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Figure 1: Processing results on the MRI head model: (a) original isosurface, (b) isotropic diffusion (intrinsic Laplacian of mean
curvature aow), and (c) anisotropic diffusion. The small protrusion under the nose is a physical marker used for registration.

ABSTRACT

This paperintroducesa methodfor smoothingcomplex, noisy sur

faceswhile preservinglandenhancingsharp,geometricfeatures.
It hastwo mainadwantage®ver previousapproacheto featurepre-
servingsurfacesmoothing.Firstis theuseof level setsurfacemod-
els, which allows us to processvery complex shapeof arbitrary
and changingtopology This generalitymakesit well suitedfor

processingsurfacesthat are derived directly from measurediata.
The secondadwantageis that the proposedmethodderives from

a well-foundedformulation, which is a natural generalizatiorof

anisotropicdiffusion, asusedin imageprocessing.This formula-
tion is basedon the propositionthat the generalizatiorof image
£lteringentails£lteringthe normalsof the surface ratherthanpro-

cessinghepositionsof pointsonamesh.
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1 INTRODUCTION

Thefundamentaprinciplesof signalprocessingyive riseto awide
rangeof usefultoolsfor manipulatingandtransformingsignalsand
images.The generalizatiorof theseprinciplesto the processingf
3D surfaceshasbecomeanimportantproblemin computergraph-
ics, visualization,andvision. For instance 3D rangesensingech-
nologiesproducehigh resolutiondescriptionsof objects,but they
often suffer from noise. MedicalimagingmodalitiessuchasMRI

and CT scansproducelarge volumesof scalaror tensormeasure
ments but surfacesof interestmustbe extractedthroughsomeseg-
mentationprocesr £tteddirectly to the measurements.

One of the most prevalent usesof image processing,is for

smoothing or denoising images.Oftendenoisingof imagesis done
with a low-pass£lter, which reducesnoise, but also blurs sharp

featuresand details,suchasedges. The literaturedemonstratea

variety of nonlinearprocesseshat reducenoisewhile preserving
edges.Likewise,whenwe build surfaces from measuredlata,we

would lik e to reducethe effectsof noiseon visualizationor subse-
guentprocessingHowever, the questionof how to applynonlinear
image-smoothingrocesse surfacesremainsopen.

In this paper we focuson the generalizatiorof anisotropicdif-
fusion,aPDE-basededge-preservingmage-smoothingechnique,
to surfaceprocessingThe proposednethodofferstwo adwantages
over previous work on feature-preservingmoothingof surfaces.
First is the use of level set surface models, which allows us to
processvery complex shapeof arbitrary and changingtopology
This generalitymakes the methodwell suitedfor processingand
visualizing surfacesthat are derived directly from measurediata.
The secondadwantageis thatthe proposedmethodfollows from a
well-foundedvariationalformulation,whichis anaturalgeneraliza-
tion of anisotropidiffusion,asproposedy PeronaandMalik [21]
(P&M) for images.This formulationwill alleviatethe needfor de-
velopingheuristics which aresometimesisedto achieve the qual-
itative effectsof the P&M diffusionin the absencef a complete,
mathematicafjeneralizatiorfor surfaced6]. Figurel demonstrates
theseconceptson anisosuraceextractedfrom a MRI scan. The
original isosurficeis a good exampleof the kind of noisy, mea-
sureddatawith which this paperis concerned.Isotropicdiffusion
which behaeslike a low pass£lter on the surfacenormalsis not
particularlyeffective for denoisingthenoiseis removedbut surface
featuresaredeformedr lostin theprocessAnisotropicdiffusionis
amuchbettercandidatdor denoisingascanbeseenin Figurel(c).
Note thatall of the surfacesin this paperarerepresente@nd pro-
cessedolumetricallyandrenderedusingthe marchingcubesalgo-
rithm [14].

Theuseof alevel setformulationenablesisto achieve a “black
box” behaior, which is recectedn the natureof the resultspre-
sentedn this paper Hence the techniquegpresentedn this paper
offer a new setof capabilitiesthat are especiallyinterestingwhen
processingneasuredlata. Measureddatacanbe acquireddirectly
in volumetric form or acquiredas a surface meshand corverted



into avolume[4]. In someapplicationssuchasanimation,mod-
elsaremanuallygeneratedy a designerandthe parameterization
is not arbitrarybut is animportantaspectof the geometricmodel.
In thesecasesnesh-basegrocessingnethodsffer a powerful set
of tools, suchas hierarchicalediting [11], which are not yet pos-
sible with the proposedepresentationHowever, in otherapplica-
tions,suchas3D segmentatiorandsurfacereconstructiojl16, 32],
the processings datadriven, surfacescan deform quite far from
their initial shapesand changetopology and userintenentionis
not practical. Furthermorewhenconsideringprocessestherthan
isotropic smoothing,suchasnonlinearsmoothing,the creationor
sharpeningof small featurescan exhibit noticeableeffects of the
meshtopology—featureghatarealignedwith themesharetreated
differentlythanthosethatarenot.

