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1. INTRODUCTION

Thefundamentalprinciplesof signalprocessinggiveriseto awiderangeof usefultoolsfor
manipulatingandtransformingsignalsandimages.Thegeneralizationof theseprinciples
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to theprocessingof 3D surfaceshasbecomeanimportantproblemin computergraphics,
visualization,andvision. For instance,3D rangesensingtechnologiesproducehigh reso-
lution descriptionsof objects,but they oftensuffer from noise.Medicalimagingmodalities
suchasMRI andCT scansproducelarge volumesof scalaror tensormeasurements,but
surfacesof interestmustbeextractedthroughsomesegmentationprocessor fitted directly
to the measurements.Thesesurfacestypically containtopologicalartifactssuchasholes
andunconnectedpieces.

Thegoalof this paperis to introducea new surfaceprocessingstrategy that is flexible,
general,andgeometric. By flexible we meanthat the framework shouldprovide a basis
for a broadvariety of capabilities,including surfaceprocessingtools that resemblethe
state-of-the-artin imageprocessingalgorithms.Theproposedmethodsshouldapply to a
general classof surfaces.Usersshouldbeableto processcomplex surfacesof arbitraryand
changingtopology, andobtainmeaningfulresultswith very little a priori knowledgeabout
the shapes.By geometricwe meanthat outputof surfaceprocessingalgorithmsshould
dependon surfaceshapeandresolution, but shouldbeindependentof arbitrarydecisions
abouttherepresentationor parameterization.

The work presentedin this paperis basedon the propositionthat the naturalgeneral-
izationof imageprocessingto surfacesis via thesurfacenormalvectors. Thus,a smooth
surfaceis onethathassmoothlyvaryingnormals.Penaltyfunctionsonthesurfacenormals
typically giveriseto fourth-orderpartialdifferentialequations(PDE).Ourstrategy is to use
a two stepapproach:(i) operatingon the normalmapof a surface,and(ii) manipulating
thesurfaceto fit theprocessednormals.Iteratingthis two-stepprocess,we canefficiently
implementfourth-orderflowsby solvinga setof coupledsecond-orderPDEs.In this light,
thedifferencesbetweensurfaceprocessingandimageprocessingarethreefold:

(1) Normalsarevectorvaluedandconstrainedto beunit length;theprocessingtechniques
mustaccommodatethis.

(2) Normalslive on a manifold(thesurface)andcannotbeprocessedusinga flat metric,
asis typically donewith images.

(3) Normalsarecoupledwith thesurfaceshape,thusthenormalsshoulddragthesurface
alongastheir valuesaremodifiedduringprocessing.

This paperpresentsan implementationthat representssurfacesasthe level setsof vol-
umesandcomputesthe processingof the normalsandthe deformationof the surfacesas
solutionsto a setof PDEs.In someapplications,suchasanimation,modelsaremanually
generatedby adesigner, andtheparameterizationis notarbitrarybut is animportantaspect
of the geometricmodel. In thesecases,mesh-basedprocessingmethodsoffer a powerful
setof tools,suchashierarchicalediting [Guskov et al. 1999],which arenot yet possible
with the proposedrepresentation.However, in other applications,suchas 3D segmen-
tation andsurfacereconstruction[Malladi et al. 1995;Whitaker 1998], the processingis
datadriven,surfacescandeformquite far from their initial shapesandchangetopology;
hence,userinterventionis not practical. Furthermore,whenconsideringprocessesother
thanisotropicsmoothing,suchasnonlinearsmoothing,thecreationor sharpeningof small
featurescanexhibit noticeableeffectsof themeshtopology—thecreationof new features
requireschangesin the meshparameterization.In contrast,the underlyinggrid for level
setsis independentof the surfaceshape;therefore,the only limitation for the creationof
new featuresis the resolutionof the grid. Hence,the useof a level set formulationen-
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ablesusto achievea“black box” behavior andbuild surfaceprocessingtechniquesthatare
especiallyusefulwhenprocessingmeasureddata.

Wehaveintroducedananisotropicdiffusionfor surfacesbasedonprocessingthenormal
mapin [Tasdizenet al. 2002]. This paperdiscussesthe mathematicalfoundationsof the
normalmapprocessingstrategy in detailandprovidesdetailsof thenumericalimplemen-
tation aswell asintroducinghigh-boostfiltering of normalsasa new surfaceprocessing
tool. Thespecificcontributionsare:

(1) a novel approachbasedon surfacenormalsfor geometricprocessingof surfaces;

(2) anumericalmethodfor solvinggeometricfourth-orderlevel setequationsfor surfaces
in two simplersteps,therebyavoiding theexplicit computationof unstablehigh-order
derivatives;and

(3) examplesof threegeometricsurfaceprocessingalgorithmswith applicationsto com-
plex datasets.

Therestof thispaperis organizedasfollows. Wewill discussrelatedsurfaceprocessing
work in Section2. In Section3, we formulateour splitting approachfor solvinggeomet-
ric fourth-orderlevel setequationsfor surfaces. In the limit, this approachis equivalent
to solving the full, fourth-orderflow, Appendix(A), but it generalizesto a wide rangeof
processesandmakesno assumptionsaboutthe shapesof the solutions. In Section4, we
show resultsfor isotropicandanisotropicdiffusion. To demonstratethe flexibility of the
proposedframework,wewill alsoshow resultsof high-boostsurfacefiltering implemented
with our framework in Section5. Thenumericalimplementationsof our approachis cov-
eredin Appendix (B). Conclusionsand directionsfor future work will be discussedin
Section6.

2. RELATED WORK

The majority of surfaceprocessingresearchhasbeenin the context of surfacefairing
with themotivationof smoothingsurfacesto createaestheticallypleasingmodels.Surface
fairing canbe accomplishedeitherby minimizing an energy function that favors smooth
surfaces[MoretonandSéquin1992;WelchandWitkin 1992;Halsteadet al. 1993;Welch
and Witkin 1994] or by applying smoothingfilters [Taubin 1995; Desbrunet al. 1999;
Guskov et al. 1999]. Energy minimizationis a globalmethodwhereasfiltering useslocal
neighborhoods.In therestof this section,we review relatedwork in thesetwo categories.
An approachthat falls betweenthesetwo extremesis basedon Wiener filtering which
utilizesarbitrarylocal spectralpropertiesof themesh[Alexa 2002].

Energy functionscandependon the geometryof the surfaceor the parameterization.
Geometricfunctionsmake useof invariantssuchasprincipal curvatures,which are pa-
rameterizationindependent,intrinsic propertiesof the surface. Therefore,geometricap-
proachesproduceresultsthat arenot affectedby arbitrarydecisionsaboutthe parameter-
ization; however, geometricinvariantsarenonlinearfunctionsof surfacederivativesthat
arecomputationallyexpensiveto evaluate.Parameterizationdependentfunctionsarelinear
substitutesfor geometricinvariants.

