Feature presewing variational smoothingof terrain data
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Abstract

In this paper we presenta novel two-step,variationaland
featurepreservingsmoothingmethodfor terraindata. The
first step computesthe field of 3D normal vectors from
the heightmapand smootheghemby minimizing a robust
penaltyfunction of curvature. This penaltyfunctionfavors
piecavise planarsurfaces;therefore,it is bettersuited for
processinderraindatathenpreviousmethodswvhich operate
on intensityimages. We formulatethe total curvatureof a
heightmapasa function of its normals. Then,the gradient

estedn terraindatathatis representedn a 2D regular, rec-
tilinear grid, i.e. a heightimage. SuchDEMs are usually
createdby stereophotogrammetrfrom aerialphotographs,
field surveys, or mostcommonlyby manuallydigitizing con-
tour maps.

DEMs are availablein mary differentformsthatvary in
accurag, andhorizontalandverticalresolution.The highest
resolutionDEMs distributedby the United State<5eological
Sunwey (USGS)correspondo 7.5 minute quadranglanaps
(1:24000scale)with horizontalresolutionof 10 or 30 me-
ters[20]. Vertical accurag of theseDEMSs varieswith the

descentminimization is implementedwith a second-order gegjredmeanerrorof 7 meters,out it is not unusualo have

partial differential equation(PDE) on the field of normals.
For the secondstep,we defineanothempenaltyfunctionthat
measureghe mismatchbetweenthe the 3D normalsof a
heightmap modelandthe field of smoothedhormalsfrom
thefirst step. Then,startingwith the original heightmapas
theinitialization, wefit anon-parametriterrainmodelto the
smoothednormalsminimizing this penaltyfunction. This
gradientdescentminimizationis also implementedwith a
second-ordePDE. We demonstrate¢he effectivenessof our
approactwith aridge/gullydetectionapplication.

1

Terraindatacontaingnformationthatis pertinento avariety
of applications For instancescientistseestimateslopegradi-
entandaspecfor analysisof hydrologicalflow overterrain.
Theseestimatesare later usedin flood path predictionsfor
safetyplanning.Anotherapplicationcouldbetheanalysisof
theterrainof otherplanetsto planaroutethatwill betaken
by anunmannedexplorationvehicle.However, thelevel au-
tomationin thisanalysigs currentlylow andthereforethese
are mostly time consumingmanualtasks. Standardmage
processingechniquesare not optimal whenappliedto ter
rain data. Therefore,the first stepin a pushtowardsmore
automatechnalysisshouldbethedevelopmenif processing
techniquespecificto terraindata.

Terrainsare often representeds a collection of height
measurements,e. a digital elevation model (DEM). Ele-
vationvaluescanbe representedspoints,contourlines or
triangulatedrregular networks. In this paper we areinter-
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errorsof up to 15 meters. The 7.5-Minute DEMs are cre-
atedby optically scanningcontourmapsandthenfitting an
approximatingsurface. Errors can be producedwhen ele-
vationsareinterpolatedfrom digitized contours. Thereare
mary potentialsourcesf errorsthateffectaccurag andun-
certaintyof terrainfeatureanalysisusingDEM data[21].

Someof the necessaryools for analysisof terrain data
areridge detection,seggmentationand compression.All of
thesetools require that we are able to extract featuresof
the terrain such as ridges and gullies in the presenceof
noise. In image processing,Perona& Malik (P&M) in-
troducedan anisotropicdiffusion procesghat canpresere
edgesbetweendistinct regions while smoothingthe noise
within the regions[12]. Unfortunately a direct application
of this methodto heightmapsyields unsatiséctoryresults,
seeSection3. In this paper we formulatea correctgener
alization of this methodto height mapsby posingit asan
enegy minimizationproblemon curvature. The variational
methodwe proposeis alsogeometric,i.e. it is independent
of the parameterization.

