] proposesa nonlinearre-weightingschemethat

favorsthe smallercurvatureandpreserescylindrical structures Faugerau$24] proposes
asmoothingby the minimumcunature.

A similar setof curvature-basedlgorithmshave beendevelopedfor surfacemeshesFor
instance,Taubin[25] proposesa non-shrinkingGaussiarsmoothing. Clarenz, et al. ,
[26] proposea modified MCF as an anisotropicdiffusion of the surface. They threshold
aweightedsumof the principle curvaturesto determinethe surfacelocationswhereedge
sharpenings needed.Tangentialdisplacemenis addedto the standardVICF at theselo-



cationsfor sharpeninghe edges.Anothermesh-basedodified MCF is proposedn [27]
whereathresholdon the meancurvatureis usedto stopoversmoothing.Taubinproposes
a‘“linear anisotropidLaplacianoperator’for mesheshatis basedn a separat@rocessing
of thenormals[28]. Although,theseflows produceresultsthattendto presere sharpfea-
tures,they arenot a strict generalizatiorof P&M anisotropicdiffusion[20] from images
to surfaces.Becausdhey arebasedon re-weightingsof curvature, thesemethodsalways
smooththe surfacein onedirectionor another Thus,they do not exhibit a sharpeningf
details,which is achiezed by the P&M equation(for images)throughaninversediffusion
process.

We proposehatthe correctgeneralizatiorof P&M anisotropiaiffusionandrelatedimage
processingnethodsentailsthe useof higherordernonlinearpriors. Furthermorepenalty
functionson the cunatureof surfaces(insteadof area)canbe usedto generatea family
of higherorderpriors. Onesuchpenaltyfunctionis total cunvaturewhichis minimizedby
the intrinsic Laplacianof meancunatureflow. In 2D, Chopp& Sethian[29] derie the
intrinsic Laplacianof curvaturefor animplicit curve, andsolve the resultingfourth-order
PDE. In relatedworks [30, 31], approximationsof higherordergeometricsurfaceflows
have beenappliedto surfacefairing in computergraphics.



Chapter 3

Bayesianreconstruction

This sectionprovidesa brief discussiorof the Bayesiarformulationfor theimage/surice
reconstructiorframenork.

3.1 Surfacereconstruction

Let.# andM beasurfaceandthecollective setof measurediata,nrespect'rely. Wewill as-

sumethatM consistf asetof n registeredangeimages,{ R(J')}. X For all theexamples
]:

in this paper we usedthe registrationmethodsdescribedn [19, 18]. Then,the posterior

probabilityof .# giventhedatais

PM|#)P()

P M) = =54

(3.1)

whereP (M | .#) is the likelihood term and P () is the prior. Becausethe goal is to
find the surfacethat maximizesthe posterior the denominatoiP(M), which is a constant
normalizatiorfactorthatis independendf ., canbedropped.Typically, MAP estimators
areimplementedasminimizationsof the negative logarithmof the posteriorprobability

S = aginf[~InP (M |.#) —InP ()], (3.2)

where.¥ is the estimator



Usingtheindependencef therangeimagesthelog-likelihoodcanbe expressedisa sum
INP(M|.#)=-3"1InP (R(j) | 5’). Whitaker et al. [17, 19, 18] formulatethe condi-
tional likelihoodof a rangeimageasa volumeintegral over the objectQ enclosedy .#.

In thisway thegradientdescenfor thelog-likelihoodtermis expresseasafunction, f (x),

wherex denotessurfacelocationsin the volume. The function f (x) providesa weighted
sumof the effectsof measurementsom differentscanson the pointx. Consequentlythe
gradientdescenthatminimizes(3.2) is describedy the surfacemotion

‘Z_‘ty:—f(y)N—ap(y), (3.3)

whered denoteshe EulerLagrangeoperatorandN is the surfacenormal. Notice thatthe
effects of the likelihoodandthe prior termson the gradientdescentare additive; hence,
they canbe analyzedseparately The priors that we introducein this paperare not par
ticular to the rangedatareconstructiorproblem;they aresuitablefor usein any Bayesian
surfacereconstructiorproblem. For example,the resultsof this papercanalsobe applied
to tomographicakurfacereconstructio32].

3.2 Imagereconstruction

In this section,we give a brief discussionof the use of priorsin image reconstruction
andtheir relationshipto P&M anisotropicdiffusion. Mumford andShah[1, 2] proposean
enegy minimizationapproactor imagereconstruction/sgmentationTheMumford-Shah
enegy is thesumof threeterms: (i) the quadraticdata-modetiscrepany, (ii) a quadratic
penaltyonthevariationof the piecavise smoothmodelovertheimagedomainexcepton a
setof discontinuitiesvhich aremodeledby a separatéinary model,and(iii) thelengthof
the discontinuities.Thefirst termis the datalik elihoodterm, andthe latter two termsact
asthe prior in this enegy. This minimizationproblemis difficult to solve becausef the
dependencen binaryfunctions.

Nordstrom[3] reconciledhe Mumford-Shalenegy minimizationapproaciwith the P&M
anisotropicdiffusion approachto edgedetection[20]. This connectioncan be seenby
looking at P&M diffusionfrom a variationalperspectie. The P&M diffusion PDE s the
gradientdescenterived by thefirst variationof

/UG(|| 01 [[2) dxdy, (3.4)

whereU istheimagedomain.In its originalform, P&M diffusionwasintroducedo replace
Laplaciansmoothing,which is equivalentto the solution of the heatequationdl /dt =



O- 01, with anonlinearPDE
al/ot=0-[g(]| 01 |5 01, (3.5)

wherel is the grey-level imageandg, the derivative of G with respecto || Ol ||?, is the

edgestoppingfunction. Perona& Malik suggestedisingg(x) = e I0*/21 wherep is

a positive, free parameteithat controlsthe level of contrastof edgesthat can affect the

smoothingprocessNoticethatg(|| OI ||?) approached for || Ol ||< u andO for || OI ||>>

U. Edgesaregenerallyassociatedvith large imagegradients,andthusdiffusion across
edgesds stoppedwhile relatively flat regionsundego smoothing. A mathematicahnalysis
shaws thatsolutionsto (3.5) canactuallyexhibit aninversediffusionnearedgesandcan
enhancer sharpersmoothedgeghathave gradientgreaterthanu [33]. Theseproperties
make P&M diffusiona goodcandidatdor edgedetection.