Oneway to smootha surfaceis to incrementallyreduceits surfacearea. This canbe
accomplishedby meancurvatureflow (MCF), a second-orderPDE,

∂x
∂ t

qsr HN qtr u
κ1 v κ2

2 w N (1)
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whereκ1, κ2 arethe principalcurvaturesandH is the meancurvatureat a point x on the
surface,N is the surfacenormal,andthe parametert tracksthedeformingsurfaceshape.
For parameterizedsurfaces,themembraneenergy function,a linearsubstitutefor surface
area,is x

Ω
X2

u v X2
v du dv (2)

whereX y u z v{ andΩ aresurfaceparameterizationandits domain,respectively. Thevaria-
tional derivativeof (2) is theLaplacian

∆X q Xuu v Xvv z (3)

which is a linear substitutefor meancurvature;however, they areequivalentonly if the
parameterizationis orthonormaleverywhere.Thesemethodsgenerallyproduceunsatisfac-
tory resultsdueto inherentlimitationssuchasinability to preserve features,a systematic
shrinking,andtheintroductionof high-curvaturesingularities.

A second-orderenergy functionis theintegral of total curvatureover thesurfaceSx
S

κ2
1 v κ2

2 dS (4)

which hasbeenshown to deform surfacesinto sphereswhen minimized [Polden1997].
We will refer to (4) as the total curvature penaltywhich shouldnot be confusedwith
the local quantity total curvature. The total curvaturepenaltyis a geometric(invariant)
propertyof thesurfacethatcanbeminimizedby afourth-orderPDEwhichis verydifficult
to solve. The meshfairing approachof [Welch andWitkin 1994], which minimizes(4),
fits local polynomialbasisfunctionsto local neighborhoodsfor the computationof total
curvature. Thesepolynomial basisfunctionsrangefrom full quadraticpolynomialsto
constrainedquadraticsand planarapproximations.Dependingon the complexity of the
local neighborhood,the algorithmmustchoose,at eachlocation,which basisto employ.
Ambiguitiesresultat locationswheremultiplebasesprovideequallygoodrepresentations.

If we penalizetheparameterization(i.e. non-geometric),equation(4) becomesthethin
plateenergy function x

Ω
X2

uu v 2X2
uv v X2

vv du dv (5)

whereX andΩ areasdefinedfor (2). Thevariationalderivative of (5) is thelinearbihar-
monicoperator

∆2X q Xuuuu v 2Xuuvv v Xvvvv (6)

which is a fourth-orderoperatorusedfor surfacefairing [WelchandWitkin 1992].
MoretonandSéquinproposea geometricenergy functionthatpenalizesthevariationof

principle curvatures[1992]. This function hasa sixth-ordervariationalderivative which
requiresvery largecomputationtimes.Theanalysisandimplementationof generalenergy
functionsabovesecondorderremainsanopenproblem,which is beyondthescopeof this
paper. Evidencein this paperandelsewhere[Desbrunet al. 1999;SchneiderandKobbelt
2000]suggeststhatfourth-ordergeometricflowsform asufficientfoundationfor ageneral,
geometricsurfaceprocessingsystem.

Taubinpioneersthe linear filter basedapproachesto surfacefairing. He observesthat
simpleGaussianfiltering associatedwith the membraneenergy causesshrinkage[1995].
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He eliminatesthis problemby designinga low passfilter usinga weightedaverageof the
Laplacian(3) andthebiharmonicoperator(6). Theweightsmustbefine-tunedto obtainthe
non-shrinkingproperty. Analyzedin thefrequency domain,this low-passfilter canbeseen
asa Gaussiansmoothingshrinkingstepfollowed by an unshrinkingstep. Taubinshows
that any polynomial transferfunction in the frequency domaincanbe implementedwith
thismethod[1996]. A relatedapproachin whichsurfacesaresmoothedby simultaneously
solvingthemembrane(2) andthin plate(5) energy functionsis proposedin [Kobbeltet al.
1998]. Desbrunet al. useimplicit integrationto build a computationallyefficient method
for meshfairing[1999]. Guskov etal. definesdown- andup-samplingtoolsandsmoothing
filters for irregularmeshesto build a multiresolutionmeshprocessingframework [1999].
Their work is basedon a generalizedlow passfilter which usesa non-uniformrelaxation
operatorthat minimizesa locally weightedquadraticenergy of second-orderdifferences
on themesh.

The techniquesproposedin this paperarealso relatedto that of [Choppand Sethian
1999], who derive the intrinsic Laplacianof curvaturefor an implicit curve, and solve
the resultingfourth-ordernonlinearPDE. However, their methoddoesnot generalizeto
implicit surfaces.Moreover, they arguethat thenumericalmethodsusedto solve second-
orderflows arenot practical,becausethey lack long term stability. They proposeseveral
new numericalschemes,but noneare found to be completelysatisfactory due to their
slow computationandinability to handlesingularities.As a generalizationof this PDEfor
surfaces,SchneiderandKobbeltproposeusingtheintrinsic Laplacianof meancurvature,
∆BH, for meshes,where∆B is the Laplace-Beltramioperator, i.e. the Laplacianfor pa-
rameterizedsurfaces[2000]. However, thatapproachworksonly for meshes,andrelieson
analyticpropertiesof thesteady-statesolutions,∆BH q 0, by fitting surfaceprimitivesthat
havethoseproperties.Thus,theformalismdoesnotgeneralizewell to applications,suchas
surfacereconstruction,wherethesolutionis a combinationof measureddataanda fourth-
ordersmoothingterm. Also, it doesnot applyto othertypesof smoothingprocesses,such
asanisotropicdiffusionthatminimizesnonlinearfeature-preservingpenalties.We solve a
moregeneralclassof surfaceflows with a variationalbasisin aneffective,stablesplitting
method.

An exampleof a splitting strategy canbefoundin [Ballesteret al. 2001],wheretheau-
thorspenalizethe smoothnessof a vectorfield while simultaneouslyforcing the gradient
directionsof a grayscaleimageto closelymatchthevectorfield. Thepenaltyfunctionon
the normalfield is proportionalto the divergenceof the normalvectors. It forms a high-
orderinterpolationfunction,whichis shown to beusefulfor imageinpainting—recovering
missingpatchesof datain 2D images.The strategy of simultaneouslypenalizingthe di-
vergenceof a normalfield andthemismatchof thisfield with theimagegradientis closely
relatedto thetotalcurvaturepenaltyfunctionusedin thispaper. However, our formulation
emphasizestheprocessingof normalson anarbitrarysurfacemanifold(ratherthantheflat
geometryof animage),with anexplicit relationshipto fourth-ordersurfaceflows. Further-
more,thispaperestablishesnew directionsfor surfaceflows—towardedge-preservingsur-
facesmoothingandfeatureenhancement.Our proposedPDEsplitting approachis related
to themethodsin [SchneiderandKobbelt2000],which we discussin detail in Section3.

Our splitting methodrequiresdiffusingunit-lengthvectorson a non-flatmanifold. Per-
onaproposesa methodfor diffusing orientation-like quantitieson flat manifolds[1998].
This methodsolves the problemof diffusing 2D unit vectorsas a 1D problemof angle
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Fig. 1. Second-vs. fourth-ordersurfacesmoothing.Fromleft to right: Original model,meancurvatureflow, and
isotropicfourth-ordersurfaceflow.

diffusion; however, it is not rotationallyinvariantandit doesnot generalizeto the diffu-
sion of unit vectorsin higherdimensions.Several authorsuseharmonicmapstheoryto
solve the diffusionof unit vectorsdefinedon higherdimensionalnon-flatmanifolds,e.g.
surfaces[Bertalmioet al. 2001;Tanget al. 2000].Hence,theirmethodsarecloselyrelated
to someof theproblemswesolvein this,but they do notprovideasolutionto thecoupling
betweensurfaceshapeandtheunit vectorsbecausetheir goalis not surfaceprocessing.