The restof this paperis organizedasfollows. Section2
presents brief overview of relatedwork in the literature.
Section3 discusse®dgepreservingsmoothingmethodsin
imageprocessing.Section4 formulatesa robust curvature
enegy for Q%D height surfaces. Section5 introducesour
splitting strateyy thatgivesanefficientandstableminimiza-
tion procedurdor this enegy. Sectionb illustratesresultsof
the proposedapproactanddemonstrateis advantagesvith
in the context of a ridge/gully detectionapplication. Sec-
tion 7 summarizeshe contributionsof this paper



2 RelatedWork

Perona& Malik introducedthe anisotropicdiffusion PDE
for intensity imagesin their pioneeringwork [12]. Nord-
strom[11] andBlack et al. [1] have shavn that P&M’s
diffusionis the gradientdescenprocesgor arobustenegy
function. Otherresearcherbave proposedlifferentenegy
metrics,suchastotal variation,which yield variationsof the
anisotropicdiffusion PDE [14]. Theseapproachesre all
second-ordePDEs. Tumblin and Turk proposea fourth-
orderPDE asa detail preservingcontrastreductionmethod
for depictinghigh contrastimageson low contrastdisplay
devices[19]. TheirLCIS (low curvatureimagesimplifier) al-
gorithmis relatedto therobustcurvatureminimizationstrat-
egy proposedn this paper However, their approachs for
2D images,whereaswe take into accountthe geometryof
2%D heightsurfaces.Furthermoreyve provide a variational
generalizatiorof anisotropiadiffusionto suchsurfaces.

A problemrelatedto oursis thesmoothingof 3D surfaces.
In the context of level setrepresentationaneancurvature
flow (MCF), a geometricPDE that minimizessurfacearea
hasbeena popularchoicefor enforcingsmoothnessf the
model [9, 24]. MCF is not a feature preservingprocess.
Furthermoreit suffersfrom several problemsincludingvol-
umeshrinkage pinchingof thin structures.n the computer
graphicsliterature,smoothingsurfacemeshesasbeenap-
proachedisanenegy minimizationproblem[10, 8, 22] and
asafiltering problem [17, 4, 7]. More recently anisotropic
diffusion processe$iave beenproposedor surfacemeshes
andlevel sets[3, 13, 16]. Noneof thesemethodsmake use
of thespecificpropertiesof Q%D heightsurfaces.

Depth reconstructionhas beena major focus in earlier
computervision research6, 18, 2]. More recently in the
contt of heightmaps,a Q%D versionof MCF hasbeen
derived[23]. Desbrunet al. proposea featurepreserving
denoisingprocesdor heightmaps[5]. Their approachs to
usea second-ordeflow thatis a modificationof MCF that
doesnottake into accounthe geometryof heightmaps.

3 Edge presewning smoothing for in-
tensity images

An establishedolutionto the smoothingproblemis to pose
it asthegradientdescenbf anenegy function,andto imple-
mentthe gradientdescentaisa non-linearpartial differential
equation(PDE). The choiceof the enegy function depends
on the application,andit determinesvhat part of the input
signalis preseredandwhat partis eliminatedasa resultof
the gradientdescenPDE. In imageprocessing it is typical
to usean enegy that favors smoothnessFor instance the
heatequationimplementghe gradientdescenfor the mini-
mizationof the integral of a quadraticpenaltyon theimage
gradientmagnitude
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Figurel: Comparisorof quadraticandrobust penaltyfunc-
tions.

whereU is the domainof theimage. Processingnimage
with the heatequationis mathematicallyequivalentto con-
volving it with a Gaussiarsmoothingkernel. It is a well
known factthat suchsmoothingblurs boundariesn theim-
age,andwill goto aconstantntensitylevelin thelimit. This
resultis alsoexpectedrom thevariationalpoint of view, be-
causethe quadraticpenaltyfunction, seeFigure 1(a), does
not permitthe presencef high gradientmagnitudeoutliers
(edges) Figure2(a)illustratesa surfacedescribedy a part
of the Mt.Hood DEM. Figure 2(b) illustratesthe resultsof
treating this data as an intensity image and smoothingit
with a Gaussiarkernel. Theridgesin the original dataare
roundedanddistorted.
In their seminalwork, Perona& Malik (P&M) introduced
a non-linear anisotropicdiffusion PDE that can presere
edgeswhile smoothingnoise[12]. This methodhasgained
popularity as a successfukdgedetectionmethodin image
processingNordstrom[11] andBlack et al. [1] show that
P&M anisotropiddiffusionPDEis thegradientdescenfor a
robustenepgy function:
( TVI) .
(2)