The proposedmethodrelies on a novel techniquefor solving
fourth-orderaows on level setsurfaceq19, 26]. Our stratgy is to
split the surfacedeformationinto a two stepprocesghat (i) solves
anisotropiadiffusionon the normalmapof the surface,and(ii) de-
forms the surface so that it £ts the smoothednormals. This ap-
proachis basedon the propositionthat the naturalgeneralization
of imageprocessingo surfacesis via the surface normal vectors.
The variation of the normalshasmoreintuitive meaningthanthe
variation of pointson the surface. A smoothsurfaceis one that
hassmoothlyvarying normalsandcreasesn a piecavise smooth
surfaceappearasdiscontinuitiesn the normals. For instance the
de£nitionof a creasebecomesmuch more complicatedand tied
to the parameterizatioiif the variationof pointson the surfaceis
usedinsteadof thenormals;see[27] for moredetails.In this light,
the differencesbetweensurface processingand imageprocessing
arethreefold. Normalslive on a manifold (the surface)and can-
notnecessarilype processedsingaratmetric,asis typically done
with images.Normalsarevectorvaluedandconstrainedo be unit
length;theprocessingechniquesnustaccommodatéhis. Normals
are coupledwith the surface shape,and thus the normalsshould
dragthe surfacealongastheir valuesaremodi£edduring process-
ing. Thisgeneramechanisnwill alsoopenthedoorof possibilities
for mappingothertypesof imageprocessin@lgorithmsto surfaces.

The restof this paperis organizedas follows: Section2 will
presentbrief overview of relatedwork in theliterature. Themath-
ematicalformulationfor our approachwill be discussedn Sec.3.
Examplesof isotropic and anisotropicdiffusion will be presented
in Sec.4. Section5 will summarizethe resultsof this paperand
outlinedirectionsfor futurework. Thedetailsof the numericalim-
plementatiorof our methodis coveredin AppendixA.

2 RELATED WORK

The majority of surfacesmoothingresearcthasbeenin the con-
text of surface fairing with the motivation of creatingaesthetically
pleasingsurfacesusingtriangulatedmeshes.Surfacefairing typi-
cally operatedy minimizing afairnessor penaltyfunctionthatfa-
vorssmoothsurfaceq17, 30]. Fairnesdunctionscandependnthe
geometryof thesurfaceor the parameterizationGeometrigpenalty
functionsmake useof invariantssuchas principal curvatures,and
thereforeproduceresultsthat are not signifcantlyaffectedby ar
bitrary decisionsaboutthe parameterization.The proposedwork
relieson geometrigpenaltyfunctions.

Oneway to smootha surfaceis to incrementallyreduceits sur
facearea.Thiscanbeaccomplishedy meancurvaturecow (MCF)
whichis asecondrdergeometricaon. MCF canreducenoise,but
alsohassomeunsatisctorysideeffects,including the creationof
singularitiesand shrinkage(seeSec.3). A greatdeal of research
hasfocusedon modi£edsecond-orderows thatproducebetterre-
sultsthan MCF. Using level setmodels,several authorshave pro-
posedsmoothingsurfacesby weightedcombinationsof principle
cunatures. For instance Whitaker [31] hasproposeda nonlinear
reweightingschemehatfavorsthe smallercurvatureandpreseres

cylindrical structuresFaugerau$15] proposes smoothingby the
minimum curvature. A variety of other combinationshave been
proposed24].

A similar setof curvature-basedlgorithmshave beendeveloped
for surface meshes. For instance,Clarenz et al. [6] proposea
modi£edMCF as an anisotropicdiffusion of the surface. They
thresholda weightedsumof the principle cunaturesto determine
the surfacelocationswhereedgesharpeninds needed.Tangential
displacements addedto the standardVICF at theselocationsfor
sharpeningheedges Although,thisaow producesesultsthattend
to presere sharpfeaturesit is not a strict generalizatiorof P&M
diffusion from imagesto surfaces. Anothermesh-basednodifed
MCEF is proposedn [18] wherea thresholdon the meancurvature
is usedto stop over-smoothing. Anisotropic diffusion asa modi-
£edsurfaceareaminimizationfor heightfunctionswasproposedn
[9]. Taubinproposesa “linear anisotropicLaplacianoperator”for
mesheghatis basedon a separatgrocessingf the normals[29].
Aswith [6, 18], it is essentiallyareweightingof theLaplacian.It is
similar to our approachn the sensehatsurfacepositionsarere£t-
tedto the processeaormals;however, our approactuseslevel set
surfaceshatarere£ttedto thenormalswith aseconcrderPDEas
opposedo theleastsquaresnesh£ttingin [29].

Theselevel setand meshbasedmethodsare all modi£cations
of curvatureoows, and are thereforeall second-ordeprocesses.
Becausedhey arebasedon reweightingsof curvature,thesemeth-
ods always smooththe surfacein onedirectionor another They
do not exhibit a sharpeningof details, which is achieved by the
P&M equation(for images)throughan inversediffusion process.
Hence,thesemethodsare not satistctory generalization®of the
P&M anisotropiadiffusionequation.