3. MINIMIZING TOTAL CURVATURE

Oneof the underlyingstrategiesof our approachis to usegeometricsurfaceprocessing,
wheretheoutputof the processdependsonly on theshapeof the input surface,anddoes
notcontainartifactsfrom theunderlyingparameterization.Themotivationfor thisstrategy
is discussedin detail in [SchneiderandKobbelt2001],wheretheinfluenceof theparame-
terizationon surfacefairingresultsis clearlyshown, andhigher-ordernonlineargeometric
flows areproposedasthesolution.

As anillustrationof the importanceof higher-ordergeometricprocessing,considerthe
resultsin Figure1, which demonstratesthe differencesbetweenprocessingsurfaceswith
meancurvatureflow (MCF) andthe isotropic fourth-orderPDE that minimizesthe total
curvaturepenalty(4). Theamountof smoothingfor both processesin this examplewere
chosento be qualitatively similar, andyet importantdifferencescanbe observed on the
smallerfeaturesof thismodel.MCF hasshortenedthehornsof theoriginalmodel,andyet
they remainsharp—nota desirablebehavior for a “smoothing”process.This behavior for
MCF is well documentedas a pinching off of cylindrical objectsand is expectedfrom
the variationalpoint of view: MCF minimizessurfaceareaand thereforewill quickly
eliminatesmallerpartsof a model. Sapirodiscussesvolumepreservingforms of second-
orderflows [2001], but theseprocessescompensateby enlarging the objectas a whole,
which exhibits, qualitatively, the samebehavior on small features.The isotropicfourth-
orderPDE,on the otherhand,preservesthe structureof thesefeaturesmuchbetterwhile
smoothingthem as can be seenin Figure 1. Note that all of the surfacesin this paper
are representedand processedvolumetrically. To display the results,we rendera mesh
obtainedwith theMarchingCubesalgorithm[LorensonandCline 1987].

We proposea two-stepsolutionbasedon letting the surfaceshapeto lag the normals
as they are filtered and then refitting the surfaceto the normalsby a separateprocess.
For generalfourth-ordersurfaceflows suchasisotropicandanisotropicdiffusion,bothof
thesestepsinvolve solving second-orderPDEs. The first second-orderPDE is usedfor
minimizing a penaltyfunction on the normals. The other second-orderPDE minimizes
thediscrepancy betweenthemodifiednormalsandthesurface;in otherwords,it refitsthe
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Fig. 2. Shown herein 2D, the processbegins with a shapeand constructsa normal map from the distance
transform(left), modifiesthenormalmapaccordingto aPDEderivedfrom apenaltyfunction(center),andre-fits
theshapeto thenormalmap(right).

surfaceto thenormals.Figure2 shows this threestepprocessgraphicallyin 2D—shapes
giveriseto normalmaps,which,whenfilteredgiveriseto new normalmaps,whichfinally
giveriseto new shapes.Therestof this sectionis organizedasfollows. Level setmethods
are introducedin Section3.1. We formulatetotal curvatureasa function of the normal
mapandderive gradientdescentminimizationsfor generalfunctionsof total curvaturein
Section3.2; this givesriseto thefirst PDEmentionedabove. Thesurfacerefitting process
is discussedin Section3.3; this givesriseto theothersecond-orderPDE.

3.1 Level set methods

In this section,we briefly introducethenotationof level setmethods.We candescribethe
deformationof aregularsurfaceusingthe3D velocityof eachof its constituentpoints,i.e.,
∂x y t {�| ∂ t for all x } S. We representthedeformingsurfacesimplicitly asa functionof the
parametert

S q�~ x y t {�� φ y x y t {.z t { q 0 ��z (7)

whereφ is the embeddingfunction. Surfacesdefinedin this way divide a volume into
two parts: inside(φ � 0) andoutside(φ � 0). It is commonto chooseφ to bethesigned
distancetransformof S, or anapproximationthereof.Thesurfaceremainsa level setof φ
over time, andthustaking the total derivative with respectto time (usingthe chainrule)
gives

∂φ | ∂ t qtr ∇φ � ∂x | ∂ t (8)

Because∇φ is proportionalto the surfacenormal,∂x | ∂ t affectsφ only in the direction
of thenormal—motionin any otherdirectionis merelya changein theparameterization.
This family of PDEsand the upwind schemefor solving them on a discretegrid is the
methodsof level sets[OsherandSethian1988]. For instance,usingthis framework and
∂x | ∂ t from (1), thePDEon φ thatdescribesthemotionof a surfaceby meancurvatureis

∂φ | ∂ t qsr ∇φ � HN qsr �Y�∇φ �7� H � (9)

Surfaceintegralsof penaltyfunctionshavecorrespondingvolumeintegralswhichquan-
tify the associatedpropertiesfor the embeddedsurfacesof φ . A generalsurfacepenalty
functionbasedon thetotal curvaturepenalty(4) canbewritten for level setsurfacesas�

φ
q x

U
G � κ2

1 v κ2
2 �%� ∇φ � dx z (10)
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whereU � ℜ3 is thevolumetricdomainof φ . WhenG is theidentityfunction,(10)reduces
to thetotal curvaturepenalty. Therestof this paperdiscussesmethodsfor minimizing this
penaltyfunctionin a stableandcomputationallyefficient manner.

3.2 Total curvature of normal maps

In this section,we formulatetotal curvatureof a surfacefrom its normalmap. Then,we
derive the variationalPDEson the normal map that minimize functionsof total curva-
ture.Whenusingimplicit representations,onemustaccountfor thefactthatderivativesof
functionsdefinedon thesurfacearecomputedby projectingtheir 3D derivativesontothe
surfacetangentplane.The3 � 3 projectionmatrix for theimplicit surfacenormalis

P q ∇φ � ∇φ |��+�∇φ �+� 2 z (11)

where � is thetensorproductdefinedasa � a q aaT . Consequently, theprojectionmatrix
ontothesurfacetangentplaneis I r P, whereI is theidentity matrix.

Thelocal geometryof a surfacecanbedescribedwith thefirst andsecondfundamental
forms, y I { and y I I { , respectively [DoCarmo1976].Theeigenvaluesof thematrix y I {�� 1 y I I { ,
which we referto astheshapematrix, aretheprincipalcurvaturesof thesurfaceindepen-
dent of the parameterization.For an implicit surface, the shapematrix is obtainedby
differentiatingthenormalmapandprojectingthederivativeontothesurfacetangentplane.
We definethedifferentialof thenormalmap

∇N q�� ∇N � 1� ∇N � 2� ∇N � 3��� T z (12)

asthematrix whoserows arethegradientvectorsof thecomponentsof N which we have
denotedby N � i � for i q 1 z 2, and3. Thenthe shapematrix is the projection∇N y I r P { ,
which measuresthe intrinsic changein the normalsby mappingthe differentialsof N on
to thetangentplanesof φ . TheEuclideannormof theshapematrix is thesumof squared
principalcurvatures,i.e. total curvature,

κ2 q κ2
1 v κ2

2
q �+�Fy ∇N {Ny I r P {.�+� 2 � (13)

We canuse(13) to defineanenergy of thenormalmapthat is analogousto thegeneral
energy functionof φ definedin (10)�

N
q x

U
G y��7�Fy ∇N {Ny I r P {	�+� 2 { dx � (14)

The first variation of this energy with respectto the normalsis a secondorder PDE. It
is crucial to observe that, even thoughthe projectionoperatorP is a function of φ , it
independentof N becausewe fix φ aswe processN. Hence,P doesnot increasetheorder
of thefirst variationof (14). In contrast,takingthefirst variationof (10) with respectto φ
directly, would have yieldeda muchharderto solve fourth orderPDEon φ .