min/
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This robust penalty function, seeFigure 1(b), is bounded
for high valuesof its argument; therefore, it allows the
presenceof a limited number of outliers. Indeed, the
P&M anisotropicdiffusion hasbeenshownn to corvergeto

a piecavise-constansolution,i.e. a solutionthat haszero
gradientat mostlocationsanda limited numberof locations
with high gradientmagnitude Shockformationatedgesand
smoothingof detailsat otherlocationsis the mechanisnby

which the solutionis achieved. The parameter controls
the degree of edgepreseration; however, it is not a sim-

ple threshold. Pointswith gradientmagnitudedessthan i

mayform shocksandbeincorporatednto edgesn thepres-
enceof mary pointswith stronggradientsnearby On the

other hand, isolatedpoints with large gradientmagnitudes
will be smoothedMotivatedby this successfuinethod,one
approachto smoothinga heightmapis to treatit asanin-

tensityimageandapply P&M anisotropiadiffusiondirectly.
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Figure2(c)illustratesthe problemswith thisapproachP&M
anisotropicdiffusion causes “staircasing”effect. This ef-
fecthasbeendocumentedh [25, 19] andis causedy shocks
forming at seeminglyrandomlocationsin regions of high,
uniform gradientmagnitudeg.g.theslopesof amountainin
terraindata.

4 Feature presewnving smoothing for
height maps

The original P&M anisotropicdiffusion fails whenapplied
to terraindataas showvn in Figure 2(c), becauset wasde-
signedto presere andcreateC? discontinuitiesin intensity
imagego detectedges However, C° discontinuitiesarevery
rarein terraindata,they occuronly onverticalcliffs. In ter
rain data, oneis insteadinterestedn ridgeswhich are C*
discontinuities We would lik e to find a procesghatrespects
C' continuousregionssuchasthe slopesof amountainand
preseresandcreateC! discontinuities.

Let us considerthe parametricsurface M definedby the
heightmap

M(z,y) = (z,y, Mz,y)) - 3)

Theareaof this surfaceoverthedomainU is computedas

A(h) = /U V14 || Vh(z,y) |2 de dy.

The gradientdescenPDE on thefirst variationof this area
isdh/dt = V - (Vh/\/1+ || VR ||?), which was usedfor

smoothingQ%D surfaces[23]. This PDE is the MCF for

heightmaps.It hasthe appearancef beinganisotropicdue
to the division by 1/1+ || Vh ||2 beforethe divergenceop-

eration.However, thisis notafeaturepreservinganisotropic
process. The rescalingis the projectionof the 3D motion

ontotheimageplanewhichis aresultof representinghe 3D

surfaceasa 2D graph.

Explicitly preservingC* discontinuitiesequiresapenalty
termonthesecond-ordestructureof surfacesj.e. curvature.
We proposea family of enegiesthat are surfaceintegrals
of penaltyfunctionson total curvature,x?%,(z,y), which is
the sumof the squaresf the two principal curvatures.Let
G : ® —» R beanarbitrarypenaltyfunction,thenwe define
thefollowing family of enegy functions

(4)

E(h) = /U G k() VIt | V(@) P de dy. (5)

Notice thatif G(kar) = 1, this enegy reducedo the area
of M. We can penalizethe integral of total curvature by

choosingG(ka) = k3,. However, similar to heatflow in

imageprocessingthis enegy doesnot presere discontinu-
ities becausehe quadraticpenaltyfunction doesnot permit
ary outliers. Instead we usethe penaltyfunctionthatgives
riseto P&M diffusionin (1), but replacetheimagegradient
magnitudewith total curvature:

E.ZM

Glkm) =1—e »2. (6)

The parametey: determineghe rangeof curvatureshatare
presered. Figure 2(d) illustratesthe resultsof smoothing
theMt. Hooddatasetisingthis enegy definition.