Nordstrums biased anisotropic diffusion corvertsthe variationalform of anisotropicdif-
fusionto areconstructiorenegy by addinga datatermto (3.4). Thisyieldsthevariational
enegy

| [0o=12+6 (1 01 )] axay, 36)

wherel, is the input image. The non-linearanisotropicpenaltyon the variation of the

model, G(|| DI ||?), actsasthe prior. This penaltyterm is practically equivalentto the

sumof the quadraticmodelvariationandthe linear length of discontinuitiestermsin the
Mumford-Shahformulation. Hence with the additionof the data-modetiscrepang term

P&M diffusionis transformednto a variationalframeavork withouttheneedfor anexplicit

binary imagefor modelingthe discontinuities. This is an importantpracticaladvantage
over minimizing the Mumford-Shahenegy. In this paper we useenepies of the same
form asNordstrums biasedanisotropiadiffusion.



Chapter 4

Geometric surfacepriors

Usingthe Gibbsdistribution, probability distributionsfor priors arecommonlyexpressed
in termsof enegy functions. Let E (.#) be a functionthatmapssurfacesto scalarenegy
values.Thenthe prior canbe constructeds

P(S) = %e—“E(f’ ) (4.1)
wherea is aparametethatcontrolsthesharpnessf thedistributionandZ is anormalizing
constantwhich ensureghat the probability distribution function integratesto unity [34].
Accordingto (4.1) surfaceswith lower enegy stateshave ahigherprobabilityof occurring.
GeigerandYuille [34] obsenethattheparameten reflectsthe strengthof our beliefin the
prior. All surfacesareequallylikely whena = 0; whereasfor a — o only thosesurfaces
with thelowestpossibleenegy have non-zergprobabilitiesof occurrenceSubstitutinghe
Gibbsprior (4.1) for the prior termin (3.3) gives

—3InP(¥) = —5|n%e—aE<5”> =-3 <In%— aE(ﬂ)) =adE(Y)  (4.2)

wherea now appearsasa relatve weighton the surfaceenegy termin (3.3) with respect
to the log-likelihoodterm. Becausehe gradientdescenbf the negative logarithmof the
prior is the EulerLagrangeof theenegy functionE (%), therestof this paperis concerned
with constructingandsolving higherorderfeaturepreservingenegy functionsthatmodel
realsurfacesbetterthanpreviousenegy functionsusedin theliterature.

Surfaceareais acommonlyusedsurfaceprior enegy basedn the underlyingassumption

thatamongstsurfacesthat representa datasetequally well, thosethat have smallerarea

aresimplerthansurfacesof larger area,andthereforehave a higherchanceof occurrence
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in the physicalworld. A gradientdescenbn surfaceareagivesthe meancurvatureflow
PDE[33]

SE(.#) = HN = (#) N (4.3)

wherek;, K, arethe principal curvaturesandH is the meancurvatureof the surface.”,
andN is the surfacenormal. Despitethe simplicity of its solution, surfaceareais not a
realisticshapeprior. Problemswith this approachwill be demonstrateéh Section6. To
successfullymodelthesmoothnessonstraintonrealisticsurfacesageneralhigherorder
andnon-linearprior is needed.

A second-ordeenegy functionis total curvature,
/ K2+ k2 dS (4.4)
s

which hasbeenshowvn to deform surfacesinto spheresvhenminimized[35]. Chopp&
Sethian[29] derived the intrinsic Laplacianof cunatureflow which minimizesthe total
curvaturefor a level setcurve, andsolve the resultingfourth-ordernonlinearPDE. How-
ever, they aiguethatthe numericalmethodsusedto solve fourth-orderflows arenot prac-
tical, becausehey lack long term stability. They proposeseveralnen numericalschemes,
but nonearefoundto becompletelysatisfictorydueto their slow computatiorandinability
to handlesingularities.Total curvaturefor level setsurfaces (4.4), which is minimizedby
theintrinsic Laplacianof meancurvatureflow, is anevenharderproblem.

A moregenerakenegy function,which we setoutto solve in this paperis
/ G(k2+«3) ds (4.5)
S
whereG is agenerahon-linearfunctionof curvature.This generalkecond-ordeenegy is
basedon functionsof total cunaturewhich include (4.4) andthe generalizatiorof Nord-

strom’s biased anisotropic diffusion (3.6) to surfaces.Minimizing this generakenegy form
togethemwith the datalik elihoodtermwill requiresolvingfourth-ordersurfacePDEs.



Chapter 5

A splitting strategy for higher-order
priors

In this section,we introducea methodfor solvinggenerafourth-ordersurfacePDEs,such
astheintrinsic Laplacianof meancurvatureflow, by breakingtheminto two second-order
PDEsusingthe surfacenormals. A stableandefficient numericalsolutionto this flow is
alsokey to thesolutionof themoregeneraknegy form givenby (4.5). A two-stepsolution
to intrinsic Laplacianof meancunvatureflow for meshess proposedy [31]. However, that
approachworksonly for meshesandrelieson analyticpropertiesof the steady-stateolu-
tions,AH = 0, by fitting surfaceprimitivesthathave thoseproperties.Thus,theformalism
doesnot generalizeo applications suchassurfacereconstructionwherethe solutionis a
combinationof measuredlataandthetotal curvaturetermandmight not satisfyAH = 0.