As we processthenormalmapto minimize(14), letting φ lag, we mustensurethat the
normalvectorsmaintainthe unit lengthconstraint.Solutionsto constrainedoptimization
problemsdefinedon non-flatmanifoldsarediscussedin [Bertalmioet al. 2001;Tanget al.
2000]. Using the methodof Lagrangemultipliers, we obtainedthe first variationof the
constrainedenergy as

d
�

dN
qsr y I r N � N { ∇ �?� g � �+�Fy ∇N {Ny I r P {.�+� 2 � ∇N y I r P {�� (15)
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whereg is the derivative of G with respectto its argument,κ2. We will discussseveral
choicesfor G in Section4. The projectionoperator, I r N � N, forcesthe changesto N
to beperpendicularto itself in accordancewith theunit lengthconstraint.This operatoris
differentfrom theotherprojectionoperatorI r P dueto thedecouplingof N andφ . Finally,
thegradientdescentPDEfor thenormalsis ∂N | ∂ t qsr d

� | dN.

3.3 Surface evolution via normal maps

We have shown how to evolve thenormalsto minimizefunctionsof total curvature;how-
ever, the final goal is to processthe surface,which requiresdeformingφ . Therefore,the
next stepis to relatethedeformationof thelevel setsof φ to theevolution of N. Suppose
thatwe aregiventhenormalmapN to somesetof surfaces,but not necessarilylevel sets
of φ—asis the caseif we filter N andlet φ lag. We canmanipulateφ so that it fits the
normalfield N by minimizing a penaltyfunction that quantifiesthe discrepancy between
thegradientvectorsof φ andthetargetnormalmap.Thatpenaltyfunctionis�

φ
q x

U
D y φ { dx z where D y φ { q�� ∇φ � ∇φ r ∇φ � N � (16)

The integrand,which is alwaysa positive scalar, is proportionalto the sineof the angle
betweenthegradientvectorsof φ andthetargetnormalvectors.

Thefirst variationof this penaltyfunctionwith respectto φ is

d
�

dφ
qtr ∇ �H� ∇φ�+�∇φ �+� r N � qtr�� Hφ r HN � (17)

whereHφ is the meancurvatureof the level set surfaceand HN is half the divergence
of the normal map. Then, the gradientdescentPDE that minimizes (16) is dφ | dt qr �+�∇φ �+� d � | dφ . Thefactorof �F�∇φ �+� , which is typical with level setformulations[Sethian
1999], comesfrom the fact that we aremanipulatingthe shapeof the level set,which is
embeddedin φ , asin (8). Accordingto (17), thesurfacemovesasthedifferencebetween
its own meancurvatureandthatof thenormalfield.

Theproposedsplittingstrategy for solvingfourth-orderlevel-setflowsentailsprocessing
the normalsand allowing φ to lag and then be refitted later, in a separateprocess.We
have derived a gradientdescentfor the normal map basedon a certainclassof penalty
functionsthat usethe total curvaturedefinedin Section3.2. This processis denotedin
Figure 3 as the d

� | N loop. The surfacerefitting to the normal map is formulatedas
a gradientdescentin (17). This processis the d

� | dφ loop in Figure 3. The overall
algorithmshown in Figure3 repeatsthesetwo stepsto minimize thepenaltyfunctionsin
termsof the surface. We refer to both of theseprocesses,back-to-back,asoneiteration
of our algorithm. In Appendix(A) we will show that theoverall processof concatenating
thesetwo second-orderPDEsis equivalentto thefourth-orderflow ontheoriginalsurface.
An alternatesplitting approachfor solvingthesamefourth-orderlevel-setflows would be
to simultaneouslysolve both second-orderPDEsd

� | dN andd
� | dφ usinga Lagrange

multiplier insteadof concatenatingthemaswe have done. This approachwas taken by
Ballesteretal. to solvetheimageinpaintingproblem[2001]. However, thisapproachuses
a weightedsumof thetwo second-orderPDEs;therefore,it is not clearwhetherit solves
theoriginal fourth-orderflow. Moreover, in our case,dueto thesignificantcomputational
overheadof settingup the diffusion of normalvectors,it is moreefficient to concatenate
thetwo second-orderPDEsandto do multiple consecutive iterationsof d

� | dN.

ACM JournalName,Vol. V, No. N, Month 20YY.
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φn

φinit

� φn

Nn

dG
dN

Iterate to 
process N

Nn+1

dD
dφ

φn lags

Iterate for φ 
to catch N

φn+1

�
φnfixed

φfinal

Fig. 3. Flow chart

4. ISOTROPIC AND ANISOTROPIC DIFFUSION

The flexible normal map energy minimization and surfacerefitting methodologyintro-
ducedin Section3 allows us to experimentwith variousforms of G in (14) that give rise
to differentclassesof penaltyfunctions. The choiceof G y κ2 { q κ2 leadsto an isotropic
diffusion. This choiceworks well for smoothingsurfacesand eliminating noise,but it
alsodeformsor removesimportantfeatures.This typeof smoothingis calledisotropicbe-
causeit correspondsto solvingtheheatequationonthenormalmapwith aconstant,scalar
conductioncoefficient, which is the sameasGaussiansmoothing,for images. Isotropic
diffusion is not particularly effective if the goal is to denoisea surfacethat hasan un-
derlying structurewith fine features.This scenariois commonwhenextractingsurfaces
from 3D imagingmodalities,suchas magneticresonanceimaging (MRI), in which the
measurementsareinherentlynoisy.

The problemof preservingfeatureswhile smoothingaway noisehasbeenstudiedex-
tensively in computervision. Anisotropicdiffusionintroducedin [PeronaandMalik 1990]
hasbeenvery successfulin dealingwith this problemin a wide rangeof images.Perona
& Malik (P&M) proposedto replaceLaplaciansmoothing,which is equivalentto theheat
equation∂ I | ∂ t q ∇ � ∇I , with a nonlinearPDE

∂ I | ∂ t q ∇ � � g � � ∇I � 2 � ∇I � z (18)

whereI is generallythegrey-level image.This PDEis thefirst variationofx
U

G � � ∇I � 2 � dx dy z (19)

whereg in (18), thederivative of G with respectto � ∇I � 2, is theedgestoppingfunction,
andU is theimagedomain.P&M suggestedusingg y x{ q e�-� ∇I � 2   2µ , whereµ is apositive,
free parameterthat controlsthe level of contrastof edgesthat can affect the smoothing
process.Notice thatg y � ∇I � { approaches1 for � ∇I �'¡ µ and0 for � ∇I �'¢ µ . Edges
are generallyassociatedwith large imagegradients,and thus diffusion acrossedgesis
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stoppedwhile regions that are relatively flat undergo smoothing. Solutionsto (18) can
actuallyexhibit aninversediffusionnearedges,andcanenhanceor sharpensmoothedges
thathave gradientsgreaterthanµ [PeronaandMalik 1990].

