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Motivation

Reconstruction of letter E by a) Legendre
Moments, b) Zernike Moments, and c) pseudo
Zernike Moments (from Teh/Chin 1988)
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Basic Concept ctd.
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Classify (recognize) each shape into one
of the shape classes




Method

Moments m,,: projection of image o(X,y) to
basis xPyd.

o(X,y): piecewise continuous function with non-
zero values in a portion of the plane = image.

Mpg :/ / xpyqp(x:y)dxdy
Raw image moments:

Mpg = szpyqf (X, ) 1

fxy)




Raw Moments

Mpg = szpyqf(xa)’)
Xy

Centroid coordinates: ??




Raw Moments

Mpg = szpyqf(xa)’)
Xy

Myo: area/volume, #pixels if binary image
Mo SUM over X
Mo SUM over y

Centroid coordinates:

_ M
y =%
M o M o




Translation Invariance

e Statistics: nt" moment about the mean,
or nth central moment of a random
variable X is defined as:

o0

= E[X ~EX))) = [ (= )" f(x)dx

— 0




Translation Invariance

e Statistics: nt" moment about the mean,
or nth central moment of a random
variable X is defined as:

= EIX—EX)") = [ (x— )" f()dy

e Extension to 2D, discrete sampling:

M—1N—-1
Hpg [~ sz P (y—=3)f(x.y)
x=0 y=
X MlO y:Ml







— central moments constructed from raw moments



Scale Invariance
e f'(X,¥): new image scaled by A
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Rotation Invariance

e f'(X,y): new image rotatec
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Rotation Invariance ctd.
e = g"PVOV Ly ) dusy
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Rotation Invariance ctd.
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e Rotation to first axis of inertia:
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e Discussion Rotation Invariance:

— Basis {xPy9} doesn’t have simple rotation
properties

— Building of moments that are invariant to
rotation is very difficult

e Solution: New function system that has
better rotational properties




Orthogonal Invariants by Hu method

2o + oz,
(zo = pos)” ~+ duiy,
(ps0 — 3H|z}2 + (Buzm — I-lna:’r.-«
(a0 + mia)” + ooy + pos)’,
(a0 = Bpaalpan + pio) (a0 + mie)® = Blaw =+ wes)’]  (61)
+ (Buor = sashttar =+ pos)
[Bluan + pe2)® — (ua + sl ],
(a0 — moe)[(pso + wie)® — (uar + poa)’]
+ Ay (a0 + pia)(p2 + pow),
and one skew orthogonal invariants,
(Bpar — pos)(stso + iz [(uao + pan)” — 3par + 10a)’]

- {#-‘m — 3#1?}(_#21 + J-*uaj [3@30 + FIE:}: - (P-zx + ﬂﬂ}i]
(62)

 Invariants are independent of position, size and orientation
 However: This is not a complete set, and there is no simple
way for reconstruction!




Complex Moments

e Abu-Mostafa, Yaser S., and Demetri Psaltis.
Image normalization by complex moments;
T-PAMIJan 85 46-55 T
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Complex Moments ctd.
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AV,
v"O’ Relationship to Raw Moments
‘

Ci= Cap: (v iy) (x-iy)

—_C‘;ﬁg,ng’eryl\ 4 L(qu"y}) = O_ -+ (b
\ S o eed
?e(cn) I“"(C.?.d)

Re (Cu) = . My + My
IM (Cz,‘) = Hlét + M03




Properties of CM

Coi‘P = C;ﬂ = (( \‘hﬁ,- LM/:E(\"LLE) T‘O\?O‘L‘f
| 6 0
> Cf= ¢
Cop = Coq —

— conjugate complex
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Setting M10 and MO1 to O makes series
translational invariant




Scale Invariance

QOO = K/@(x,y) Axchy _-;~, A4

(see earlier discussion with raw moments)




CM under Rotation
K LY Gey) v (g
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CMs have very clear, simple rotational properties




Set of CM’s

Order C e ce
o Cm C:
A Ci Co cC! C’
2 Coo Ci Con c: cp ¢t
> Coo o CuCa | ¢ 5
b Ceo Co Gy Car G Cq‘f CE ¢ G et
5 L

#coefficients order n: n+1 CM'’s

#eoefficients till order n: Y (k+1) = (n +1)2(n +2)
k=0




CMs with Rotation Invariance

e Building of algebraic combination of
CMs, so that rotational component
disappears

vet Q' Q A0\~ ..Leq’o - R,k
-(Ch'l ) (C:Ja EE ))u -L(£+.0Jk)‘-ﬂ

(_ Rotation Invariants: « L+4£"% =0 )
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CMs with Rotation Invariance

Rotation Invariants: Cf.@g k+c;£.(c;f“)“ S A =¢-J
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CMs with Rotation Invariance

Order n
J
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Reconstruction

e Inverse generation of representative
shape from normalized moments.

e Building of normal model as shape
template for equivalence class.

e Procedure: Systematic reconstruction of
phase and coefficients of normalized
shape from invariant moments.




Example: Reconstruction from
invariant CMs (20t order)
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Classification

e Image I(X,y) — set of invariants = feature vector v

e Statistical pattern recognition: Clustering In
multi-dimensional feature space

Image space Feature space

e Criteria: good discrimination, small set of
features (— Zernike, pseudo Zernika, Teh/Chin)




Zernike Polynomials

So far: Non-orthogonal basis: Set of moments is
complete, but new higher orders influence lower
orders.. Solution: Orthogonal basis: Zernike
Polynomials: Teh & Chin, 1988

Zernicke Polynomials: Vf (V‘ 9) ‘—'R&(w)- ﬂ;’;le

210 4

_ %
Orthogonality: ( ( VE (\,‘g).\/:: (+,6) vAvAG=;E§m"gka

2, Unndsk -

[( REG & 00 yrdeds

Same rotational properties as CMs, building of
Invariants is equivalent



Zernike Polynomials
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Fig. 6. Original image and reconstructions using different orders of Zernike moments.




	Lecture:�Shape Analysis�Moment Invariants
	References
	Motivation
	Basic Concept
	Basic Concept ctd.
	Basic Concept ctd.
	Method
	Raw Moments
	Raw Moments
	Translation Invariance
	Translation Invariance
	Central Moments
	Central Moments ctd.
	Scale Invariance
	Scale Invariance ctd.
	Rotation Invariance
	Rotation Invariance ctd.
	Rotation Invariance ctd.
	Rotation Invariance ctd.
	Orthogonal Invariants by Hu method
	Complex Moments
	Complex Moments ctd.
	Relationship to Raw Moments
	Properties of CM
	Translation Invariance
	Scale Invariance
	CM under Rotation
	Set of CM’s
	CMs with Rotation Invariance
	CMs with Rotation Invariance
	CMs with Rotation Invariance
	Rotation to invariant position
	Reconstruction
	Example: Reconstruction from invariant CMs (20th order)
	Example: Airplane Recognition
	Classification
	Zernike Polynomials
	Zernike Polynomials