Thegeneralizatiorof P&M to surfacesrequiresa high-orderge-
ometricaow. Usingavariationalframework, a usefulsecond-order
penaltyfunctionis total curvature

/S K2+ K2 dS, (1)

wherek; andk, arethe principal curvatures. Minimizing (1) has
beenshovn to deformsurfacednto sphere$22], which areasteady
statesolution. Total curvatureis ageometriqinvariant)propertyof
thesurface.Themeshfairingapproactof [30] whichminimizes(1)
involves£tting local polynomialbasisfunctionsto local neighbor
hoodsfor the computatiorof total curvature. The £rstvariationof
total cunvatureis intrinsic Laplacianof meancurvature (ILMCF),
a fourth orderequation. Insteadof solving fourth order PDEsdi-
rectly, Kobbelt et al. decouplethe fourth orderexpressioninto a
pair of second-ordeequationg25]. However, this approactworks
only for meshesand relies on analytic propertiesof the steady-
statesolutions AH = 0, by £tting surfaceprimitivesthathave those
properties. Thus, it doesnot apply to other typesof smoothing
processesuchasthosethatminimize nonlinearfeature-preserving
penalties.

If we penalizethe parameterizatiorfi.e. non-geometric)fotal
cunaturebecomeshethin plateenegy functional. Thevariational
derivative of thin plate enegy is the linear biharmonicoperator
Weightedaverageof thin plateandmembranenegiesareusedto
constructmesh£lterswith desirablepropertieq28, 13]. Modifca-
tionsto themeshoperatorslleviate parameterizatiodependencies
[8, 11]. In this paper we focus on geometricsurface smoothing
stratgjieson level setsurfacesusingnonlinearpenaltyfunctions.

The work in this paperis also motivated by that of Chopp&
Sethian[5], who derive theintrinsic Laplacianof curvaturefor an
implicit curve, andsolve the resultingfourth-ordemonlinearPDE.
However, they aguethatthe numericaimethodsusedto solve sec-
ond orderaows arenot practical,becausehey lack long term sta-
bility. They proposeseveral nev numericalschemesbut noneare
foundto be completelysatishictorydueto their slov computation



Figure2: Secondandfourth-ordersurfacesmoothing Fromleft to
right: Original model,meancurvatureaow, andintrinsic Laplacian
of meancunaturezow.
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Figure3: Shavn herein 2D, the processagins with a shapeand
constructsa normalmap from the distancetransform(left), mod-
iEesthe normal map accordingto a PDE derived from a penalty

function (center) andre£tsthe shapeo thenormalmap(right).

andinability to handlesingularities.Theresultsin this paperallow
usto solve thisequatiormoreeffectively, in 3D, with anadditional,
nonlineartermthatpreseressharpdetails.

3 MINIMIZING TOTAL CURVATURE

Several authors have obsened the adwantagesof higherorder
derivatives for smoothingsurfaces[13, 8]. As an illustration of

the importanceof higherordergeometricprocessingconsiderthe
resultsin Fig. 2, which demonstrateshe differencesbetween
processingsurfaceswith meancurvatureaon (MCF) and intrin-

sic Laplacianof meancurnature cowv (ILMCF). The amountof

smoothingfor bothwaschoserto be qualitatively similar, andyet

importantdifferencecanbeobsenedonthesmallerfeatureof the
model. MCF hasshortenedhehorns,andyetthey remainsharp—
not a desirablebehaior for a “smoothing”process.This behaior

for MCF is well documenteésa pinchingoff of cylindrical objects
andis expectedrom thevariationalpointof view: MCF minimizes
surfaceareaandthereforewill quickly eliminatesmallerpartsof a

model. Someauthorg24] have proposed/olumepreservingorms

of second-orderows, but theseprocessesompensatéy enlaging

the object as a whole, which exhibits, qualitatively, thesamebeha-

ior on smallfeatures.ILMCF, in Fig. 2, preseresthe structureof

thesefeatureamuchbetterwhile smoothingthem.

In this section,we will introducea methodfor solving general
fourth order surfaceaows by breakingtheminto two secondor-
der PDEs. The specifcoows we are interestedin are isotropic
(ILMCF) andanisotropiddiffusion. This pair of equationss solved
by allowing the surface shapeto lag the normalsasthey are £I-
teredandthenre£ttedby a separatgrocess.Figure 3 shaws this
threestepprocesgraphicallyin 2D for ILMCF—shapegive rise
to normalmapswhich, when£ltered,give riseto new shapes.

3.1 Notation

To facilitate the discussionwe usethe Einsteinnotationconven-
tion, where the subscriptsindicate tensorindices, and repeated
subscriptswithin a productrepresenta summationover the index
(acrossthe dimension®f the underlyingspace).Furthermorewe
usethe corvention that subscriptson quantitiesrepresenteriva-
tives,exceptwherethey arein parenthesisn which casethey refer
to a vectorvaluedvariable. Thus, ¢ is the gradientvector of a
scalarquantity@ : IR" — IR. The Hessiaris @ andthe Laplacian

is @;. A vector£eldis Viiy wherev: IR" — IR", andthedivergence

of thatfeldis Viiyie Scalaroperatorssuchasdifferentialshehaein

theusualway. Thus,gradientmagnitudeis || g ||= /@@ andthe
differentialfor acoordinatesystemis dx<i> = dx,dX, ... dXn.