A greatdealof researchhasfocusedon modifiedsecond-orderflows that producebet-
ter resultsthan MCF. Using level set models,several authorshave proposedsmoothing
surfacesby weightedcombinationsof principle curvatures. For instance,Whitaker has
proposeda nonlinearreweightingschemethat favors the smallercurvatureandpreserves
cylindrical structures[1994]. Lorigo et al. proposea smoothingby the minimum curva-
ture[2000]. A varietyof othercombinationshavebeenproposed[Sapiro2001].A similar
setof curvature-basedalgorithmshave beendevelopedfor surfacemeshes.For instance,
Clarenzet al. proposea modifiedMCF asan anisotropicdiffusion of the surface[2000].
They thresholda weightedsumof the principle curvaturesto determinethesurfaceloca-
tions whereedgesharpeningis needed.Tangentialdisplacementis addedto the standard
MCF at theselocationsfor sharpeningthe edges. Although, this flow producesresults
that tendto preserve sharpfeatures,it is not a strict generalizationof [PeronaandMalik
1990]anisotropicdiffusionfrom imagesto surfaces.Anothermesh-basedmodifiedMCF
is proposedin [Ohtakeetal. 2000]whereathresholdon themeancurvatureis usedto stop
over-smoothing. Taubin proposesa “linear anisotropic”Laplacianoperatorfor meshes
thatis basedon a separateprocessingof thenormals[2001]. It is essentiallya reweighting
of the Laplacian. In a differentcontext, anisotropicdiffusion asa modifiedsurfacearea
minimizationfor heightfunctionswasproposedin [Desbrunet al. 2000].

Theselevel setandmeshbasedmethodsareall modificationsof curvatureflows,andare
thereforeall second-orderprocesses.Becausethey arebasedonreweightingsof curvature,
thesemethodsalwayssmooththesurfacein onedirectionor another. They do not exhibit
a sharpeningof details,which is achievedby the P&M equation(for images)throughan
inversediffusion process. Hence,thesemethodsare not satisfactory generalizationsof
theP&M anisotropicdiffusionequation.Thegeneralizationof P&M diffusionto surfaces
requiresa higher-ordergeometricflow which is achieved from variationalprinciplesby
choosingtheappropriatefunctionof total curvaturein (14). For instance,

G y κ2 { q 2µ2
u

1 r e� κ2

2µ2 w z andg y κ2 { q e� κ2

2µ2 z (20)

whereg is the derivative of G with respectto κ2. The first variationwith respectto the
surfacenormalsgives a vector-valuedanisotropicdiffusion on the level set surface—a
straightforwardgeneralizationof (18). This flow preservesor enhancesareasof high cur-
vature,which we will call creases. Creasesarethe generalizationof edgesin imagesto
surfaces[Eberly 1996].

4.1 Results

Figure4(a) illustratesanexampleof theskin surface,which wasextracted,via isosurfac-
ing, from anMRI dataset.Noticethattheroughnessof theskin is noise,anartifactof the
measurementprocess.This modelis alsoquitecomplex because,despiteour bestefforts
to avoid it, theisosurfacesincludemany convolutedpassagesup in thesinusesandaround
the neck. Isotropicdiffusion,shown in Figure4(b), is marginally effective for denoising
theheadsurface.Notice that thesharpedgesaroundtheeyes,nose,lips andearsarelost
in this process.Thedifferencesbetweenanisotropicdiffusionandisotropicdiffusioncan
clearly be observed in Figure4(c). Thereis no noticeabledifferencein the resultsof the
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(a) (b) (c)

Fig. 4. Processingresultson the MRI headmodel: (a) original isosurface, (b) isotropic diffusion, and (c)
anisotropicdiffusion. Thesmallprotrusionunderthenoseis a physicalmarker usedfor registration.

(a) (b)

Fig. 5. (a) Noisy venusheadmodel,and(b) smoothedversionafterthreeiterationsof anisotropicdiffusion.

two processesaroundthe smoothareasof the original model suchas the foreheadand
the cheeks;however, very significantdifferencesexist aroundthe lips andthe eyes. The
creasesin theseareas,which havebeeneliminatedby isotropicdiffusion,arepreservedby
the anisotropicprocess.Note that the freeparameterµ in (20) wasfixedat 0 � 1 for all of
theresultsshown in this paper. Unlike, in P&M imagediffusion,this parameterdoesnot
needto bechangedfor differentsurfacemodels.In the context of P&M imagediffusion,
theunitsof µ arein graylevels;consequently, theoptimalchoiceof µ is imagedependent.
However, for surfaces,theunitsarein curvature,which is dataindependent.This makesit
possibleto choosea µ valuethatgivesconsistentresultsovera broadrangeof surfaces.

Thecomputationtime requiredfor oneiterationof the mainprocessingloop operating
on this modelis approximately15 minuteson a 1.7GhzIntel processorfor bothisotropic
and anisotropicdiffusion. The resultsshown in Figure4(b) and (c) areboth after three
iterationswhich translatesto around45 minutesof processingtime. Thegeneralityof the
proposedapproachcomesatthecostof significantcomputationtime. However, themethod
is practicalwith state-of-the-artcomputersandis well-poisedto benefitfrom parallelcom-
putingarchitectures,dueto its relianceon local, iterative computations.

Anotherexampleof denoisingby anisotropicdiffusionis shown in Figure5. Noisewas
addedto the original model,which in this caseis a 221 � 221 � 161volume. After three
iterationsof themainprocessingloopthenoisewassuccessfullyremovedwhile preserving
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(a) (b) (c)

Fig. 6. (a) Originalbrainisosurfacefrom MRI dataset,(b) resultof MCF, and(c) after5 iterationsof anisotropic
diffusion.

the featuresof the original model. The quality of theseresultscomparesfavorably with
resultsfrom thesamemodelshown in [Clarenzetal. 2000].Ourresultsdemonstratebetter
preservation of fine, sharpdetails,suchas thosearoundthe eyes and in the hair. The
computationtimesperiterationfor this exampleareapproximatelyfiveminutescompared
to 15 minutesperiterationfor theexamplein Figure4. This is indicative of therelatively
high degreeof complexity of theMRI basedmodelin thepreviousexample.

Figure6(a)shows a differentisosurface(thecortex) extractedfrom thesameMRI scan
as the model in Figure 4. The complexity of this model, i.e. the many tightly nested
folds, make it ill-suited for meshbaseddeformations. Also, the main cortical surface
hasmany detachedpieces,an artifact of the segmentationprocess.As an indication of
this complexity, we note that objectenclosedby the cortical surfacehasmore than700
connectedcomponents.The approachproposedin this papercanautomaticallysimplify
topologicallynoisyfeaturesdueto thelevel setimplementation— animportantaspectof
denoisingmeasuredsurfaces.