5 A splitting strategy

A direct minimizationof the enegy definedin (5) requires
solving a fourth-orderPDE. This is a computationallyex-
pensve and unstabletask. In this section,we introducea
stratgyy thatsplitsthe solutioninto a pair of coupledsecond-
orderPDEsthatcanbe solvedefficiently.

Stepla: Total curvature from normal vector variations
Thefirst stepin our splitting strateyy is to expresstotal cur-
vaturex?, in termsof the normalvectorsto the parametric
surface M. Thenormalvectorto M canbefoundas

1 ha
— | hy ],
1+ h2 +h2 (—1)
whereh, andh, denotethex andy partialderivativesof the

heightmaph. Letsdefinethe3 x 2 matrix of thegradientof
thenormalvectorsin theimageplane

N= ()

VN = (N,, N). (8)
Also definethe2 x 3 matrixthatprojectsVIN into 3D space
1 2
- (L T ). @
(1+h2 4+ h2)*2 \Thahy  14hg By

The variation of the normal vectorsintrinsic to the height
mapsurfaceis VN = VNP. Thentotal curvaturecanbe
foundas

K =l VAN |2, (10)

wherethe norm denotesthe Frobenius norm of the 3 x 3
matrix, which is the squareroot of the sumof the squareof
all of thematrix elements.

Steplb: Decouplingthe normals fr om the height map
The secondstepin our stratay is to decouplethe normal
vectorsfrom the surfacedefinedby the heightmap. Substi-
tuting (10) in (5) gives

B(N) = /U G (| VaN [)a(z,y) dzdy, (1)

wherea(z,y) = /14 || Vh(z,y) ||>. Weinitialize thenor-
mal vectorsaccordingto (7). Thenwe fix h andprocesghe
normalvectorsto minimize the enegy (11). Sincenormal
vectorshave to remainunit length,this is a constrainednin-
imization problem,which is accomplishedy the following
second-ordePDE onthenormalvectors:

ON

57 = ~I-NeN)V-(a(z,y) & (I VaN ) VaN),
(12)

where® denoteghetensomroduct,andG’ is the derivative

of G. Theoperatod — N ® N projectsthe changevectorto
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Figure2: (a) A portionof the2%D surfacedefinedby the Mt. HoodDEM, (b) Gaussiarsmoothingof the heightimage,(c)
P&M diffusionon the heightimage,and(d) our generalizatiorof P&M diffusionto 2§D surfaces.
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Figure 3: (a) An imageof noisy unit vectors,and (b) the
resultof minimizing therobustcurvatureeneny.

N ontothe planeperpendiculato N, thusenforcingthatthe
normalvectorsremainunit length.

This PDE is the generalizatiorof P&M anisotropicdif-
fusion for a field of unit vectorsdefinedon a 23 surface.
Figure3(a)illustratesanartificial imageof noisyunit length
vectors. The vectorswere chosento have a differentmean
eachquadrantof the image. Figure 3(b) illustratesthe re-
sultsof smoothingthis vectorimagewith the PDE (12) and
with G asdefinedin (6). The discontinuitiesn the normals
betweerthe quadrantsare presered while the noisewithin
thequadrantss smoothed.

Step2: Refitting the height map to the normal vectors

Sinceour goalis to denoisg¢heheightmap,we haveto relate
the processin@f the normalvectorsbackto the surface.We
do this with a refitting stepthat minimizesan enegy that
reflectsthediscrepang betweerthe heightmapsurfaceand
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Figure4: Flow chart.

theprocessediormalvectors.Thisenepgy is

D(h) = / Np -Np — N, - N, dz dy, (13)
U

whereN};, andIN,, denotethenormalvectorscomputedrom

h accordingto (7) and the processechormal vectorsob-

tainedfrom iteratingthe PDE (12), respectrely. Let N, =

(nl N2 ng)T,then
D(h)=/ V1+ ||Vh||2—Vh-( >+n3da:dy.
U

(14)
Thegradientdescenfor thefirst variationof thisenegy with
respecto h is

ni
Up)

dh

a (15)