Level setsurfacemodelsrely on the notion of aregularsurface,
which is a collectionof 3D points,.”, with atopologythatallows
eachpointto bemodeledocally asa functionof two variables We
candescribahedeformatiorof suchasurfaceusingthe3D velocity
of eachof its constituenpoints,i.e.,ds(i)(t)/dt for all Si) € S

we representhe surfaceimplicitly ateachtimet, then

= {s<i)(t) | q0<s<i)(t),t) =o}. )

Surfacesde£nedn this way divide a volumeinto two parts:inside
(9 > 0) andoutside(¢ < 0). It is commonto choosey to be the
signeddistancetransformof .7, or anapproximatiorthereof. The
surfaceremainsalevel setof ¢ overtime, andthustakingthetotal
derivative with respecto time (usingthechainrule) gives

dp 95
- P ®)

3.2 Total Curvature of Normal Maps

Whenusingimplicit representationene mustaccountfor the fact
thatderivativesof functionsde£nednthesurfacearecomputecy
projectingtheir 3D derivativesontothetangentplaneof thesurface.
Let N<i) 1IR3 — S bethe normalmap,which is a £eld of normals

that are everywhereperpendiculato the family of e_mbt_addedsq-
surfacesof (p—thust = @/\/ 8.9 The3 x 3 projectionmatrix

for the implicit surfacenormalis Pij) = N(i)N(j), and P(”.)v(i) re-
turnstheprojectionofv(i) ontoN(i). Letl(ij) betheidentity matrix.
Thenthe projectionontothe planethatis perpendiculato the vec-
tor £eld N(i) is the tangent projection operator, T(ij) = I(ij) — P(ij).
Undertypical circumstanceshe normalmapN;, is derived from
thegradientof ¢, andT<i ) projectsvectorsontothetangentplanes

of the level setsof ¢. However, the computationaktratgy we are
proposingallows @ to lag the normalmap. Therefore the tangent

projectionoperatordiffer, andwe useT<‘in) to denoteprojections

onto the tangentplanesof the level setsof ¢ and T('i\}) to denote
projectionsonto planesperpendiculato the normalmap.

The shapematrix [10] of a surface describests cunaturein-
dependenof the parameterizationThe shapamatrix of animplicit
surfaceis obtainedby differentiatingthenormalmapandprojecting
thatderivative ontothe tangentplaneof the surface.The Euclidean
normof the shapematrixis squarecturvature

= ng, 7 @
If N(i) is deriveddirectly from ¢, this gives
) 2
= HTJ’T)‘HJ'T(‘}L)H ' ©)
Thegenericpenaltyfunction of total curvatureis
v (k?) = /y g(k?)dx), ©6)

whereg(k?) is monotonicallyincreasingscalarfunction. Notice,
thatif we take the £rstvariationof (6) with respecto ¢ using(5)
for total curvaturewe obtainafourth-orderPDEon ¢. Ontheother
hand,if we use(4) for total curvatureandtake the £rst variation



of (6) with respecto N<i), allowing ¢ to remain£xed, we obtaina

second-ordePDEon N(i) . Wetake thelatterapproactin this paper
Aswe procesihenormalmapN<i), letting ¢ lag, we mustensure

that it maintainsthe unit length constraint,N(i)N(i) =1. Thisis

expressedn the penaltyfunction usingLagrangemultipliers. The
constrainegenaltyfunctionis

v (x) / A (NgoNgg = 1) ey - @)

whereA (x<|)) is theLagrangemultiplier at Xy Thenext stepis to
derive the£rstvariation. Curvaturegivenby (4) canbewritten as

:_[vosell”
X

Using (8) andsolvingfor A in (7) introducesa projectionoperator
T(’i\}) onthe£rstvariationof ¢, which keepst unit length. Then
the£rstvariationof (7) with respecto N<i) is

d¥ Ny @ %
™ 87 7N g (k2) (N, -~ (g
(N, (i) {9 (K ) ( < "grngm /], ©

k2= [Ny ®)

whereg/ is thederivative of g with respecto k2. A gradientdescent
on this metric de/dt = fT(’i\})d%/de, resultsin a PDE that

minimizesg(k?) on the normalmap. Notice that this is precisely
thesameassolvingtheconstrainediiffusionequatioronN;, using

themethodof solvingPDEsonimplicit manifoldsdescribedy [3].
We will discussseveralchoicesfor gin Sec.4.

3.3 Surface Evolution via Normal Maps

We have shavn how to evolve the normalsto minimizefunctionsof
curvature; however, the £nal goalis to processhe surface,which
requiredeformingg. Hence thenext stepis to relatethe evolution
of ¢ to theevolution of N(i)' Supposeahatwe aregiventhe normal

map N<i> to somesetof surfaces,but not necessarilyevel setsof
¢—asisthecasdf weflter N(i) andlet ¢ lag. We canmanipulatep
sothatit £tsthe normaIEeIdN(i) by minimizing a penaltyfunction
thatquantifeghediscrepang This penaltyfunctionis

7(9) :/U V@A - aNg | dx. (10)

whereU c IR? is thedomainof ¢. The £rstvariationwith respect
togis

47 9
dg ~ 1%l [(%—éaJ,- - N<j>1} = —II0g] [H? K] (a1)

whereH? is the meancurvatureof the level setsurfaceandHN is
theinducedcurvatureof the normalmap. A gradientdescenbn ¢
that minimizesthis penaltyfunctionis d¢/dt = —dZ/dg. Thus,
the surfacemovesasthe differencebetweerits own cunatureand
thatof thenormal£eld. Thefactorof || O ||, whichis typical with
level setformulations comedrom thefactthatwe aremanipulating
the shapeof thelevel set,whichis embeddedn ¢, asin (3).