The examplesin Figure 7 demonstratesanotheraspectof the proposedmethod. Al-
thoughthe original model in Figure7(a) wasconstructedasa volumedirectly from 3D
rangedata[CurlessandLevoy 1996],it doesnot exhibit significantnoise.Hence,smooth-
ing is donewith the purposeof simplificationof the original modelratherthandenoising
in theseexamples.Runningisotropicdiffusionfor many stepscreatesa linearscalespace
wheredetailsin the modelareprogressively eliminatedin accordanceto their scale;the
scaleson theskin andthehornshave beeneliminatedin Figure7(b) andFig 7(c), respec-
tively. When running the proposedmethodfor anisotropicdiffusion, however, surfaces
tend toward solutionsthat have piecewise smoothnormalswith sharpdiscontinuitiesin
the normal map—analogousto the behavior of the P&M equationfor intensity images.
Suchpropertiesin thenormalmapcorrespondto surfacesconsistingof planarpatchesand
smoothpatchesboundedby sharpcreases.Thus,theproposedmethodgeneratesa feature
preservingscalespace,very muchlike thatof P&M for images.Theseresults,which are
shown in Figure 7(d) and (e), supportour propositionthat processingthe normalsof a
surfaceis the naturalgeneralizationof imageprocessing.The non-linearprogressionof
eliminationof detailsfrom the smallestscaleto the largestalsosuggestsapplicationsof
this methodto surfacecompressionandmulti-resolutionmodeling.
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(a) (b) (c)

(d) (e)

Fig. 7. (a) Original model. Isotropicdiffusion: (b) after 10 iterations,and(c) after 20 iterations. Anisotropic
diffusion: (a) after10 iterations,and(b) after20 iterations.

(a) (b) (c)

Fig. 8. (a) Original model,(b) after1, and(c) 2 iterationsof high-boostfiltering.

5. HIGH-BOOST FILTERING

The surfaceprocessingframework introducedin Section3 is flexible andallows for the
implementationof evenmoregeneralimageprocessingmethods.We demonstratethis by
describinghow to generalizeimageenhancementby high-boostfiltering of surfaces.

A high-boostfilter hasafrequency transformthatamplifieshigh frequency components.
In image processing,this can be achieved by unsharpmasking[Gonzalezand Woods
1992]. Let the low-passfiltered versionof an imageI be Ĩ . The high-frequency com-
ponentsare Ihf

q I r Ĩ . The high-boostoutput is the sumof the input imageand some
fractionof its high-frequency components:

Iout
q I v αIhf

q y 1 v α { I r α Ĩ z (21)
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(a) (b)

(c) (d)

Fig. 9. High-boostfiltering: (a) original model,(b) afterfiltering, (c) close-upof original,and(d) filteredmodel.

whereα is a positive constantthatcontrolstheamountof high-boostfiltering.
This samealgorithm appliesto surfacenormalsby a simple modificationto the flow

chartin Figure3. Recallthatthed
� | dN loop producesNn£ 1. Definea new setof normal

vectorsby

N ¤ q y 1 v α { Nn r αNn£ 1�F�Fy 1 v α { Nn r αNn£ 1 �F� � (22)

This new normalmapis theninput to the d
� | dφ refitting loop. The effect of (22) is to

extrapolatefrom theprevioussetof normalsin thedirectionoppositeto thesetof normals
obtainedby isotropic diffusion. Recall that isotropic diffusion will smoothareaswith
high curvatureandnot significantlyaffect alreadysmoothareas.Processingtheloop with
the modificationof (22) will have the effect of increasingthe curvaturein areasof high
curvature,while leaving smoothareasrelatively unchanged.Thus,we areableto obtain
high quality surfaceenhancementon fairly complex surfacesof arbitrarytopology, ascan
beobservedin Figs.8 and9. Thescalesontheskinandtheridgebackareenhanced.Also,
notethatdifferentamountsof enhancementcanbeachievedby controllingthenumberof
iterationsof themain loop. Thedegreeof low-passfiltering usedto obtainNn£ 1 controls
thesizeof thefeaturesthat areenhanced.Figure9 shows anotherexampleof high-boost
filtering; noticetheenhancementof featuresparticularlyon thewings.
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6. DISCUSSION

Thenatural generalizationof imageprocessingto surfacesis via thenormals.Thelowest-
orderdifferentialinvariantof imagesis thegradientmagnitude,andminimizingaquadratic
penaltyof thisquantityproducesthediffusionequation,whichgivesriseto Gaussianblur-
ring. Thelowest-orderdifferentialinvariantsof surfaceshapearetheprincipalcurvatures.
Likewise,thecurvatureof a 3D surfaceis a functionof thegradientof thesurfacenormal
asshown in Section3.2. In this light, total curvature,which is theEuclideannormof the
Jacobianof thevectorfield of surfacenormals,is thenaturalgeneralizationof thesquared-
gradient-magnitudesmoothnesspenaltyfor images.Thus,for surfaces,first variation of
theisotropic total curvaturepenalty, ratherthanMCF, is theequivalentof Gaussianblur-
ring.

Variationalprocesseson thesurfacecurvaturehave correspondingvariationalformula-
tionson thesurfacenormals.Thegeneralizationof image-processingto surfacenormals,
however, requiresthat we processthe normalsusing a metric on the surfacemanifold,
ratherthana simple,flat metric, aswe do with images.By processingthe normalssep-
arately, we cansolve a pair of coupledsecond-orderequationsinsteadof a fourth-order
equation.Typically, weallow oneequation(thesurface)to lag theother, but asthelaggets
very small, it shouldnot matter. In this framework, the diffusion of the surfacenormals
(andcorrespondingmotionsof thesurface)is equivalentto theparticularfourth-orderflow
thatminimizesthesurfacetotal curvaturepenaltyfunction.

Themethodgeneralizesbecausewe cando virtually anything we wish with thenormal
map. A generalizationof anisotropicdiffusion to a constrained,vector-valuedfunction,
definedon a manifold,givesusa smoothingprocessthatpreservescreases.If we wantto
enhancethesurface,we canenhancethenormalsandrefit thesurface.

We solve theseequationsusingimplicit surfaces,representingthe implicit function on
a discretegrid, modelingthedeformationwith themethodof level sets.This level setim-
plementationallowsusto separatetheshapeof themodelfrom theprocessingmechanism.
Becauseof theimplementation,themethodappliesequallywell to any surfacethatcanbe
representedin a volume.Consequently, our resultsshow alevel of surfacecomplexity that
goesbeyondthatof previousmethods.

Futurework will studytheusefulnessof otherinterestingimageprocessingtechniques
suchastotal variation [Rudinetal. 1992;Burchard2002]andlocalcontrastenhancement.
To date,we have dealtwith postprocessingsurfaces,but future work will combinethis
methodwith segmentationandreconstructiontechniques.Thecurrentshortcomingof this
methodis the computationtime, which is significant. However, the processlendsitself
to parallelism,andtheadventof cheap,specialized,vector-processinghardwarepromises
significantlyfasterimplementations.
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A. MATHEMATICAL FOUNDATION

In this section,we will derive the equivalenceof the proposedalgorithm,in the limit, to
minimizing the original energy function

�
φ definedin (10). Let us rewrite this energy

functionby observingthattheprincipalcurvaturesarefunctionsof thederivativesof φ�
φ
q x

U
G y φ { � ∇φ � dx � (23)

Let dφ : ℜ3 ¥ ℜ bea volumeof incrementalchangesappliedto φ : ℜ3 ¥ ℜ. Thechange
to

�
inducedby dφ canbe expressedasthevolumeintegral of thetotal derivative of the

penaltyfunction,dG y φ { � ∇φ � , whichis theproductof dφ andthevariationof thepenalty
functionwith respectto φ

d
�

φ
q x

U

d y G � ∇φ � {
dφ

dφ dx � (24)