Anotherexampleof asplitting stratgyy canbefoundin [36], wheretheauthorgpenalizethe
smoothnessf a vectorfield while simultaneouslyorcing the gradientdirectionsof agray
scaleimageto closelymatchthe vectorfield. The penaltyfunction on the normalfield is
proportionalto the divergenceof the normalvectors.This formsahigh-orderinterpolation
function,whichis shavn to be usefulfor imageinpainting—receeringmissingpatchef
datain 2D images.The stratgy of simultaneouslyenalizingthe divergenceof a normal
field, andthe mismatchof this field with the imagegradient,is relatedto the our splitting
stratgy. However, our formulationemphasizeshe processingf normalson an arbitrary
surfacemanifold(ratherthantheflat geometryof animage) with anexplicit relationshigo
fourth-ordersurfaceflows. Furthermorethis paperestablishesew directionsfor surface
flows— toward edge-preservingurfacereconstruction. The proposedwo-stepsolution
allowsthesurfaceshapedo lagthenormalsasthey arefilteredandthenrefittedby aseparate
process.Figure 5.1 shaws this threestepprocesggraphicallyin 2D—shapegive rise to
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Figure5.1: Shavn herein 2D, the surfaceflow procesdeginswith a shapeandconstructs
a normal map from the distancetransform(left), modifiesthe normal map accordingto

a PDE derived from a penaltyfunction (center),andre-fits the shapeto the normalmap
(right).

normalmaps,which, whenfiltered, give riseto new shapes.

5.1 Notation

To facilitatethe discussionwe usethe Einsteinnotationcorvention,wherethe subscripts
indicatetensorindexes, and repeatedsubscriptswithin a productrepresenta summation
over theindex (acrosshe dimensionsf the underlyingspace).Furthermorewe usethe
convention that subscriptson quantitiesrepresenderivatives, except wherethey arein
parenthesisin which casethey referto a vectorvaluedvariable. Thus, ¢ is the gradient
vectorof ascalamuantityg: IR" — IR. TheHessiaris @ andtheLaplacians ¢;. A vector
field is Viiy» wherev : IR" — IR", andthe divergenceof thatfield is Viii Scalaroperators

behae in theusualway. Thus,gradientmagnitudes |@| = /@@ andthe differentialfor
acoordinatesystems dx; = dx;dx, ... dx.

Level setsurfacemodelsrely on the notion of a regular surface,a collectionof 3D points
with atopologythatallows eachpointto bemodeledocally asa functionof two variables.
We candescribethe deformationof sucha surfaceusingthe 3D velocity of eachof its

constituenpoints,i.e., ds(i)(t)/dt for all Si) € <. If werepresenthesurfaceimplicitly at

eachtimet, then

S = {s(i)(t) | (p(s(i)(t),t) :o}. (5.1)

Surfacedefinedn thisway divide avolumeinto two parts:inside(¢ > 0) andoutside(¢ <
0). It iscommonto choosep to bethesigneddistancdransformof ., or anapproximation



thereof.

The surfaceremainsa level setof ¢ over time, andthustaking the total derivative with
respecto time (usingthe chainrule) gives

dp 9%

ot 71 ot (5.2)

The gradient(pj is proportionalto the surfacenormal. Thusé‘s(j)/é't affectsg only in the

directionof the surfacenormal—motionin ary otherdirectionis merelya changen the
parameterization.

5.2 Curvaturefrom normal maps

Whenusingimplicit representationsnemustaccountor thefactthatderivativesof func-
tions definedon the surface are computedby projecting their 3D derivatives onto the
surfacetangentplane. Let N(i : IR® - S® be the normal map, which is a field of nor-
mals that are everywhereperpendiculatto the family of embeddedsosurficesof ¢ —
thus N(i) = (q/\/m. The 3x 3 prolecyon.matnx for the implicit surface no‘rmal‘ls
P(ij) = N(i)N(j), andP(ij)V(i) returnsthe projectionof V(i) onto N(i). Let I(ij) betheidentity
matrix. Thentheprojectionontotheplanethatis perpendiculato thevectorfield N(i) isthe
tangent projection operator, T(ij) = I(ij) — P(ij). Undertypical circumstanceshe normal
mapN(i) is derivedfrom thegradientof ¢, andT(i N projectsvectorsontothetangenplanes
of thelevel setsof ¢. However, the computationabtratey we proposeallows ¢ to lag the

normalmap. Therefore the tangentprojectionoperatordiffer, andwe useT(?’j) to denote

projectionsontothetangenplanesof thelevel setsof ¢ andT(’i\‘j ) to denoteprojectionsonto
planesperpendiculato the normalmap.

Theshapematrix[37] of asurfacedescribests curvatureindependentf the parameteriza-
tion. Foranimplicit surface,it is obtainedoy differentiatingthenormalmapandprojecting
the derivative onto the surfacetangentplane. The norm of the shapematrix is the sumof
squaredrincipalcurvatures

If N(I) is deli\/eddilectlyllom Q, this gives

K2 = HT?P gq-T‘f’)Hz. (5.4)



We now expressthe generalsurface enegy function introducedin (4.5) in termsof the
normalsof thesurface

@ (k?) = /y G(K)dlx;. (5.5)

If we take the first variationof (5.5) with respecto ¢ using(5.4) for total curvature,we
obtaina fourth-orderPDE on ¢. On the otherhand,if we use(5.3)for total curvatureand
take thefirst variationof (5.5) with respecto N(i), allowing @ to remainfixed,we obtaina

second-ordePDEon N(i). This paperusesthelatterstratayy.