We proposeto solve fourth-orderaows on the level setsof ¢ by
a splitting stratgyy, which entails processinghe normalsand al-
lowing ¢ to lag andthenbere£ttedlater, in aseparat@rocessin a
relatedwork, joint interpolationof vector£eldsandgraylevel func-
tionswasusedfor successfullElling-in missingpartsof imagesin

Iterate forg
/\ to catchN

¢ lags a7

Iterate to
processN

Figure4: Flow chart

[2]. We have derived a gradientdescenfor the normalmapbased
on a certainclassof penaltyfunctionsthat usetotal cunaturein
Sec.3.2. This processs denotedn Fig. 4 asthed¥ /dN loop. The
surfacere£ttingto the normalmapis formulatedin Sec.3.3. This
processs thed%/dg loopin Fig. 4. The overall algorithmshavn
in Fig. 4 repeatghesetwo stepsto minimize the penaltyfunctions
in termsof the surface. We refer to both of theseprocesseshack
to back,asoneiterationof our algorithm. In [27] we have shavn
thatthe overall procesf simultaneouslysolving thesetwo PDEs
asshown is equivalentto the fourth-orderaow on the original sur
face.This establisheghe mathematicafoundationof the proposed
method.

4 APPLICATIONS

The oexible normalmapenegy minimizationandsurfacere£tting
methodologyntroducedn Sec.3 allows usto experimeniwith var
ious forms of g in (6) thatgive rise to differentclasseof penalty
functions. Thechoiceof g(k?) = k? leadsto ILMCF whichwe will
referto asisotropicdiffusion. Minimizing the total curvatureof a
surfaceworks well for smoothingsurfacesand eliminating noise,
but it also deformsor removes importantfeatures. This type of
smoothingis calledisotropicbecauset correspondso solvingthe
heatequationonthe normalmapwith a constantscalarconduction
coetcient. Isotropic diffusion is not particularly effective if the
goal is to denoisea surfacethat hasan underlyingstructurewith
£nefeatures.

Figure 1(a) shaved an exampleof the skin surface,which was
extracted,via isosurficing, from an magneticresonancemaging
(MRI) dataset. The roughnes®f the skin is noise,an artifact of
the measuremenprocess. This modelis alsotopologically com-
plex becausedespiteour bestefforts to avoid it, the isosurfices
includemary corvolutedpassagespin thesinusesandaroundthe
neck. As anindicationof this compleity, considerthat marching
cubesproducess43,000trianglesfrom this 256 x 256 x 175 vol-
ume.lIsotropicdiffusion,shavn in Fig. 1(b),is mamginally effective
for denoisingthe headsurface. Notice thatthe sharpedgesaround
theeyes,nose lips andearsarelostin this process.

The problemof preservingfeatureswhile smoothingnoisehas
beenstudiedextensiely in computervision. Perona& Malik [21]
proposedo replacelaplaciansmoothingwhichis equivalentto the
heatequationd! /ot = O- 01, with anonlinear anisotropic®DE

ol /dt=0. [g’ (|| Ol ||2) DI] , (12)

wherel is generallythe grey-level image. This PDE is the £rst



variationof

[, (1o 12) axay (13)

whereg (|| Ol ||?) is the edgestoppingfunction, ¢’ is its deriva-
tive with respecto || OI ||2, andU is the imagedomain. Perona
& Malik suggestedisingg(x) = e |21*/24, wherep is a positive,
free parametethat controlsthe level of contrastof edgesthatcan
affect the smoothingprocess.Notice thatg(|| Ol ||) approached
for | Ol ||« ¢ andO for || Ol ||>> p. Edgesare generallyasso-
ciatedwith large imagegradientsandthusdiffusion acrossedges
is stoppedwhile regionsthatarerelatively satundego smoothing.
A mathematicahnalysisshaws that solutionsto (12) canactually
exhibit aninversediffusionnearedgesandcanenhancer sharpen
smoothedgeghathave gradientgreatertthanu [24].