- _Vv. VA (m)
V1+ || VA |2 n2

5.1 The algorithm

The flow chartfor the algorithmis showvn in Figure4. The
normalsprocessingtageof thealgorithmcomputeghegra-
dientdescenfor the normals(12) for a fixed numberof it-
erations(25 for the experimentsin this paper). Hence,we
avoid evolving evolving the normalstoo far away from their
initializationfrom h. Theheightmapfitting to theprocessed
normalvectorsis given asa gradientdescentPDE in (15).
This stageof thealgorithmis run until thediscrepang mea-
sure(13) betweenthe new normalsandthe normalsof the



height map ceasego decreasewhich signalsthe needfor
anotheroundof processinghe normalvectors.Theoverall
algorithmrepeatghesetwo stepsto denoiseheinput height

The main point of this discussionis not the ridge detec-
tion itself, but the role of our smoothingalgorithmasa pre-
processingstep. Equation(17) involvesthird derivativesof

map. This algorithm consistsof solving two second-order h(z,y); therefore,it is hardto computestably Typically,

PDEsin seriesinsteadof a directfourth-orderPDE, which
malkesit computationallytractable.

5.2 The parameters

Therearetwo free parametersn our algorithm: x4 andthe
numberof iterationsof the mainloop in Figure4. Thecon-
ductancearametep determinesherangeof curvatureghat
is smoothedandtherangethatis presered. As in P&M im-
agediffusion, it is notasimplethreshold.In wasfixedat0.1
for all of the resultsshawn in this paper Unlike, in P&M
imagediffusion, this parametedoesnot needto be changed
for differentsurfacemodels. In the context of P&M image
diffusion,theunitsof u arein graylevels;consequentlythe
optimal choiceof u is imagedependentHowever, for sur

facesthe unitsarein curvature,which is dataindependent.

This makesit possibleto choosea i valuethatgivesconsis-
tentresultsover a broadrangeof surfaces.

The numberof times we repeatthe main loop (process-
ing the normalvectorsfollowed by refitting) determineghe
amountof smoothingappliedto the data. This is the second
free parametem thesystem.n Section6, we presenexper
imentalresultsthatillustratevariousamountsf smoothing.
This parametecouldbeexchangedor adatatermweightby
posingthe smoothingproblemasa reconstructiorproblem.
In a reconstructiomproblemthe enegy will be a weighted
sum of a smoothnesgerm and a dataterm. A PDE that
minimizesthis type of enegy is run until corvergenceand
thefree parameteis therelative weightingbetweernthe two
terms.

6 Experiments

In this section,we presentexperimentswith two different
DEM datasetsWe demonstrat¢he effectivenesof our ap-
proachas a pre-processingtep for ridge/gully detection.
Thereare multiple definitionsof a ridge. For terraindata,
we consideraridgeto be pointsof local maximumcurvature
on theisocunesof the heightfunction h(z, y). The curva-
ture of theisocunesof h(z,y) canbefoundas

h;hm — 2hyhyhgy + hﬁhyy
3/2
(h2 +h2)

(16)

Let T bethetangentvectorto theisocunesof h(x, y). Then
point of maximalcurvatureof theisocunesarefoundasthe
zerocrossingof thefollowing directionalderivative:

dk

T = 0.
Among points that satisfy this equation,thosewith k > 0
areridgesandthosewith k < 0 aregullies.

(17)

thesethird derivativesof Gaussiarkernelsare usedfor this
computation However, the Gaussiarkernelseliminatesand
dislocatesidgelines. We proposehatlike P&M diffusionis
a betterchoicethan Gaussiarsmoothingfor edgedetection
in intensityimages,our anisotropicsmoothingalgorithmis
a better approachfor smoothingthe datafor purposesof
ridge/gullydetection.