As we procesghe normalmap N(i) , letting @ lag, we mustensurethatit maintainsthe unit
length constraint,N(i)N(i) = 1. Thisis expressedn the penaltyfunction using Lagrange
multipliers. Theconstrainegenaltyfunctionis

9 (k) + //\ (1) (NigNgg = 1) %, (5.6)

whereA (X(|)) is theLagrangamultiplier atx - Thenext stepis to derive thefirst variation.
Thecunature(5.3) canbewritten as

Nl
2 ni®
"ZZHNUMH ‘%'

Using (5.7) and solving for A in (5.6) introducesa projection operatorT'i\‘j on the first
variationof ¢, which keepsN(i) unit length. Thethefirst variationof (5.6) with respecto

N, is
d¥ Ny @ %
T(’i\li)dN =27, [g (x?) (N(j)k_L>] ; (5.8)
Kk

(5.7)

(i)
(i) n@An
whereg is the derivative of G with respectto k2. A gradientdescenton this metric
dN(i)/dt = —T(’i\‘j)d%/dN(j), resultsin aPDEthatminimizes(5.5). Theprocesf project-
ing derivativesof N ontothelevel setsof ¢ is thesameassolvingthe constrainedliffusion
equationon N(i), using the methodof solving PDEson implicit manifoldsdescribedoy
[38]. We will discussseveralchoicesfor G in Section®6.

5.3 Surfacerefitting

We have shavn how to evolvethenormalsto minimizefunctionsof cunature;however, the
final goalis to procesghe surface which requiresdeformingg. Thereforethe next stepis



to relatethe deformationof thelevel setsof ¢ to the evolution of N(i). Supposehatwe are
giventhenormalmapN,;, to somesetof surfacesput notnecessarilyevel setsof p—asis
the caseif we filter N(i) andlet ¢ lag. We canmanipulatep sothatit fits the normalfield
N(i) by minimizing a penaltyfunctionthatquantifieghediscrepang. This penaltyfunction

2(0) = [ [Vaa—an] o, (5.9)

whereU cC IR® is thedomainof ¢. Thefirst variationof this penaltyfunctionwith respect

tois
dz
_ — @ _ N
d(p —|| H[(@nfﬂn) N(m]— HD(PH[H H] (5.10)

whereH? is themeancurvatureof thelevel setsurfaceandHN is half thedivergenceof the
normalmap. Then,the gradientdescenPDE thatminimizes(5.9) is dg/dt = —d2/d.
Thusaccordingo (5.10),thesurfacemovesasthedifferencebetweerits own curvatureand
thatof the normalfield. Thefactorof || Og ||, whichis typical with level setformulations,
comedrom thefactthatwe aremanipulatingheshapeof thelevel set,whichis embedded
in @, asin (5.2).

Thegradientdescenfor the MAP surfaceestimator(3.3)is aweightedsumof therefitting
term,which we have derivedin (5.10),anda dataterm. Therefore thefinal updaterule for
Qis

0

Se=—1(#N+al|0g| [H?—H], (5.11)
whereaq is afreeparametethatdeterminesherelatve weightof theprior termwith respect

to thedataterm. We will referto a astheprior weight.

We cannow put togetherthe normal processingstageand the surfacerefitting stageto
solve fourth-orderlevel setflows. The entire processs depictedin Figure5.2. We have
deriveda gradientdescenfor the normalmapthatminimize the surfaceenegy functions
proposedn Section5.2. This processs denotedn Figure5.2asthedN/dt loop. Thisloop
iteratesdN /dt for afixednumber{20] of applicationssothatthe differencebetweenp and
the surfacedefinedby the normalsremainsmall. The surfacefitting to the the combined
normalmapanddatatermsis formulatedasa gradientdescenin (5.11). This processs
thede/dt loopin Figure5.2. The overall algorithmshawvn in Figure5.2 repeatshesetwo
stepsto minimize the penaltyfunctionsin termsof the surface. This main loop iterates
until the RMS changein ¢ asa resultof the applicationof dg/dt becomessmall (less
than 10-8 in our implementation)which signalscorvergence. Details of the numerical
implementatiorwill be discussedn AppendixA. In AppendixB, we will showv thatthe
overall proces®f simultaneouslsolvingthesePDEsasdescribeds equialentto solving
theoriginal fourth-orderPDE.
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Chapter 6

Experiments

In Section5, we developeda framewnork thatallows usto usepriorsthatarebasedn high-
order generalfunctionsof curvature. We now explore two suchfunctionsand compare
themto the surface areaprior. Total curvature of a surface as definedin (4.4) can be
obtainedin our formulationby choosingG to be the identity function, i.e., G(k?) = k2.
The derivative of G with respectto k2 is g(k?) = 1. We refer to this choiceof G as
the isotropic curvature prior becauset correspondgo solving the heatequationon the
normalmapwith a constantscalarconductioncoeficient. Minimizing thetotal cunvature
of a surfaceworks well for smoothingsurfacesand eliminating noise,but, like Gaussian
blurring, it alsodeformsor removesimportantfeatures.

The generalizatiorof P&M anisotropicdiffusionto surfacesis achieved from variational
principlesby choosingthe appropriatdunction of the squaredcurvaturein (5.5). For in-
stance,

K

K2
G(k?) = 2u? (1— eﬂ) , and g(k?) =e 22, (6.1)

We namethis choiceof G, which is graphedin Figure 6.1(b), the anisotropic curvature
prior. The minimization of the penaltyfunctionin (5.8) with the anisotropiccunature
prior givesa vectorvaluedanisotropicdiffusion on thelevel setsurface—ageneralization
of P&M diffusionto surfaces.Thisflow isamodifiedversionof intrinsic Laplacianof mean
curvatureflow thatpreseresor enhancesreasof high curvature,which we call creases.
Creasesrethe generalizatiorof edgesn imagesto surfaces.The preseration of creases
is achieved by the flat tails of G, which limits the penaltyon high curvatureareas.Note
thatu in (6.1)wasfixedat0.2 for all theexperimentsn this paper Unlike,in P&M image
diffusion,this parametedoesnot needto be changedor differentsurfacereconstructions.
In the context of P&M imagediffusion,theunitsof u arein graylevels;consequentlthe
17



(a) (b)

Figure6.1: (a) A heavy tailed Gaussiamrobability distribution function. This function
canbescaledto integrateto 1 becauseén our discreteimplementatiork hasa finite upper

P
bound.(b) Graphof G = 2u? (1— e_ﬂz) vs. kK with i = 0.2. G is alsothelogarithmof
(a).

optimal choiceof u is imagedependentHowever, in surfacereconstructionthe unitsare
in curvature,see(6.1), which is dataindependent.This makesit possibleto choosea u
valuethatgivesconsistentesultsover a broadrangeof surfaces.