Applying theproductrule to d � G � ∇φ � �
dφ , we obtain

d
�

φ
q x

U

dG
dφ � ∇φ � dφ dx¦ §.¨ ©

dª φ « 1 v x
U

G
d � ∇φ �

dφ
dφ dx¦ §	¨ ©

d ª φ « 2 � (25)

Thetotal derivativedG y φ { � ∇φ � canbewritten in termsof thesurfacenormalsby using
theequality

dG
dφ

dφ q dG
dN

� dN z (26)

giventhatthenormalmapis a functionof φ . Then,thefirst termin (25) canbewritten as

d
�

φ ¬ 1 q x
U

dG
dN

� dN � ∇φ � dx � (27)
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To simplify (27),we derivedN asa functionof N andd∇φ

dN q d
∇φ� ∇φ � q d

∇φy ∇φ � ∇φ { 1  2 (28)q d∇φ� ∇φ � r y d∇φ � N { N� ∇φ � � (29)

Equation(29) follows from (28) by usingthechainrule for thedifferentiation,andsubsti-
tuting N backfor ∇φ | � ∇φ � . Substituting(29) for dN in (27),we get

d
�

φ ¬ 1 q x
U

u
dG
dN

� d∇φ r y d∇φ � N { dG
dN

� N w dx � (30)

We areonly interestedin processesthat maintainthe unit lengthconstraintof the normal
map;therefore,dG| dN � N q 0, and(30) is reducedto

d
�

φ ¬ 1 q x
U

dG
dN

� ∇dφ dx z (31)

wherewe also usethe linearity of differentiationto make the substitutiond∇φ q ∇dφ .
We treatthis energy minimizationasanadiabaticproblem,which meansthatenergy flow
acrosstheboundaryof U is zero. Hence,usingNeumannboundaryconditionsfor U and
integrationby parts,we obtain

d
�

φ ¬ 1 q x
U

∇ � dG
dN

dφ dx � (32)

We now examinethe secondterm in (25), d
�

φ ¬ 2. As in Section3.2, we treatG asa
function of N; therefore,due to the decouplingbetweenN and φ , G canbe considered
independentof φ . Usingthis assumption,we canrewrite d

�
φ ¬ 2 as

d
�

φ ¬ 2 q x
U

dGN � ∇φ �
dφ

dφ dx z (33)

wherethesuperscripton GN is to meanthatG is fixedwith respectto φ . Taking the first
variationof dGN � ∇φ � yields

d
�

φ ¬ 2 q x
U

∇ � u GN ∇φ� ∇φ � w dφ dx z (34)

wherewe usethe fact that d � ∇φ � | d∇φ q ∇φ | � ∇φ � . Finally, combiningequations
(24), (32), and (34), we can derive the desiredrelationshipbetweenthe variationswith
respectto φ andN

d y G � ∇φ � {
dφ

q ∇ � u dG
dN v GN ∇φ� ∇φ � w � (35)

Let usnow considertheflow achievedby processing(15) and(17) backto backin one
iterationof the main loop in Figure3 again. At the beginningof iterationn, the normals
arecomputedfrom φn. If we evolve thenormalsfor onestepaccordingto (15), insteadof
processingthemmultiple iterations,thenew normalsare

Nn£ 1 q Nn r dG
dN

z (36)
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wherewe write dG
dN insteadof dª

dN becausewe arereferringto theupdatefor N at a specific
point in space.If we immediatelyapply(17) to fit φ to this new normalmap,we get

dD
dφ

q Hφn r ∇ � u Nn r dG
dN w z (37)

whereD is thelocal functiondefinedin (16). BecauseNn is deriveddirectly from φn, we
have ∇ � N q Hφn

, which givestherule in our algorithmto makeup this infinitesimallag:

dD
dφ

q ∇ � dG
dN

� (38)

Comparingwith (35),we find therule to descendon theenergy asa functionof φ

d y G � ∇φ � {
dφ

q dD
dφ v ∇ � u GN ∇φ� ∇φ � w � (39)

Thisestablishesthemathematicalfoundationof ourmethod.However, in ourexperiments,
wehavefoundthatthecontributionof thesecondtermis verysmallandit doesnotchange
theresultsqualitatively. Therefore,wedropit for thesakeof computationalefficiency, and
implementonly dD

dφ asdescribedin Section3.

B. NUMERICAL IMPLEMENTATION

By embeddingsurfacemodelsin volumes,we have convertedequationsthatdescribethe
movementof surfacepointsto nonlinearPDEsdefinedon a volume. The next stepis to
discretizethesePDEsin spaceandtime. In thispaper, theembeddingfunctionφ is defined
on the volumedomainU andtime. The PDEsaresolvedusinga discretesamplingwith
forwarddifferencesalongthetime axis.

For brevity, we will discussthenumericalimplementationin 2D— theextensionto 3D
is straightforward. The function φ : U ¥ ℜ hasa discretesamplingφ ® p z q̄ , where ® p z q̄
is a grid location and φ ® p z q̄ q φ y xp z yq { . We will refer to a specifictime instanceof
this function with superscripts,i.e. φn ® p z q̄ q φ y xp z yq z tn { . In our calculations,we need
threedifferentapproximationsto first-orderderivatives: forward, backward, and central
differences.We denotethe type of discretedifferenceusingsuperscriptson a difference
operator, i.e.,δ

� £3� for forwarddifferences,δ
� � � for backwarddifferences,andδ for central

differences.For instance,the differencesin the x direction on a discretegrid with unit
spacingare

δ
� £3�
x φ ® p z q̄±°q φ ® p v 1 z q̄ r φ ® p z q̄/z

δ
� � �x φ ® p z q̄±°q φ ® p z q̄ r φ ® p r 1 z q̄/z and (40)

δxφ ® p z q̄±°q φ ® p v 1 z q̄ r φ ® p r 1 z q̄
2

�
The applicationof thesedifferenceoperatorsto vector-valuedfunctionsdenotescompo-
nentwisedifferentiation.

In describingthe numericalimplementation,we will refer to theflow chartin Figure3
for oneiterationof the main loop. Hence,the first stepin our numericalimplementation
is thecalculationof thesurfacenormalvectorsfrom φn. Recallthat thesurfaceis a level
setof φn asdefinedin (7). Hence,thesurfacenormalvectorscanbecomputedastheunit
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vectorin thedirectionof thegradientof φn. Thegradientof φn is computedwith central
differencesas

∇φn ² u
δxφn

δyφn w ; (41)

andthenormalvectorsareinitialized as

Nu³ 0 q ∇φn |��+�∇φn �F��� (42)

Becauseφn is fixed andallowed to lag behindthe evolution of N, the time stepsin the
evolution of N aredenotedwith a differentsuperscript,u. For this evolution, ∂N | ∂ t qr d

� | dN , which is derivedin (15).
We now describehow to numericallycomputed

� | dN. This computationis imple-
mentedwith smallestsupportareaoperators,whichusethesmallestpossibleneighborhood
of voxelsto computetherequiredoutput.TheLaplacianof a functioncanbecomputedin
two stepsby first applyingthegradientoperatorandthenthedivergenceoperator. In 2D,
thegradientof the normalsproducesa 2 � 2 matrix, which we call theflux matrix. Next,
thedivergenceoperatorcollapsestheflux matrix to a 2 � 1 vector. The“columns” of the
flux matrix arecomputedindependentlyas

x́

Mu ² δ
� £3�
x Nu r�� δ � £3�x φn � x́

Cu z (43)

ý

Mu ² δ
� £3�
y Nu r�� δ � £3�y φn � ý

Cu (44)

wherethe time index n remainsfixed aswe incrementu. The positionsof Mu, which is
computedwith forwarddifferences,arestaggeredoff thegrid by half apixel, seeFigure10.