The generalizatiorof P&M anisotropicdiffusion to surfacesis
achieved from variational principles by choosingthe appropriate
functionof the squarecturvaturein (6). For instance,

«2

KZ
k) 22 (1-4 ), and g0 = 2, (14)

whereqd' is the derivative of g with respectto k2. The £rst vari-
ation with respectto the surface normalsgives a vectorvalued
anisotropicdiffusion on the level set surlace—astraightforvard
generalizatiorof (12). This aow is a modi£edversionof ILMCF
that preseresor enhancesreasof high curvature,which we will
call creases. Creasesare the generalizationof edgesin images
to surfaces. The differencesbetweenanisotropicdiffusion and
isotropic diffusion can clearly be obsened in Fig. 1(c). Around
thesmoothareasof the original modelsuchastheforeheadandthe
cheeksthereis no noticeabledifferencein the resultsof the two
processesHowever, very signif£cantdifferencesexist aroundthe
lips andtheeyes. Thecreasen theseareaswhich have beenelim-
inatedby isotropicdiffusion, are presered by the anisotropicpro-
cess.The computatiortime requiredfor oneiterationof the main
processindoop operatingon this modelis approximately20 min-
utesonal.7 Ghz Intel processor for bothisotropicandanisotropic
diffusion. The resultsshavn in Fig. 1(b) and (c) are both after 3
iterationswhich translateso around60 minutesof processing.

Thegeneralityof theproposedpproacttomesatthecostof sig-
niEcantcomputationtime. However, the methodis practicalwith
state-of-the-artomputersandis well-poisedto bene£from paral-
lel computingarchitecturesdueto its relianceon local, iteratve
computations. Furthermore,the computationtimes for the pro-
posedmethodare quite competitive if one compareghemto the
end-to-enadomputatiortimesfor mesheswhich canincludemanu-
ally establishindpbasemeshesnd/or‘Exing” topologicalproblems,
which canrequireseveralhoursof computatior12].

Anotherexampleof denoisingby anisotropiadiffusionis shavn
in Fig. 5. IndependenGaussiamoisewith standarddeviation 1.0
wasaddedo theoriginal modelwhichin this caseis a221x 221 x
161volume.Thenoisewasaddedo thevoxel valuesin thevolume
which are distancedo the surface. After 3 iterationsof the main
processindoop (seeFig. 4) the noise was successfullyremoved
while preservingthe featuresof the original model. A qualitative,
visualcomparisorof theseresultswith resultsfrom thesamemodel
shavn in [6](Fig. 2) suggestshatthe resultsin this paperdemon-
stratebetterpreserationof £ne,sharpdetails,suchasthosearound
theeyesandin thehair. Thecomputatiortimesperiterationfor this
exampleareapproximately? minuteson a 1.7 Ghz Intel processor
comparedo 20 minutesperiterationfor theexamplein Fig. 1. This
is indicative of therelatively high degreeof compleity of the MRI
basednodel.

Figure 6(a) shaws a differentisosurfice (the cortex) extracted
from the sameMRI scanasthe modelin Fig. 1. The compleity
of this model,i.e. the mary tightly nestedfolds, make it ill suited

(b)

Figure5: (a) Noisy venusheadmodel,and (b) smoothedversion
after3 iterationsof anisotropiadiffusion.

for meshbaseddeformations. Also the main cortical surfacehas
mary detachegiecesanartifactof the sggmentatiorprocessThe
approachproposedn this papercanautomaticallysimplify topo-
logically noisy featuresdueto the level setimplementation— an
importantaspecbf denoisingmeasuredurfaces.

The examplein Fig. 7 demonstrateanotheraspecof the pro-
posedmethod. Although this modelwas constructedasa volume
directlyfrom 3D rangedata[ 7], it doesnotexhibit signiEcaninoise.
Whenrunningthe proposednethodfor anisotropiaiffusion,how-
ever, surfacestend toward solutionsthat have piecavise constant
normalswith sharpdiscontinuitiesn the normalmap—analogous
to the behaior of the P&M equationfor intensity images. Such
propertiesin the normal map correspondto surfacesconsisting
of planarpatchesboundedby sharpcreases.Thus, the proposed
methodgenerates featurepreservingscalespaceyery muchlike
that of P&M for images. Theseresultssupportour proposition
that processinghe normalsof a surfaceis the naturalgeneraliza-
tion of imageprocessing.The non-linearprogressiorof elimina-
tion of detailsfrom the smallestscaleto the largestin Fig. 7 also
suggestapplicationsof this methodto surface compressiorand
multi-resolutionmodeling.

5 CONCLUSION

A generalizationof anisotropicdiffusion for surfacesleadsto a
smoothingprocessthat enhancescreaseswhile reducing small-
scalenoise. Our approachis basedon the propositionthat the
natural generalizatiorof image processingo surfacesis via the
normals. Variationalexpressiongor the surfacehave correspond-
ing variationalformulationson the surfacenormals. This philos-
ophy leadsto a cleargeneralizatiorof P&M anisotropicdiffusion
to surfaces. As aresultthe behaior for surfacesthat mirrors that
of images—weseepiecavise smoothsurfacepatcheshoundedby
high curvaturecreasesProcessinghe normalsseparatelyrom the
surfaceleadsto a pair of coupledsecond-ordeequationsnsteadof
afourth-orderequation.

We solve the surface deformationusing level sets,an implicit
representatiothatrelieson a discretegrid, whichis avolume.Be-
causeof this implementationthe proposedmethodappliesto ary
shapethatcanbe modeledasanisosurfice. Consequentlyour re-
sultsshav resultswith alevel of surfacecompleity thatgoesbe-
yondthatof previous methods.For example,the proposednethod
canbeusedonisosurficeghatareextracteddirectly from 3D med-
ical data—adif£culttaskfor meshbasedapproaches.