Theanisotropiccurvatureprior canalsobe analyzedrom a statisticalpoint of view. Typi-
cally, robustestimatorsuseheavy tailed Gaussiarprobability distributionssuchasthe one
illustratedin Figure6.1(a). Suchprobability distribution functionsassignnon-zeroproba-
bilities to outliers,in our caselarge k values. Thelogarithmof the heavy tailed Gaussian
hasthesamédorm astheanisotropids we have chosenlin fact,usingthe Gibbsdistribution
(4.1), we canseethatthe prior probability distribution achiezed by G(-) is proportionalto
P = e G(). Theparametey in (6.1) controlsthe k valuesfor which G andP flattenout.

Section6.1 will presenta discussiorof the quantitatve differencesetweenthe isotropic
andanisotropiccurvaturepriors andthe surfaceareaprior usingsyntheticdataasground
truth. We will alsoinvestigatehe effectsof the prior weightontheresults.Section6.2 will
presensurfacereconstructiorexamplesfrom realdatameasuredby alaserrangefinder.



Figure6.2: A noisyrangeimageof a sphereplottedasa depthmap.

6.1 Experimentswith synthetic data

Theexperimentgresentedh this sectionusegeometricshapegor which we canconstruct
analyticaldistancearansforms We usethefollowing experimentsetup:

1. Build rangeimagesfrom the analyticaldistancetransformusing the modelfor the
laserrangefinderlocatedat severalpositions,

2. AddindependenGaussiamoiseto therangeimagedo simulatemeasurementoise,
3. Reconstruct surfacemodelfrom the noisyrangeimagesand

4. Comparethe resultingsurfacemodelto the analyticalshapeby computingthe root
meansquargrms)geometricdistancebetweerthetwo surfaces.

The first shapewe examineis a spherewith radius1 unit. All otherdistancesarerela-
tive to this measurementnit. For this experimentwe simulatesix rangefinderslocated
at a distanceof 3.5 units from the centerof the spherealongthe six cardinaldirections.
IndependenGaussiamoisewith a standarddeviation thatis 10% of the spheres radius
(0.1 units), is addedto eachrangeimage.Oneof the noisyrangeimagesis shavn in Fig-

ure 6.2 asa depthmap. We reconstructsurface modelsfrom thesenoisy rangeimages
usingthethreepriorsunderinvestigationwith a rangeof weights,a. For eachchoice,we

run the algorithmdescribedn Section5 until it corverges. We decidethatthe algorithm
hascorverged whenthe rms changein ¢ for ary dg/dt iterationfell belown the thresh-
old 1.0 x 10-%. Then,we calculatethe rms distancebetweerthe original modelandthe

reconstructednodel;denotethis distanceby &
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Figure 6.3: Rms geometricdistancebetweenthe analyticalsphereandthe reconstructed
surface.

Figure6.3 plots & againsthe loga for the differentpriors underexamination. The units
on the y-axis arethe sameasthe units usedto describedhe size of the shape.It canbe
obseredfrom Figure6.3thatthelimiting valuefor & asa — 0 is approximately0.0125.
Thislimit is theerrorobtainedf surfacereconstructions performedwithouta prior (rely-
ing only on the data). This errorlevel is smallerthanthe noiseaddedto the rangeimages
becausef the averagingeffect of usingmultiple rangeimages. The anisotropicandthe
isotropic curvature priors at their optimal weight provide a 75% reductionon this error.
Ontheotherhand,surfaceareaprovidesslightly betterthana 50%r reductionatits optimal
weight. Thesebestreconstructionsreillustratedin Figure 6.4. The shapeof the error
plotsis moreimportantthanthe resultsat optimal choicesof weight. The plot for the sur
faceareaprior dips down sharplyarounda = 1 which indicatesa small rangeof useful
weightsfor this prior. The surfaceareaprior performsespeciallypoorly asa is increased
beyond 1; this is dueto the fact that the surfaceareaprior causesshrinkagein the sur
facemodels.In practice,this will meandifficulties for the userin choosinga weightthat
works differentreconstructiorscenariosIn contrast,both of the higherorderpriors have
relatively flat error plots becauseheir limiting behaiors matchthe modelin this exam-
ple. Laplacianof meancurvatureflow hasbeenshownn to deformsurfacesto sphereg35].
Isotropic curvaturereconstructions as good as the anisotropiccurvaturereconstruction
becausehe spheredoesnot containcreases.

To examinethe differencedetweerthe priors further, we experimentwith a cubeandan-
other piecavise planarshapewhich we will hame*“3d-cross”. In theseexperimentswe
used8 rangefinderlocations(onein eachoctant). Figure 6.6 (a) and(b) shav the origi-
nal cubewith sidesl unit long, andthe surfaceinitialization from the noisy rangeimages,
respectrely. IndependenGaussiamoisewith standardleviation 0.1 wasaddedo thesim-
ulateddatato createthe noisy rangeimages.Theresults(seeFigure6.6) with the surface
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Figure6.4: (a) Analytical sphere(b) surfacemodelinitialization from noisy data.Result-
ing surfacemodelfor the(c) surfaceareaprior with a = 1, (d) theisotropiccurvatureprior
with a = 5, and(e) theanisotropiccurvatureprior with a = 10.
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Figure6.5: Rmsgeometricdistancebetweenthe reconstructegurfaceandthe analytical
modelsfor (a) thecube,and(b) the“3d-cross”.

areaandisotropiccurvaturepriors are noisierandwith roundedcornerscomparedo the
successfullylenoisedapproximatelypiecaviseplanaresultsobtainedwith theanisotropic
curvaturereconstruction. Thelastexample,shavn in Figure6.7(a),amplifiesthe differ-

encesobsenredwith the cubeexperiment.lt is not possibleto denoisethe surfacewithout
causingseveredistortionto the shapewith the otherpriors. Anisotropiccurvaturerecon-
structiondoesnotsuffer from thistrade-of betweersmoothinganddistortion. It providesa
very good(denoisedandrelatively undistortedyeconstructioracrossarangeof valuesfor

theprior weight(seeFigure6.7(g)and(h)). Theerrorplotsfor the cubeandthe“3d-cross”
shawvn in Figure6.5 confirmthatthe anisotropiccurvaturereconstructiorerror flattensout
asa increasedeyondits optimalvalue.
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Figure6.6: (a) Analytical cube,(b) surfacemodelinitialization from noisy data.Resulting
surfacemodelfor (c) the surfaceareaprior with a = 1, (d) the isotropic curvatureprior
with a = 1, and(e) theanisotropiccurvatureprior with a = 10.