For instance,
x́

Mu usesinformationfrom positions ® p v 1 z q̄ and ® p z q̄ ; hence,it exists at® p v 1| 2 z q̄ . We usethefollowing notation:for somefunctionα,
x́
α , and

ý
α will denotethe

functioncomputedat ® p v 1 | 2 z q̄ and ® p z q v 1 | 2̄ , respectively.

To computethe intrinsic derivativesof Nu on the level setsof φn, y δ � £3�x φn { x́

Cu, andy δ � £3�y φn { ý

Cu aresubtractedfrom the regular derivativesof Nu. The variables
x́

Cu and
ý

Cu

arecomputedasfollows

x́

Cu q x́

∇Nu � x́

∇φn | � x́

∇φn � 2 z (45)
ý

Cu q ý

∇Nu � ý

∇φn | � ý

∇φn � 2 z (46)

wherethematrix∇N is asdefinedin (12). In (45),thedotproductbetweenthematrix
x́

∇Nu

andthe vector
x́

∇φn | � x́

∇φn � 2 denotesthe vectorwhosecomponentsarethe dot products

of therows of
x́

∇Nu andthevector
x́

∇φn | � x́

∇φn � 2. Thesameappliesto (46). Thevariables

(45) and(46) mustbecomputedat thesamelocationsas
x́

Mu and
ý

Mu, respectively. These
computationsaredonewith thesmallestsupportareaoperators,usingthesymmetric2 � 3
grid of samplesaroundeachstaggeredpoint. For instance,the staggeredgradientsof φ ,
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Grid for N, φ, and dG/dN

p-1 p p+1

q-1

q

q+1

Grid for M

x+
M

x−
M

y−
M

y+
M

Fig. 10. Computationalgrid.

which areneededfor theevaluating(45) and(46),arecomputedas

x́

∇φn q ∇φn ® p v 1
2
z q̄ ² u

δ
� £[�
x φ ® p z q̄

1
2 y δyφ ® p z q̄ v δyφ ® p v 1 z q̄D{ w z

ý

∇φn q ∇φn ® p z q v 1
2
¯ ² u 1

2 y δxφ ® p z q̄ v δxφ ® p z q v 1̄D{
δ
� £[�
y φ ® p z q̄ w (47)

Thestaggeredgradientmatricesof thenormals,
x́

∇Nu and
ý

∇Nu, which arealsoneededfor
evaluating(45) and(46),arecomputedwith thesamestencil.

After thecomputationof theflux, backwardsdifferencesareusedto computethediver-
genceoperationin (15). For isotropicdiffusion,

∆u q δ
� � �x

x́

Mu v δ
� � �y

ý

Mu z (48)

andfrom (15) r � d �
dN

� u ² y I r Nu � Nu { ∆u q ∆u r y ∆u � Nu { Nu � (49)

Theresultsof thebackwardsdifferencingaredefinedat theoriginal φ grid location ® p z q̄
becausethey undothe forward staggeringin the flux locations. Therefore,both compo-
nentsof ∆ andthusd

� | dN arelocatedon theoriginal grid for φ .
To evaluate(15) for anisotropicdiffusion,we alsoneedto computeg y κ2 { at theprecise

locationswherethe flux (43) and(44) arelocated.Hence,we computethe total intrinsic
curvatureof thenormals

x́

κ2 q � x́

∇Nu � 2 r x́

Cu � x́

Cu z
ý

κ2 q � ý

∇Nu � 2 r ý

Cu � ý

Cu z (50)

where � � � 2 is the Euclideannorm, the sumof the squaresof all elementsof the matrix.
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Then,thedivergencefor anisotropicdiffusionis computedas

∆u q δ
� � �x � g y x́

κ2 { x́

Mu � v δ
� � �y µ g y ý

κ2 { ý

Mu ¶ z (51)

andthetangentialprojectionis appliedto this vectorasin (49).
Startingwith theinitialization in (42) for u q 0, we iterate

Nu£ 1 q Nu r � d �
dN

� u

(52)

for a fixed numberof steps,25 iterationsfor the examplesin this paper. In otherwords,
we do not aim at minimizing theenergy givenin (14) in thed

� | dN loop of Figure3; we
only reduceit. Theminimizationof total meancurvatureasa functionof φ is achievedby
iteratingthemainloop in Figure3.

Oncetheevolution of N is concluded,φ is refittedto thenew normalvectorsaccording
to (17). We denotetheevolvednormalsby Nn£ 1. To solve (17) we mustcalculateHφ and
HNń 1

, which is the inducedmeancurvatureof the normalmap; in otherwords,it is the
curvatureof thehypotheticaltargetsurfacethatfits thenormalmap.Curvaturefrom afield
of normalsis givenby

HNń 1 ² δxNn£ 1� x� v δyNn£ 1� y� z (53)

wherewe have usedcentraldifferenceson thecomponentsof thenormalvectorsthatare
denotedby the subscriptsy x{ and y y{ . ThequantityHNn ´ 1

needsto becomputedonceat
initialization asthe normalvectorsremainfixed during the refitting phase.Let v be the
time stepindex in the d

� | dφ loop. Hφv
is the meancurvatureof the moving level set

surfaceat time stepv andis calculatedfrom φ with thesmallestareaof support

Hφv ² δ
� � �x

δ
� £[�
x φv� x́

∇φv � v δ
� � �y

δ
� £3�
y φv� ý

∇φv � (54)

wherethe gradientsin the denominatorsarestaggeredto matchthe locationsof the for-
ward differencesin the numerator. The staggeredgradientsof φ in the denominatorare
calculatedusingthe2 � 3 neighborhoodasin (47).

ThePDEin (17) is solvedwith afinite forwarddifferences,but with theupwindscheme
for thegradientmagnitude[OsherandSethian1988],to avoid overshootingandmaintain
stability. Theup-windmethodcomputesa one-sidedderivative that looks in the up-wind
directionof the moving wave front, andtherebyavoidsovershooting.Moreover, because
we areinterestedin only a singlelevel setof φ , solving(17)overall of U is not necessary.
Different level setsevolve independently, and we can computethe evolution of φ only
in a narrow bandaroundthe level setof interestandre-initialize this bandasnecessary
[AdalsteinsonandSethian1995;Penget al. 1999].See[Sethian1999]for moredetailson
numericalschemesandefficient solutionsfor level setmethods.

Usingtheupwindschemeandnarrow bandmethods,φv£ 1 is computedfrom φv accord-
ing to (17) usingthecurvaturescomputedin (53) and(54). This loop is iterateduntil the
energy in (16) ceasesto decrease;let vf inal denotethe final iterationof this loop. Then

we setφ for thenext iterationof themainloop (seeFigure3) asφn£ 1 q φvf inal andrepeat
the entireprocedure.The numberof iterationsof the main loop is a free parameterthat
generallydeterminestheextentof processing.
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