Figure 5(a) illustratesthe surfacedefinedby the original
1024 x 1024 Mt. Hood heightdata. Figure5(b) and(c) il-
lustratetheresultsof smoothingwith the proposedapproach
after2 and10 iterationsof our algorithm,respectiely. One
iterationtakesapproximately?20 minutesfor this dataseton
a Intel 1.7 Ghz processar For denoisingpurposesa cou-
ple of iterationsare sufficient. More iterationsstartforcing
the surfacetowardsbeing piecavise planar The prominent
structureof the mountainis presered asthe smallerscale
detailandnoiseis eliminated.This canbe performedaspre-
processindor ridgedetectionor compression.

Figure 6 illustratesthe ridge/gully detectionexperiment.
Theblueandthered curveson the surfacedepictridgesand
gullies, respectiely. For the resultsshavn in the top row,
we useda Gaussiarsmoothingkernelwith alow anda high
standarddeviation. The low standarddeviation did not de-
noisethedataenoughhencetherearealot of falsepositives
in thedetectiorresults.Ontheotherhand,the high standard
deviation Gaussiamesultedin too mary falsenegatives,i.e.
missedridges. Figures6(c) and(d) illustrate detectionre-
sultsobtainedby usingthe proposednisotropiadiffusionas
thesmoothingstep(after 10 and20 iterations respectiely).
The resultsare much betterthanwith Gaussiarsmoothing.
For instance the prominentridge running down the center
right sideof the mountainwasmissedin bothlow andhigh
standarddeviation Gaussiarsmoothingresults. In contrast,
this ridge was able to self-organizeand strengtherduring
anisotropiadiffusionandwassuccessfullydetectedIn sum-
mary, the detectionresultswith anisotropicdiffusion have
fewer falsepositivesand fewer falsenegatives.

Figure 7 illustratesa differenttype of terrain: the tran-
sition from a flat valley to rolling hills. Two shallav river
bedscan be obsered as depressionsn the valley. Fig-
ure 7 (a) shows the original height surface,while (b) and
(c) show the surfaceafter 1 and 10 iterationsof our algo-
rithm. Figures7(d)-(f) illustrate the correspondingletec-
tion results.Although, only a minimal amountof smoothing
canbeobsenredin Figure7(b), the correspondingletection
resultshawvn in Figure 7(e) is much betterthan the detec-
tion from the original datain Figure 7(d). Notice thatboth
of the shallow river bedswere detectedas gullies. Further
anisotropicsmoothingresultsin a cleaneretectionput also
lossesthe wealer river bed. The processingimesfor this
smallerdatasetwas approximately3 minutesper iteration
onalntel 1.7 Ghz processar



Figure5: (a) Mt. Hood, (b) after2 iterations,and(c) 10 iterationsof the mainprocessindoop.

(© (d)
Figure6: Ridgeandgulliesaredepictedby blue andred curves,respectiely. ResultsusingGaussiarkernelswith standard
deviation (a) 1 pixel and(b) 3 pixels. Resultsusingour anisotropicsmoothingwith (c) 10iterations,and(d) 20 iterations.
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7 Conclusions

We derive a variationalgeneralizatiorof P&M anisotropic
diffusion for featurepreservingsmoothingof terrain data.
The proposednethodis derived from the geometryof Z%D
surfaceslt preseresandenhancesiscontinuitiesn thesur
facenormalvectors;hence forcing surfacestowardspiece-
wise smoothness.This type of processings better suited
to terraindatathandirect applicationsof image processing
techniquesndtheir heuristicmodifications.

Measureson surface normal variations require solving
fourth-orderPDEson level sets. However, by processing
thenormalsseparatelfrom the surface ,we cansolve a pair
of second-ordeequationsinsteadof a fourth-orderequa-
tion. This methodis numericallymore stableand compu-
tationally lessexpensve thansolving the fourth-orderPDE
directly. The shortcomingof this methodis the computa-
tion time; however, the procesdendsitself to parallelism,
andtherefore the use of multi-threading. Also, recentde-
velopmentsn solving nonlinearimagePDE on commodity
graphicshardware promisesignificantspeed-up$or our al-
gorithm[15].
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