(e) (f) (9) (h)

Figure 6.7: (a) Analytical “3d-cross”, (b) surface modelinitialization from noisy data.
Resultingsurfacemodelfor the surfaceareaprior with (c) al pha= 1 and(d) a = 10. For
theisotropiccurvatureprior with (e) o = 1 and(f) a = 10. For the anisotropiccurvature
prior with (g) a = 10and(h) a = 100.



(@) (b)

Figure6.8: (a) Oneof therangeimagesusedin the surfacereconstructiorexperiment,(b)
surfaceinitialization.

6.2 Surfacereconstructionfrom measuredrange data

In this section,we will investigatehesesurfacepriorsin the contet of the reconstruction
of an office sceneshavn in Figure6.8. This exampleinvolves12 rangescansof a room
which wereregisteredusingthe methodsdescribedn [18]. Oneof thesel2 rangeimages
is shavn in Figure6.8(a). Themodelinitializationis shavn in Figure6.8(b).In additionto
measurementoise,this initialization containsartifactssuchasthe multiple disconnected
piecesin theupperright corner Figure6.9illustratesthe resultsobtainedwith the surface
areajsotropicandanisotropiacurvaturepriors. As in Section6.1,welet thealgorithmsrun
until corvergence.The prior termweightswerechosenafter experimentingwith different
valuesandpicking thosethat producedthe qualitatvely bestresults. The resultswith the
anisotropiccurvatureprior remainstrue to the actualsurfacewhile eliminatingnoise. On
theotherhand theresultswith the surfaceareaprior thatproducea comparablemountof
denoisingdemonstratshapedistortionsuchasthe breakingof the armsof the chairsand
theroundingof the crease®n the deskandcomputerequipment.The isotropiccurvature
prior doesnotcauseary severeshapedistortions butit smoothegdgesgcreasesndcorners
asexpected. This experimentillustratesthe importanceof the anisotropiccurvatureprior
in reconstructiongvolving scenesvith high curvaturefeaturesandsharpcreases.

Figure6.10demonstratethe robustnesof the differentpriors by a closeup examination
of a portion of the scene. Figure 6.10 (a) and (b) are the initialization and the visible
imageryfor oneof the chairsin thescene Figure6.10(c), (e) and(qg) illustratethe results



obtainedby qualitatively choosinggoodvaluesfor a. Figure6.10(d),(f) and(h) illustrate
theresultsif a is choserto be 10 timesthis value. Theseresultsshav thatthe anisotropic
cunvatureis leastsensitve to the choiceof the prior weight. Anotherwell known problem
with meancurvatureflow andin our casethe surfaceareaprior can easily be obsered
in Figure6.10(d);the beamconnectinghe baseto the seatis beingpinched-of. Finally,

Figure6.11illustratesthereconstructiorof atankwith theanisotropiacurvatureprior. This
reconstructiorusedl2 rangeimages.
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Figure6.9: Resultswith (a) surfacearea,(b) isotropiccunatureand(c) anisotropiccuna-
turepriors.
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Figure6.10: (a) Initial surfacemodelfor chair, (b) avisible light imageof the chairtaken
from a similar point of view. Resultsfor the surfaceareaprior with weights(c) 1, and(d)

10. Resultsfor the isotropiccurvatureprior with weights(e) 1, and(f) 10. Resultsfor the
anisotropiccurvatureprior with weights(g) 1, and(h) 10.



Figure 6.11: Reconstructiorof a tank (with the anisotropiccurvature prior) from range
data.



Chapter 7

Conclusion

Anisotropicdiffusion andimagereconstructiortechniquesasedon robust metricshave
beenshownn to be very usefultools in image processing. We generalizethesemethods
to surfacereconstructiorvia minimizing a generalfamily of penaltyfunctionsof curva-
ture. Isotropicandanisotropictotal curvatureof a surfacearememberf this family. An
anisotropiccurvaturepenaltyleadsto a surfacereconstructiorprior thatpreserescreases
while denoisingthe input. This processs shavn to have importantquantitatve andqual-
itative advantagesover usinga surfaceareaprior. Becausethe dataterm canbe chosen
independentlyfrom the prior, the ideasintroducedin this papercan be appliedto other
formsof surfacereconstructiorsuchasapplicationsn tomography

The minimization of thesesecond-ordepenalty functions require solving fourth-order
PDEson level sets.Our approachis basedon the propositionthatthe natural generaliza-
tion of imageprocessingo surfacesoccursvia the normals. Variationalprocessesn the

surfacehave correspondingariationalformulationson the surfacenormals.This formula-

tion leadsto a strict generalizatiorof P&M anisotropiadiffusionto surfaces.Normalsare

processedeparatelyrom thesurface.We usea metricon thesurfacemanifold, ratherthan

asimple,flat metric. By processinghe normalsseparatelyrom the surface,we cansolve

a pair of coupledsecond-ordeequationsnsteadof a fourth-orderequation.Typically, we

allow oneequation(the surface)to lag the other This methodis numericallymore stable
andcomputationallylessexpensve thansolving the fourth-orderPDE directly. We solve

theseequationsusingimplicit surfacesrepresentingheimplicit functiononadiscretegrid,

modelingthe deformationwith the methodof level sets. Becauseof the implementation,
themethodappliesequallywell to surfacesthatcanberepresenteth avolume.