Futurework will study the usefulnesf otherinterestingim-
age processingechniquessuchastotal variation [23]. To date,
we have dealtwith postprocessingioisy surfaces. The noiseen-
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Figure7: Variousstagef anisotropidiffusion: (a) original model,(b) after 10 iterations,and(c) after 20 iterations.

counteredn theseexamples suchasthe MRI scanswereadditve
noisein the volume elements.Other surfaceprocessingroblems
exhibits differenttypesof noise,suchasthe line-of-sightnoisein
reconstructiorfrom laserrangefnderdata[32]. Futurework will
combinethe proposedmethodwith segmentationandreconstruc-
tion from rangedatatechniques.The currentshortcomingof this
methodis the computatiortime, which is signiEcant. However, the
procesdendsitself to parallelism,and the adwent of cheap,spe-
cialized, vectorprocessinghardware promisessigni£cantlyfaster
implementations.Multi-grid adaptve level setsandimplicit PDE
solversarepossibilitiesfor researchiowardsreductionsn thecom-
putationalcompleity of the method.
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A NUMERICAL IMPLEMENTATION

By embeddingurfacemodelsin volumeswe have corvertedequa-
tions that describethe movementof surface points to nonlinear
PDEsde£nedon a volume. The next stepis to discretizethese
PDEsin spaceandtime. In this paper the embeddingunction ¢
is deEnednthevolumedomainU andtime. The PDEsaresolved
usinga discretesamplingwith forward differencesalongthe time
axis. Therearetwo issueswith discretization:(i) theaccurag and
stability of the numericalsolutions, (ii) the increasein computa-
tional compleity introducedby the dimensionalityof thedomain.

For brevity, we will discussthe numericalimplementationin
2D—theextensionto 3D is straightforvard. Thefunctiong: U —
IR hasa discretesampling@[p, q], where[p,q] is a grid location
andg[p,q] = @(Xp,Yq). Wewill referto aspecif£dime instanceof
this functionwith superscriptsi.e. @"[p,q] = @(Xp,Yq,tn) . Fora
vectorin 2-spacev, we usev,, andv(y) to referto its components
consistentvith the notationof Sec.3. In our calculationswe need
threedifferentapproximationgo £rst-orderderivatives: forward,
backward and centraldifferences.We denotethe type of discrete
differenceusingsuperscripten a differenceoperatori.e., 5*) for
forward differencesd(~) for backward differencesandd for cen-
tral differencesFor instancethe differencesn thex directionona
discretegrid with unit spacingare

& elpd = @lp+1.d—elp.d,
& )olp.d 2 ¢lp.d—ep-1q, and (15)
&olp.d 2 (elp+1.d—p—14)/2,

wherethe time superscriphasbeenleft off for concisenessThe
applicationof thesedifferenceoperatordo vectorvaluedfunctions
denotecomponentwiselifferentiation.

The positionsof derivatives computedwith forward and back-
wards differencesare staggeredff the grid by 1/2 pixels. For

instance,éﬁ) ¢[p, g asde£nedn (15) usesinformationfrom po-
sitions[p+ 1,q] and[p,q] with equalweights; hence,it exists at
[p+1/2,q]. Thisis staggeredby 1/2 pixelsin thex directionfrom
thegrid. To keeptrack of staggeredocations,we will usethefol-

lowing notation: a, a, anda will denotethevariablea computed
at[p,q), [p+1/2,q], and[p,q+ 1/2], respectiely.

In describingthe numericalimplementationyve will referto the
aow chartin Fig. 4 for onetime stepof the mainloop. Hence the
£rststepin our numericalimplementatioris the calculationof the
surfacenormalvectorsfrom ¢". Recallthatthe surfaceis a level
setof @" asde£nedn (2). Hence,the surfacenormalvectorscan
be computedasthe unit vectorin the direction of the gradientof
¢". Thegradientof ¢" is computedwith centraldifferencesas

n
i~ od): (19)
andthenormalvectorsareinitialized as
Ni°lp.d] = of'[p.dl/ || e, Il - (17)

Becauseg" is £xed and allowed to lag behind the evolution of
N<i), thetime stepsin the evolution of N, aredenotedwith a dif-

ferentsuperscriptu. For this evolution, dN(i)/dt = fd%/de



Figure8: Computatiorgrid

is implementedwith smallestsupportareaoperators.For ILMCF
andanisotropicdiffusion dg/dN(i) is given by (9) which we will
rewrite herecomponenby componentTheLaplacianof afunction
canbe appliedin two steps,£rst the gradientand thenthe diver-
gence.ln 2D, the gradientof the normalsproducesa 2 x 2 matrix,
andthe divergenceoperatorin (9) collapseghisto a 2 x 1 vector
Thediffusionof thenormalvectorsin thetangentplaneof thelevel
setsof @, requiresusto computethe auxin thex andy directions.
The“columns” of the aux matrix arecomputedndependenthas