The mainshortcomingof this methodis the computatiortime, which is significant. How-
28



ever, the currentprocesslendsitself to parallelism. The adwent of cheap,specialized,
stream-processingardwarepromisessignificantlyfasteimplementationshattake adwan-

tageof thetheinherentparallelismin the proces§39]. Anotherpossibilityis to usemulti-

threadingor clustersof computers.Regardingthe algorithmitself, the useof adaptve or

multi-resolutionlevel setstratgiescouldalsoimprove the processingime.



Appendix A

Numerical Implementation

By embeddingsurfacemodelsin volumes,we corvert equationghat describethe move-

mentof surfacepointsto nonlinearPDEsdefinedonavolume. Thenext stepis to discretize
thesePDEsin spaceandtime. Theembeddindunction ¢ is definedon thevolumedomain
U andtime. ThePDEsaresolvedusingadiscretesamplingwith forwarddifferenceslong
the time axis. Therearetwo issueswith discretization:(i) the accurag and stability of

the numericalsolutions,(ii) the increasein computationakcomplexity introducedby the
dimensionalityof thedomain.

For brevity, we will discusshe numericalimplementatiorin 2D— the extensionto 3D is
straightforvard. Thefunction ¢ : U — IR hasa discretesamplingg|p, ], where[p,q] is a
grid locationand¢[p, q] = @(Xp,Yq). We will referto a specifictime instanceof this func-
tion with superscriptsi.e. @"[p,q] = @(Xp,Yq,tn) . For avectorin 2-spacev, we usev,,

andv y to referto its componentgonsistentvith the notationof Sectiord. In our calcula-
tions,we needthreedifferentapproximationgo first-orderderivatives: forward, backward
andcentraldifferences.We denotethe type of discretedifferenceusingsuperscript®n a
differenceoperatori.e., 3(*) for forward differencesp(~) for backward differencesand
o0 for centraldifferencesFor instancethe differencesn the x-directionon a discretegrid
with unit spacingare

&M olp.d £ op+1,d-elpd,

3 gp,q = @[p,q] — ¢[p—1,q], and (A1)
A @lp+1,q —9¢p-1,q]

&QIp,g] = > ,

wherethetime superscriphasbeenleft off for concisenessThe applicationof thesedif-
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ferenceoperatorgo vectorvaluedfunctionsdenotessomponentwiselifferentiation.

Thepositionsof derivativescomputedvith forwardandbackwarddifferencesarestaggered
off the grid by 1/2 pixels. For instance,6)§+)go[p, g] asdefinedin (A.1) usesinformation
from positions[p+ 1, ] and[p, q] with equalweights;hencejt existsat[p+ 1/2,q]. This
is staggeredy 1/2 pixelsin the x directionfrom the grid. To keeptrack of staggered
locations,we will usethe following notation: a, 3, and o will denotethe variable a
computedat|p,q], [p+ 1/2,q], and[p,q+ 1/2], respectiely.

Theinitialization ¢ . .. is obtainedby methodsdiscussedn [17]. In describingthe nu-
mericalimplementationye will follow theflow chartin Figure5.2for then'th iterationof
themainloop. First,computethe normalvectorsfrom ¢" asunit vectorsin thedirectionof
the gradientof ¢". Thegradientof ¢" is computedwith centraldifferencesas

n
cq”[p,q]%( %%E’EH > (A.2)
andthenormalvectorsareinitialized as

Ni°lp. ol = ¢'lp,al/ || a'lp.cl || - (A.3)

Becauseap" is fixed andallowed to lag behindthe evolution of N(i), the time stepsin the
evolution of N(i) aredenotedwith a differentsuperscriptu. For this evolution, 0N(i)/0t =
—dg/dN(i), given by (5.8), is implementedwith smallestsupportareaoperators. The

Laplacianof a function canbe appliedin two steps first the gradientandthenthe diver

gence. In 2D, the gradientof the normalsproducesa 2 x 2 matrix, and the divergence
operatorin (5.8) collapseshis to a 2 x 1 vector The diffusion of the normal vectorsin

the tangentplaneof the level setsof ¢", requiresus to computethe flux in the x andy

directions.The“columns” of theflux matrix areindependentlcomputedas

X+

U s(HNU _ U (s o) MU~ sENY QU (s 0
My~ &Ny = Cii (‘X "’)’ My~ &Ny = Cii (‘i/ ‘P> (A.4)

wherethetime index n remainsfixedaswe incrementu, and

X+ y+
X+ x+ q)Jn y+ v+ gojn
Co=No EES Sy =N 7z (A5)
A b

Staggeredlierivativesare computedwith forward differences.They arelocatedon a grid
thatis offsetfrom the grid where@ andN;, aredefined,asshowvn FigureA.1 for the 2D
case.Furthermorepecausehe offsetis a half pixel only in the directionof the differenti-
ation,thelocationsof 3(*/N;; andg;*/N; aredifferent,but arethe samelocationsasthe



g+l

FigureA.1: Computatiorgrid

flux in (A.4). To evaluate(A.5), derivativesof ¢ andN(i) mustcomputedat[p+1/2, q] and

[p,q+ 1/2]. Thesecomputationsaredonewith the smallestsupportareaoperatorsusing
the symmetric2 x 3 grid of samplesaroundeachstaggeregboint, asshovn in FigureA.1
with the heavy rectangle For instancethe gradientof ¢ staggeredhn the x-directionis

a1 ( & elp.q] )

A — (] _|__’ ~ . A6

A=A+~ 30100 +a0lp+La) #9
The staggeredradientsof the normalsarecomputedn the sameway as(A.6).

Backwarddifferencef theflux areusedto computethe divergenceoperationin (5.8)

u
d% X+ y+
[_W(i)] ~ 8 M) +8) MY, (A.7)
To evaluate(5.8), we alsoneedto computeg(k?) at the preciselocationswherethe flux
(A.4) arelocated.For this, we needthe squaredntrinsic curvature

I N R RS-V R
k=N NGy = G0y » K =NiNay = i Cay (A-8)
attherequiredlocations.Then(5.8)for anisotropiadiffusionis computedas

u
d¥ B xt X+ B v+ y+
] - b)) )

(i)

(A.9)




Notice that thesebackward differencesare definedat the original ¢ grid location [p, q]
becausehey undotheforward staggeringn theflux locations.Thus,bothcomponent®f
d¥ /dN,,, arelocatedon theoriginal grid for ¢. Usingthetangentiaprojectionoperatorin
(5.8),thenew setof normalvectorsarecomputedas

dg]”_NU+[dg]” ([d%
LA TR A A
dN;) 7 [dNg dNyj,

Startingwith the initialization in (A.3) for u = 0, we iterate (A.10) for a fixed number
of steps,25 iterationsfor the examplesin this paper In otherwords, we do not aim at
minimizingtheenegy givenin (5.6)in thed¥ /dN loop of Figure5.2; we only reduceit.

NL.H-]. — NU) +TN

u
i =N N(”j)) Ny (A10)

Oncethe evolution of N is concludedg is refittedto the modifiednormalvectorsandthe
rangedataterm accordingto (5.11). Using the main loop index, we denotethe evolved
normalsby N(r;;fl(seeFigureS.Z. To solve (5.11) we calculateH? and HN™ . Thelatter
is theinducedmeancurvatureof the normalmap,in otherwords,it is the curvatureof the
hypotheticattarget surfacethatfits the normalmap. Calculationof curvaturefrom afield
of normalsis givenby

HN™ ~ NI 4 NI, (A.11)

wherewe have usedcentraldifferenceson the componentf the normalvectors. This
needsto be computedonceat initialization asthe normalvectorsremainfixed during the
refitting phase Let v bethetime stepindex in thedZ/d¢ loop. H ¢" is themeancunature
of the moving level setsurfaceat time stepv andis calculatedfrom ¢ with the smallest
areaof support

Y 3+) v (+)(pV
H' ~ g & Xf’ +8) ‘5§+ L (A.12)
\Z7\4
o' oo

wherethe gradientsin the denominatorsare staggeredo matchthe locationsof the for-
ward differencesn the numerator The staggeredyradientsof ¢ in the denominatorare
calculatedusingthe 2x 3 neighborhoodsin (A.6).

ThePDEIn (5.11)is solvedwith afinite forward differencesbut with the upwindscheme
for the gradientmagnitudeto avoid overshootingandmaintainstability [40]. Theupwind
methodcomputesa one-sidedderivative thatlooks in the upwind directionof the moving
wave front, andtherebyavoidsovershooting Moreover, becausave areinterestedn only a
singlelevel setof ¢, solving(5.11)overall of U is notnecessaryDifferentlevel setsevolve
independentlyandwe cancomputethe evolution of ¢ only in a narrov bandaroundthe
level setof interestandre-initialize this bandas necessary41, 42]. See[43] for more
detailson numericalschemesndefficient solutionsfor level setmethods A discussiorof



thesolutionto thedatatermin (5.11)is beyondthe scopeof this paperandcanbefoundin
[17,18].

Usingthe upwindschemendnarrov bandmethods '+ is computedrom ¢ according
to (5.10)usingthe curvaturescomputedn (A.11) and(A.12). Thisloopis iterateduntil the
enegy in (5.9) ceaseso decreasdet v/'™ denotethefinal iterationof thisloop. Thenwe
setg for thenext iterationof themainloop (seeFigure5.2)asg"! = (p"f'naJ andrepeathe
entireprocedureauntil cornvergence.Convergencepropertief the proposednethodsvere
discussedn Section6.



Appendix B

Intrinsic Laplacian of Mean Curvature
Flow

In this section,we will shav thatthe overall processof simultaneouslysolving the two
PDEs(5.8)with G(k?) = k? and(5.10)is equivalentto thefourth-orderintrinsic Laplacian
of meancurvatureflow [29] on the original surface. Using this result, we can statethat
solving (5.8) with G(k?) = k2 and(5.11), which is a weightedsumof (5.10)anda data
term,in the samemannetis equivalentto usingtotal curvature(4.4) asthe prior in surface
reconstructionThis establishethe mathematicaloundationof the proposednethod.

Lets analyzeoneiteration of the main loop in Fig. 5.2. Before processinghe normals,
they arederivedfrom ¢", andwe have N(r;) =q"/ (pjnfpj”. Evolving thenormalmaponce
accordingto (5.8) for asmallamountof time dt gives
NGy "= NGy = T(ﬂ)j\]i
(1)
If weimmediatelyapply (5.10)to fit ¢ to this nev normalmap

17J0), d¥
20 e (Hw— [N[‘i) —Tyj)—dedt] ) . 2
|

Becausd\l(r;) is derived directly from ¢", we have N(ri‘)i = H?, which givesthe expression
for changesn @ in orderto make up this infinitesimallag:

o d¥
2ol [T | ©3)

dt. (B.1)
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We canexpresghepenaltyfunction¥ in termsof eitherN(i) or @, andtakethefirstvariation
with respecto eitherof thesequantities.Therelationshipbetweend¥ /dN(i) andd¥ /de
is establishedby integrating(by parts)—itis

d¥ d%
T | T .
de [T” dN(i)]i’ &4

whereT‘P = TN asdt — 0. Herewe have assumedhat ¢ is a signeddistancefunction;
therefore|| Q. ||_ 1. In our level setimplementationg is maintainedasan approximation
to the signeddistanceransform.The updateon ¢ afterit lags N(i) by somesmallamount

is actually

2l S (B.5)

whichis agradientdescentpf thelevel setsof ¢, on g_ thetotal curvatureof thesurface.
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