M)~ SN —Ch) (877). (18)
y+

y+
M) &N~ Ci) (519") (19)

wherethetime index n remainsExedaswe incrementu, andwhere

Q

%

X+ X+ v+
u
|

u U o ojoenn AT A
Ciy=Ni) ' / (@), and Ci=NG; ¢ /(dd).  (20)

Derivativesare computedwith forward differencesthereforethey
arestaggeredpcatedon a grid thatis offsetfrom the grid where@
andN<i) arede£nedasshawvn Fig. 8 for the 2D case.Furthermore,
noticethatsincethe offsetis half pixel only in the directionof the
differentiation thelocationsof & */N ;) andg*/N ;, aredifferent,
but are the samelocationsasthe aux (18) and (19) respectiely.
To evaluate(20), derivatives of ¢ and N<i) mustcomputedat [p+
1/2,q] and[p, g+ 1/2], respectrely. Thesecomputationsaredone
with thesmallestsupportareaoperatorsusingthe symmetric2 x 3
grid of samplesaroundeachstaggeredoint, as showvn in Fig. 8
with theheavy rectangle For instancethe staggeredradientsof ¢

are
N Nl - 5 glp.q
w=alptod ( 3 (3y0lp.dl+d@[p+1.q]) )
v 1
o= a)j“[p,q+%] ~ ( 2(5*")['[’&?}5;?;?(5?(1“}) )(21)

The staggeredyradientsof the normalsare computedn the same
way as(21). To evaluate(9), we alsoneedto computey' (k?) atthe
preciselocationswherethe oux (18) and(19) arelocated.For this,
we needthetotal intrinsic curvature

Xt X+ X+ Xt Xk vt + oy y+ Y+

Y-
K2=NGj NGy = CiCiy. and k?=NiyNfy — CAICEH - (22)

attherequiredlocations.
Backwardsdifferenceof thenux areusedto computethediver
genceoperationin (9)

u Xt it vt v+
avy) =37 [a(i) i |+ [o ()]

Notice thatthesebackwardsdifferencesare de£nedat the original
@ grid location[p, g] becausehey undothe forward staggeringn
the mux locations. Thusboth component®f d%/de arelocated

ontheoriginal grid for ¢. Usingthetangentialprojectionoperator
in (9), the new setof normalvectorsarecomputedas

u u
d¥ u d¥ u
W] =N+ [Wm] (o) —MENG) -
(24)
Startingwith theinitializationin (17) for u= 0, we iterate(24) for
a£xednumberof steps25iterationsfor theexamplesn this paper
In otherwords,we do notaimatminimizingtheenegy givenin (7)
in thed¥ /dN loop of Fig. 4; we only reduceit. The minimization
of total meancurvatureasa function of @ is achieved by iterating
themainloopin (17).

Oncethe evolution of N is concluded g is evolvedto catchup
with the new normal vectorsaccordingto (11). We denotethe
evolved normalsby N{;Tl. To compute(11) we mustcalculateH?
andHN"". HN""™ is theinducedmeancurvatureof thenormalmap;
in otherwords, it is the curvatureof the hypotheticaltargetsurface
that £ts the normalmap. Calculationof cunaturefrom a £eld of
normalsis

d¥

HNn+1 ~ (S(NQ+1+5YN{/]+1~, (25)

wherewe have usedcentraldifferenceson the componentof the

normalvectors.HN""! needsto be computedonceat initialization

asthenormalvectorsremainExedduringthe catchup phaseLet v

bethetime stepindex in thedZ/d¢ loop. H ¢’ is themeancuna-

ture of the moving level setsurfaceat time stepv andis calculated
from @ with the smallestareaof support

HY ~ 808 o' /(@) + 8 8D 0/ (Vg 26
~ 17 @ @ (P/((PJ(PJ) ( )

wherethegradientsn thedenominatorarestaggeredo matchthe
locationsof the forward differencesin the numerator The stag-
geredgradientsof ¢ in the denominatorare calculatedusing the
2x 3 neighborhoodhsin (21).

ThePDEJd@/dt = —dZ/dgis solvedwith a£niteforwarddif-
ferenceshut with the up-wind schemeor the gradientmagnitude
[19], to avoid overshootingand maintainstability. The up-wind
methodcomputesa one-sidedderivative thatlooksin the up-wind
directionof the moving wave front, andtherebyavoids overshoot-
ing. Moreover, becauseave areinterestedn only a singlelevel set
of ¢, solving the PDE over all of U is not necessary Different
level setsevolve independentlyandwe cancomputethe evolution
of @ only in anarrov bandaroundthe level setof interestandre-
initialize this bandasnecessaryl, 20]. See[26] for moredetails
on numericalschemesndefEcientsolutionsfor level setmethods.
Usingthe upwindschemeandnarrav bandmethods g*+1 is com-
putedfrom ¢" usingthe curvaturescomputedn (25) and(26). This
loopis iterateduntil theenegy in (10) ceaseso decreaselgt vfind
denotethe £nal iteration of this loop. Thenwe set@ for the next
iterationof the mainloop (seeFig. 4) as¢™?! = ¢""™ andrepeat
theentireprocedure The numberof iterationsof themainloopis a
free parametethatgenerallydetermineshe extentof processing.



